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Preface

Modern mathematical physics is almost exclusively a mathematical theory of
nonlinear partial differential equations describing various physical processes.
Since only a few partial differential equations have succeeded in being solved
explicitly, different qualitative methods play a very important role. One of
the most effective ways of qualitative analysis of differential equations are
asymptotic methods, which enable us to obtain an explicit approximate rep-
resentation for solutions with respect to a large parameter time. Asymptotic
formulas allow us to know such basic properties of solutions as how solu-
tions grow or decay in different regions, where solutions are monotonous and
where they oscillate, which information about initial data is preserved in the
asymptotic representation of the solution after large time, and so on. It is
interesting to study the influence of the nonlinear term in the asymptotic
behavior of solutions. For example, compared with the corresponding linear
case, the solutions of the nonlinear problem can obtain rapid oscillations, can
converge to a self-similar profile, can grow or decay faster, and so on. It is very
difficult to obtain this information via numerical experiments. Thus asymp-
totic methods are important not only from the theoretical point of view, but
also they are widely used in practice as a complement to numerical methods.
It is worth mentioning that in practice large time could be a rather bounded
value, which is sufficient for all the transitional processes caused by the initial
perturbations in the system to happen.

The theory of asymptotic methods for nonlinear evolutionary equations is
relatively young and traditional questions of general theory are far from being
answered. A description of the large time asymptotic behavior of solutions of
nonlinear evolution equations requires principally new approaches and the
reorientation of points of view in the asymptotic methods. For example, the
requirements of the infinite differentiability and a compact support usually
acceptable in the linear theory are too strong in the nonlinear theory.

Asymptotic theory is difficult even in the case of linear evolutionary equa-
tions (see books Dix [1997], Fedoryuk [1999]). The difficulty of the asymptotic
methods is explained by the fact that they need not only a global existence
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of solutions, but also a number of additional a priori estimates of the dif-
ference between the solution and the approximate solution (usually in the
weighted norms). Also the generalized solutions could not be acceptable for
the asymptotic theory, so we consider classical and semiclassical (mild) solu-
tions, belonging to some Lebesgue spaces. Moreover in the case of nonlinear
equations it is necessary to prove global existence of classical solutions and to
obtain some additional estimates to clarify the asymptotic expansions. Every
type of nonlinearity should be studied individually, especially in the case of
large initial data.

A great number of publications have dealt with asymptotic representa-
tions of solutions to the Cauchy problem for nonlinear evolution equations in
the last twenty years. While not attempting to provide a complete review of
these publications, we do list some known results: Amick et al. [1989], Biler
[1984], Biler et al. [1998], Biler et al. [2000], Bona et al. [1999], Bona and Luo
[2001], Dix [1991], Dix [1992], Escobedo et al. [1995], Escobedo et al. [1993a],
Galaktionov et al. [1985], Giga and Kambe [1988], Gmira and Véron [1984],
Hayashi et al. [2001], II'in and Oleinik [1960], Karch [1999a], Kavian [1987],
Naumkin and Shishmarev [1989], Naumkin and Shishmarev [1990], Naumkin
and Shishmarev [1994b], Schonbek [1986], Schonbek [1991], Strauss [1981],
Zhang [2001], Zuazua [1993], Zuazua [1994], where, in particular, the optimal
time decay estimates and asymptotic formulas of solutions to different non-
linear local and nonlocal dissipative equations were obtained. In the case of
dispersive equations some progress in the asymptotic methods was achieved
due to the discovery of the Inverse Scattering Transform method (see books
Ablowitz and Segur [1981], Novikov et al. [1984] and papers Deift et al. [1993],
Deift et al. [1994]). Some other functional analytic methods were applied for
the study of the large time asymptotic behavior of solutions to dispersive
equations in Cazenave [2003], Christ and Weinstein [1991], Clément and No-
hel [1981], Georgiev and Milani [1998], Giga and Kambe [1988], Ginibre and
Ozawa [1993], Glassey [1973a], Kenig et al. [2000], Kenig et al. [1997], Kita
and Ozawa [2005], Kita and Wada [2002], Klainerman [1982], Klainerman
and Ponce [1983], Ozawa [1995], Ozawa [1991], Ponce and Vega [1990], Se-
gal [1968], Shimomura and Tonegawa [2004], Strauss [1974], Strichartz [1977],
Tsutsumi and Hayashi [1984], Tsutsumi [1994].

This book is the first attempt to give a systematic approach for obtain-
ing the large time asymptotic representations of solutions to the nonlinear
evolution equations with dissipation. We restrict our attention to the inves-
tigation of the Cauchy problems (initial value problems) leaving outside the
wide and important class of the initial-boundary value problems (in some re-
spects the reader can fill this gap by consulting a recent book Hayashi and
Kaikina [2004]). In our book we pay much attention to typical well-known
equations which have huge applications: the nonlinear heat equation, Burgers
equation, Korteweg-de Vries-Burgers equation, nonlinear damped wave equa-
tion, Landau-Ginzburg equation, Sobolev type equations, systems of equations
of Boussinesq, Navier-Stokes equations and others. Certainly we do not claim
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that we could embrace all equations and all cases. However we succeeded in
selecting a sufficiently wide class of equations, which could be treated by a
unified approach and which fall into the same theory. Many of the methods
proposed in this book have been developed by a great number of authors.
The results and proofs presented throughout the book are mainly based on
the research articles of the authors.

We divide nonlinear equations into three general types: asymptotically
weak nonlinearity, critical nonlinearity and strong (or subcritical) nonlinearity.
Also the critical and subcritical nonlinearities are divided into convective type
and nonconvective type. In many cases nonlinearity leads to the blow-up of
solutions in a finite time, so to be able to study global solutions we have to
restrict our attention to small initial data. However we also closely examine
the large time asymptotics for initial data of arbitrary size (not small).

Let us explain our classification taking the nonlinear heat equation as an
example:

u — Au+uf = 0.

We assume that initial data are most general; however, in applications, the
initial data are usually considered as sufficiently rapidly decaying at infinity
and smooth, for example initial data uy € C3° (R™) are acceptable. The decay
rate at infinity of the initial data ug appears very essential, since for example
taking ug = C with a constant C, we then obtain the solution u (¢,2) = C of
the Cauchy problem for the linear heat equation u; — Au = 0, so the solution
does not decay at all. Physically this situation is slightly special, since usually
some physical quantities, such as energy, mass and momentum, expressed via
integrals of the solution, should be finite. Therefore we are interested when the
initial data are integrable ug € L! (R"). Another special case occurs when the
total mass of the initial data vanishes: fRn ug (x) dz = 0. Then the solution
of the linear heat equation u; — Au = 0 obtains some more rapid decay rate
with time. In this case the critical value of the order of the nonlinearity is
changed.

Now let us give a heuristic classification of the nonlinearities. Consider
initial data ug(z) € L'(R"™) with nonzero total mass [g, uo (z)dz # 0.
Then the solution u (¢, x) of the Cauchy problem for the linear heat equation
u; — Au = 0 has the following time decay rate u (t,z) ~ t~=. If we compute
the decay rate of the linear part of the equation we get u; — Au ~ t~2 1.
For such behavior of the solution the nonlinearity u” decays as u? ~ t~3* for
t — oo. Now we see that if p > 1+ %, then the nonlinear term decays more
rapidly than the linear part as time goes to infinity. We can expect that in
this case the large time behavior of solutions is similar to the linear one, and
it is possible to apply the results of the well-developed linear theory. We call
p > 1—1—% supercritical and the nonlinearity asymptotically weak. Respectively,
cases p =1+ % and p < 1+ % we call critical and subcritical. In the critical
case there is a kind of equilibrium in the large time asymptotic behavior of
linear and nonlinear parts of the equation. In the subcritical case as well,
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the nonlinear effects win in the large time asymptotic behavior of solutions.
Hence the particular form of the nonlinearity is very important to determine
the large time asymptotics of solutions in the critical and subcritical cases.
We found that there are two types of nonlinearity which define different
asymptotic behavior of solutions in the critical and subcritical cases. By the
convective type we mean the nonlinearity N (u) such that f (N (u)) = 0,
where the linear functional f determines the large time asymptotics of the
corresponding linear problem (see Definition 2.1 for details). For example, the
Burgers equation u; — g, + uu, = 0 has this type of the nonlinearity if the
total mass of the initial data is nonzero. Then in the critical case the large time
asymptotics is described by the self-similar solution and in the subcritical case
the asymptotics of solutions is represented as a product of a rarefaction wave
and a shock wave. Another asymptotic behavior occurs for the nonlinearities of
nonconvective type, as in the nonlinear heat equation u; — Au+wu” = 0. In the
critical case p =1+ % solutions have some additional logarithmic decay rate
compared with the corresponding linear heat equation. In the subcritical case
l<p<1l+4 % solutions asymptotically approach special self-similar solutions
also. Our method for critical and subcritical nonconvective equations is based
on a change of the dependent variable such that the nonlinear term N (u) of

a modified equation has the property f (./\7 (u)) = 0. Then the solutions of

this new nonlinear equation have the asymptotic properties similar to that
for the supercritical or critical convective equations. In the case of subcritical
convective equations this method does not work, since the functional f (N (u))
is already zero. Thus we develop another approach representing solutions in
the form of the rarefaction and shock waves.

We would like to thank Professors T. Ozawa and K. Kato for many fruitful
discussions on the subject of this book. Also we are grateful to unknown
referees for many useful suggestions and comments.

Osaka, Morelia, Moscow Nakao Hayashi
November, 2005 Elena I. Kaikina
Pavel I. Naumkin

Ilya A. Shishmarev
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1

Preliminary results

1.1 Notations and some inequalities

1.1.1 Definitions

We denote everywhere in the book (z) = /14 |z|*, {z} = %, x| =

1
(Z;’:l .%‘?) “so that the decomposition |z| = {z} (x)is true for all z € R".
By [@] we denote the integer part of o € R;more precisely [a] = maxg<q k,
where k € Z.
Direct Fourier transformation F,_,¢is

u(€) =Fooeu= (27r)7% / e~y () da,
and the inverse Fourier transformation F¢_, is defined by

() = ?gﬂmu = (27r)7% / ey (€) d¢,

n

by £z as usually we denote {x = (£ - ) the inner product in R™.
Lebesgue space LP (R") = {yp € §;[|¢||» < 0o}, where

el = ([ Mx)pdx);

[l = ess. sup |¢(2)]
z€R™

for 1 < p < oo and

for p = oc.
Weighted Lebesgue space LP* (R") = {¢ € §';||¢|lp.« < 00}, where the
norm

el = 1) ¢ (@)L -
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Sobolev spaces

wi (R = {p €8

<iax>k ‘P‘
for 1 <p<ooandk > 0. Also we denote
HY(R") = W} (R")

for k > 0 (see Besov et al. [1979)]).
Weighted Sobolev space is defined by

W3 (R") = {p €S+ |(2)* (i0:)" ¢ ()| < 00}
for any s,a € R, 1 < p < oco. In particular, we denote
H>*(R") = W3 (R") = {p € §": [[{x)" (i0:)" ¢ ()| > < 00}
Obviously we have W5 (R") = W5 (R") . We denote the norm

<oo},
LP

lollgene = /R ™" o (@ — 9) — 0 (@)l dy

of the homogeneous Besov (see. Besov et al. [1979]) space B“? (R"™) of order
we(0,1).

By C (I;B) we denote the space of continuous functions from a time in-
terval I to the Banach space B. Different positive constants are denoted by
the same letter C.

1.1.2 Asymptotic notations

We say that the function f (z) is equivalent to the function g (x) at some point

fl@) _q

g(x) )

We say that the function f () is infinitesimal with respect to the function
f(x)

g (x) at some point z¢ and write f (z) = o (g (z)) as © — xg if lim, 4, & =
0.

xo and write f (z) ~ g (z) as & — ¢ if limg_ 4,

Finally we say that the function f (x) is of the same order as the function
g (x) at some point xg and denote f (z) = O (g (z)) as * — x if the inequality
|f (x)] < Clg(z)| is valid with a constant C' > 0 for a neighborhood of the
point zo. Also it is common to write f (z) = O (g (z)) for x € D, when the
inequality |f (z)| < C'|g (z)| is true for all z € D C R", where C' > 0 is some
constant.

1.1.3 Holder inequality

Theorem 1.1. Let f € LP (R™) and g € L7 (R") with 1 < p,q < oo, such
that % + % = 1. Then fg € L' (R™) and the Holder inequality

/n [f (@) g (2)]dz <[ fllLs l9]lLa (L.1)

s true.
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1.1.4 Young inequality

We now state the Young inequality for convolutions (see Zygmund [2002] for
the proof).

Theorem 1.2. Let the functions f € LP? (R™) and g € L1 (R"), where 1 <
p,q < 00, % + % > 1. Then the convolution

hiz)= [ flz—y)g(y)dy
Rn

belongs to L™ (R™) , where X = % + % — 1, and the Young inequality

T

17|

L <l gl (1.2)

s true.

Remark 1.3. In the case of weighted Lebesgue spaces L™ (R™) with 1 <r <
00, a > 0 we have a simple modification of the Young inequality

[hllgra < [fllpere lgllpa + 1 lLee 9]l ga.e (1.3)
1_ 1 1 _ 1 1
Where?_ﬁ+qﬁ_1 =L+ 1-

1.1.5 Sobolev imbedding inequality

Theorem 1.4. Let 1 < p,q < 00 and o > 0 be such that % =
the inequality

L_a Thep
q n

¢llLs < CHIVI® ¢l

is true, provided that the right-hand side is finite, where C' > 0 is a constant,
which does not depend on ¢.

For some more properties of Sobolev spaces we refer to books Adams
[1975], Besov et al. [1979], Nikol’skii [1977].

1.1.6 An interpolation inequality

Lemma 1.5. The interpolation inequality is true

Il < I @l gl (1.4)

where % =1+% (1 — %) for a >0 and p > 1, provided that the right-hand

side is finite.

We give the proof for the convenience of the reader.



4 1 Preliminary results

-1
Proof. We take b > 0 such that <1 + Eﬁ) < b < 1. By virtue of the

Holder inequality we have for p > 0
a b a\—b -b
ol = [ o+ el o@D o+ 1al) 6 (@) da

<o+ 1) Bllga |[ G0+ 111)

Then again applying the Holder inequality with ¢ = 5 > 1

ay b ay—25 170 it

el < o+ 1-17) @l |0+ |17) Lo lolle
o1 b

< Cpt 0 lglgs l1gllEn" + Coma 70 |11 gl llo )l

since 4 > p. Hence taking p = |||-|* ¢||.1 [|¢[lg: > 0, we obtain

2 (1-b)

2 (1-b)
I8l < ol 1 ol Ioles"

from which inequality (1.4) follows. Lemma 1.5 is proved.

1.1.7 Contraction mapping principle

First we give a definition.

Definition 1.6. We call a transformation M by a contraction mapping in a
metric space X with a distance d if

dM (u) , M (v)) < ad(u,v) (1.5)
for all u,v € X, where a € (0,1).

The following result is usually called the contraction mapping principle
(see Kolmogorov and Fomin [1957] for the proof).

Theorem 1.7. Let X be a complete metric space and M : X — X be a
contraction mapping. Then there exists a unique fized point w € X, that is:

M (w) = w.

1.1.8 Gronwall’s Lemma

Lemma 1.8. Ifb,¢ > 0 and a > 0 is a constant, and if

b(t) <a+t / b(r) o () dr, (16)

¢(t)<aexp(/0tb(7)d7).

See Bellman [1969] for the proof.

then



1.2 Local existence 5

1.2 Local existence

In this section we prove local existence of solutions to the Cauchy problem

{ut+N(u)+£u=0,$€Rat>Ov (1.7)

U(O,l‘) = Uo (I), T € an
where L is a linear pseudodifferential operator

Lo=TFeuL(€)6()

and N (u) is some nonlinear operator, which in general can depend on deriv-
atives of the unknown function u (¢,z). We always assume that N (0) = 0.
Here and below the subscripts denote the differentiation with respect to the
spatial and time coordinates.

By the Duhamel principle we rewrite the Cauchy problem (1.7) as the
following integral equation

u (t) :g(t)uo—/o Gt—7)N (u)(1)dr (1.8)

t
— [ Gt <y>dy—/ G(t— 1z —y) N (u)(r,y) dydr,
R 0 Rn

where the Green operator G of the corresponding linear problem is defined by
the inverse Fourier transformation

G(t)¢p=Feze 90 (6) = Gz —y)o(y)dy:
here L (&) is the symbol of the operator £ in equation (1.7).

By the local solution of the Cauchy problem (1.7) we always understand
the solution w (¢) of the corresponding integral equation (1.8) belonging to
some complete metric space X of functions defined on [0,7] x R™ (the so-
called mild solution).

We fix a metric space Z of functions defined on R™ and a complete metric
space Xr of functions defined on [0,7] x R™. In applications the space X
often has the following form X = C([0,7];Z) N C((0,7];Z;) with some
metric space Z; of functions on R™.

First we consider the case of arbitrary initial data from some space Z;
however, the existence time T > 0 could be sufficiently small.

Theorem 1.9. Let initial data ug € Zi. For some time interval T > 0 assume
that G : Z. — X7 and the estimate is valid

1G¢lx, < Cll9llz- (1.9)

Also suppose that fotg(t—T)/\/(v (1))dr € X for any v € X and the
following estimate is true
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for any v,w € Xp, where p € (0,1], o > 0. Then for some time interval
T > 0 there exists a unique solution u € X to the Cauchy problem (1.7).

/ G(t— )N (w(r)) — N (v (r)) dr
0 X

< OT" [lw = vlx, (1+ lwllx, +[lvlx,)” (1.10)

Proof. We apply the contraction mapping principle in a ball of a radius p > 0
in a complete metric space Xp

Xr,={¢€Xr: ullx, < p},
where
1
p= 20 HUOHZ

(the constant C' > 0 is taken from the conditions of the theorem). For v € X7,
we define the mapping M (v) by

M) =G (1) uo—/o Gt—71)N (v(r))dr. (1.11)

First we prove that

M (V)llx, < p,

where v € X7 ,. We have by the integral formula (1.11) and the conditions of
the theorem (with w = 0)

M, < IGulx, + H [et-nNwmar

XT
o+1
< Clluollz +CT" (1 +vllx,)

< g +COTH (14 )" < p, (112)

if T > 0 is small enough. Therefore the mapping M transforms a ball of a
radius p > 0 into itself in the space Xr. As in the proof of (1.12) we have for
w,v € XT, o

M () — M (@), < H [et-nWwm) -~

X7
m o 1
< OT" lw =vlix, (1+ [wlx, +vlx,)” <5 lw=vix,
since T' > 0 is small enough. Thus M is a contraction mapping in Xr ,;

therefore there exists a unique solution v € X to the Cauchy problem (1.7).
Theorem 1.9 is proved.
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Remark 1.10. Note that the existence time T can be chosen as follows (see

estimate (1.12))
1 —o—1 %L
T= <||U0||z <1+20||U0||z> > :

Now we consider the case of small initial data from a space Z, then we can
guarantee that the existence time T is not small: T" > 1.

Theorem 1.11. Let initial data ug € Z be sufficiently small. Assume that G
:Z — X and estimate (1.9) is valid. Also suppose that

/0 Gt—71)N(v(r))dr € Xr

for any v € Xp and the estimate is true

for any v,w € Xp, where 0 > 0. Then for some time interval T > 1 there
exists a unique solution u € Xy to the Cauchy problem (1.7).

/O G(t—7) (N (w(r) - N (v(r) dr

Xt

< OT |lw = vlix, (lwllx, +lvlx,)”

Proof. As above we apply the contraction mapping principle in

Xr,={ocXr: |ullx, <p},

where now .
p= 20 HUOHZ

is sufficiently small. For v € X7, we define the mapping M (v) by formula
(1.11). First we prove that

IM ()%, < p-

We have by conditions of the theorem and integral formula (1.11)

MO, < IGulx, + H [et-nNwm)ar

X7
< Clluolly + CT ol < & +CTp <,

if p > 0 is small enough, and T' > 1. Therefore M transforms X , into itself.
In the same way we estimate the difference of two functions w,v € X7,
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M () — M (@), < H [ et-nWwm) -~

X7

lw = vllx,

NN

< OT |lw = vllx,, (lwllx, + vlx,)” <

since p > 0 is small enough. Thus M is a contraction mapping in X7 ,,
therefore there exists a unique solution v € Xy to the problem (1.7). Theorem
1.11 is proved.

Ezample 1.12. Local existence of solutions to the nonlinear heat equa-
tion

Consider the Cauchy problem for the nonlinear heat equation

{ut—Au:)\|u| u, € R", >0, (1.13)

u(0,2) = up (x), z € R",

where o > 0, A € R. Here and below A = 2?21 8%1_ - is a Laplacian. Note that

problem (1.13) follows from (1.7) if we choose £ = —A and N (u) = —\ |u|” u.
Define the Green operator for the linear heat equation

Ge=| Glr=yoWdy,
where the G (t,z) is
_le?

G(t,z) = (4mt) % e ar .

Theorem 1.13. Let the initial data ug € LP (R")NLY (R™), with a > 0 and

p > max (1, go') . Then for some T > 0 there exists a unique solution

ue C([0,T];L? (R")NLY (R™)) N C((0,T];L> (R™)) to the Cauchy
problem (1.13).

Remark 1.14. The property of the solution v € C ((0,7];L* (R™)) means a
smoothing effect.

Proof. To apply Theorem 1.9 we choose the space Z as follows
Z={¢eL?R")NL"(R")}
with @ > 0 and p > max (1, Z0) and
Xr={¢€C([0,T);Z)nC((0,T];L> (R")) : [|l¢llx, < oo},
where the norm

I6llx, = sup (6 E)llgra + 16 O)lgs) + sup 13 |16 (1) g -
te[0,T] te(0,T

Also we define the Y7 norm as follows
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6l ) -

16y, = sup 5 (116(8)[gia + 6 D), + 5
te(0,T7]

By a direct calculation we have
2

(4rt)” % (/ ) e—inqu>

1
a

GOl =
4t 2 q

= (4mt)”" % <) (/ e'yzdy> <ot 80-3), (1.14)
q n

for all ¢ > 0, where 1 < ¢ < 00, and in the same manner
n €T 2 a
1G ()l = (4m:)*f/ (2)% e~ 5 dp < O (1) (1.15)
for all t > 0. First we prove the estimate
(1.16)

1G0llx, < Cllollz-
Therefore by virtue of (1.14) and by applying the Young inequality for con-
volutions (1.2) we obtain

sup (|G () ¢y < 1@l sup |G O)llp: < C9llps
t€[0,T]

t€[0,T]

<Clolwy -

and
G <

G(t)dllp < |l sup t
te(0,T

sup t2r
te(0,T]
Similarly by (1.15) and (1.2) we find the estimate

| @rata-powa

Ll

vl

sup (1) 7% |G (1) llpaa = sup (1)

te[0,T] t€[0,T]

<@llpra sup ()2 [IG (@)llLs + [0l sup (B2 G (#)llp1.
) t€[0,T]

< Cll¢llpra;
hence (1.16) is true. Now let us prove the estimate (1.10) with p=1- 57 €

(0,1) . Since
[lw]” w —[o|”v| < Clw — o[ (jw]” +[v]")

we obtain the estimates
[V (w (7)) =N (v () lgre = A w|” w () = 0] v (7)[| 1.0
< Cllw = vllgre ([l + [0]lg<)”

<OT7E Jw - vllx, (lolx, +IWlx,)”
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[NV (w (7)) =N (v (T)lee < Cllw = vy, ([wllpe + v]lg)”
<% w—vlx, (lvlx, +vix,)”

and

IV (w (7)) =N (0 (7))l < Cllw = vllpe ([wllpee + [[oll)”

<Cr BT Jw -, (lwlx, + vlx,)’
for all 0 < 7 <t < T. Hence we get

IV (w) =N (0)lly, <Cllw=2llx, (lwlx, +lvix,) - (1.17)
Thus by (1.15) and (1.2)

/ G- < / 1G (¢t = )l 16 (Pl dr
0 Lia 0

a

t t
+/0 1G (= T)llLra ¢ ()]s dT§C||<25||YT/0 ({t =7)2 7 2dr
<CT"|9lly,

for all 0 < ¢ < T, where p =1 — g—; € (0,1) . In the same manner by virtue of
(1.14) and (1.2) we have

t
<Clélly. / 8 dr < OT" |6y, .

/g(t—7)¢(7)dr s/ 1G (¢ =)l 16 ()l dr
0 Lr 0

for all 0 <t < T. In addition taking (1.2) with r = ;25 or r = 1 in view of
(1.14) we find

/g(t—rwmdf
0

Loe

% t
< [T IE =Ty 10l dr + / 16 (¢ = Dllga 16 () g dr

t

% L -
< C||¢HYT (/0 (t—T)iﬁ T‘ﬂdT-ﬁ-/ T_2p(”+1)d7—>

2
< OT% ||¢]ly,

-

forallt € (0,7]. In view of (1.17) estimate (1.10) is then fulfilled. Therefore by
applying Theorem 1.9 we see that for some 7' > 0 there exists a unique solu-
tion u € C ([0,7];L? (R™) N LY (R")) N C((0,T];L> (R™)) to the Cauchy
problem (1.13). Theorem 1.13 is proved.
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Ezample 1.15. Local existence of solutions to the Burgers type equa-
tions

Consider the Cauchy problem for the Burgers type equation

{utAU(A-V)Iu u, v €R", 1> 0, (1.18)

u(0,z) =up (x), z € R",

where o > 0, A € R™. Here the nonlinear term N (u) = (A- V) |[u|” u has the
form of the full derivative. In general (if the total mass of the initial data is
nonzero) such a type of the nonlinearity behaves for large times as a convective
one.

We prove here the local existence of solutions to the Cauchy problem
(1.18).

Theorem 1.16. Let the initial data ug € LP (R*)NLY® (R"), with a > 0 and
p > max (1,no). Then for some T > 0 there exists a unique solution

ue C([0,T];LP (R")NLY (R™)) N C ((0,T]; WL, (R™)) to the Cauchy
problem (1.18).

Proof. To apply Theorem 1.9 we choose the space Z as follows
Z={¢cL’(R")NL" (R")}
with @ > 0 and p > max (1,n0) and
X1 = {¢ € C([0,7];2)NC ((0,T]; WL (R") : [llx, < oo},
where the norm

19llx, = sup (¢ @)lLie + 1o @)l

t€[0,T]

+ sup (15 6 (Ol + 5 [V (Bl ) -
te(0,T

Also we define the Y7 norm

1

lolly, = sup t54% (1o @llgra + 16 @l +5 6 @)l ) -
te(0,T]

By a direct calculation we have

T

||VG (t)HLq — (47‘(‘1‘)_% (/ z qei‘ﬂ qu) q
R |2t
< o304 </ 6‘yl2dy> T<oriiDd ()

for all t > 0, where 1 < ¢ < oo. Therefore applying the Young inequality (1.2)
we get
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n 1 n 1
sup %72 VG () ¢llpe < [0lly, sup 272 [VG @)l| 2, < O]y, -
t€(0,T] te(0,T]

Hence as in the proof of Theorem 1.13 we have estimate (1.9).
Next we prove estimate (1.17) for the nonlinearity. We obtain the estimates

IV (w (7)) =N (v (T)llpre = 1A= V) (Jwl” w (1) = [0 v (7)) | L1.e
< Cllw = ollgra ([wlge + 0lg=)""" IVl + V0] )
+C IV (w =)l (Illpee + [0llge)” (lllga + ollga.)

_n 1
< CrETE w - vk, (lellx, + lolx,)”

I (w (7)) = N (@ (7)) e
< Cllw =l ([wllgee + [llg)” " (IV0l e + [V0llpee)
+ CIIV (@ =)l (J0llge + 1ollpee)” " (ol + 0]0)
<Cr 72 Jw—vlx, (lwlx, +IVlx,)"

and
I (w (7)) = N (0 (7)) |
< Cllw = vl g (]l + [llpee)” ™ (Vg + [Vollge)
+CIV (w = )l (wllpe + [V]|g)”
< Cr BT lw — |y, (wllx, +[Ivllx, )"

for all 0 < 7 <t < T. Consequently estimate (1.17) is true. Now by (1.15)
and (1.2) we get

K t
+ [ 16 =g W Dl dr < Cllly, [ (¢=r)# % ar
<oy,

/Otg(t—7)¢(r)d7-

t
< / 1G (t = P)llgs 116 (7) e dr
Ll.a 0

for all 0 <t < T, where p = % - g—; € (0,1). In the same manner by virtue
of (1.14) and (1.2) we have

t
_no 1
<Clély, / 5 bar < CT |6y,

/g(t_w(T)dT g/ 1G (¢ =)l 1 (Pl dr
0 LP 0

for all 0 < ¢ < T. By taking (1.2) with r = p%l or r =1 in view of (1.14) we
find
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Loe

/Og(t—T)QS(T)dT
< [T 16 €=y 10 sdr + [ 16 =)l 6 (Dl dr

% n no _ 1 t n 1
<C|9lly, (/0 (t—T)_%Tfﬁfde—F[ T%(UJrl)QdT)

2
< CT"% |¢lly,,

for all ¢ € (0,T]. Finally, taking (1.2) with r = ~E7 or r = 1 in view of (1.19)
we find

HV/Otg(tT)qS(T)dT

Lo

% t
< [T IVG =)l e 19l dr + / IVG (¢ = 7)liga 16 () g dr

% n 1 no ¢ 1 n
< Cllly, (/ (=) B dar s [ (t—r)‘zw“’*”%dr)

2

<CT' 577 gy,

for all ¢ € (0,7]. Thus in view of (1.17) estimate (1.10) with p = § — 52 €

(0,1) is fulfilled. Therefore applying Theorem 1.9 we see that for some
T > 0 there exists a unique solution v € C ([0,7];L? (R") nL"* (R")) N
C ((0,7T]; WL (R")) to the Cauchy problem (1.18). Theorem 1.16 is proved.

1.3 Global existence for small initial data

In this section we prove the global in time existence of solutions to the Cauchy
problem (1.7). We fix a metric space Z of functions defined on R™ and a
complete metric space X of functions defined on [0,00) x R".

Theorem 1.17. Let the initial data ug € Z be sufficiently small. Assume
that the operator G : Z. — X and the estimate is valid

1G0llx < Clollz- (1.20)

Also suppose that fotg (t—7)N(v(r))dr € X for any v € X, and that the

estimate s true
] [ 66-n W @@ - N
0 X

< Cllw —ollx (lwllx + lIvlx)” (1.21)
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for all v,w € X, where o > 0. Then there exists a unique solution u € X to
the Cauchy problem (1.7) and the estimate

lullx < Clluollz (1.22)
1s fulfilled.

Proof. The proof almost repeats the proof of Theorem 1.11. We apply the
contraction mapping principle in a ball X, = {¢ € X : |¢[|x < p} in the
space X of a radius

1
P=50 [uollz > 0.

For v € X, we define the mapping M (v) by formula (1.11). First we prove
that
M @)lx < p,

where p > 0 is sufficiently small. We have by the conditions of the theorem
and the integral formula (1.11)

M @)l < [Guollx + H [eu-nnwmar

X
o+1 14 o
< Cllugllz +Clollx™ < 5 HCo M <p,

since p > 0 is sufficiently small. Hence the mapping M transforms a ball X,
into itself. In the same manner we estimate the difference

1
M (w) = M)lx < 5 lw=vlx.

which shows that M is a contraction mapping. Therefore there exists a unique
solution u € X to the Cauchy problem (1.7). Theorem 1.17 is proved.

Ezample 1.18. Global existence for the nonlinear heat equation with
small initial data

Consider the Cauchy problem (1.13) with o > 2 and A € R.

Theorem 1.19. Let ¢ > 2, X\ € R. Let the initial data ug € L? (R™) N
Lb* (R™), with a € (0,1] and p > max (1, %0), and the norm ||ug||pi.. +
lluollL» be sufficiently small. Then there exists a unique solution

u € C([0,00); L7 (R") NL"* (R™)) N C((0,00); L™ (R™))
to the Cauchy problem (1.13). Moreover the optimal time decay estimate

_a n(q1_1 n
72 lu ()l +¢20-%) lu ()l +12 [Ju )L~
< Clluollge + Clluollpi.a (1.23)

is true for all t > 1.
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Proof. By the local existence Theorem 1.13, it follows that the global solution
(if it exists) is unique. Indeed, on the contrary, we suppose that there exist two
global solutions with the same initial data. And these solutions are different at
some time t > 0. By virtue of the continuity of solutions with respect to time,
we can find a maximal time segment [0, 7], where the solutions are equal, but
for t > T they are different. Now we apply the local existence theorem taking
the initial time 7" and obtain that these solutions coincide on some interval
[T, T1], which gives us a contradiction with the fact that T is the maximal
time of coincidence. So our main purpose in the proof of Theorem 1.19 is to
show the global in time existence of solutions.
To apply Theorem 1.17 we choose as above the space

Z={¢ el (R")NL" (R")}
with a € (0,1] and p > max (1, %0) and the space
X ={¢ € C([0,00);Z) NC((0,00); L= (R")) = [[d]lx < o0},

where now the norm

n

6lx = sup (0% 16 Dllgaa + B 16 (1))
t>0
sup {1} (1) 6 (0|

reflects the optimal time decay properties of the solution. Also we define the
norm

Iolly = sup {633 ()% (7% 6 (D).
+ 20 o Dl + {817 OF 16 Ol )

in order to estimate the nonlinearity. As in the proof of Theorem 1.13 by
virtue of (1.14) and (1.2) we obtain

1G @) ¢llps <1llLe G D)L < CllollLs
for all t € [0,1] and

16 ®) 6l < lllgs G B)llge < Ot 23|16,

for all ¢ > 1. In the same manner we find

1G(#) Dl < lI¢lle G @)

Lo SO g,

for all t € (0,1] and

IG () Bllp~ < 6l G Bl < CEF [ llys
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for all ¢ > 1. Similarly by (1.15) and (1.2) we find

IG () Sl < [6llpae G @)l < C(0)F @l

for all t > 0. Hence we obtain the estimate (1.20). As in the proof of Theorem
1.13 we obtain the estimates

1N (w () =N @ () lgre < Cllw = vllpra ([wllge + [0]g<)”
<C{r}™ % (N5 Jw —vllx (Jwllx + [vllx)7
[N (w (1)) =N (@ (D)) lee < Cllw = vl (wllgee + [0]lge)”
<C{ry E ()BT Yl —ollx (Jwllx + vlx)7
and
[N (w (1)) =N (@0 (")) g < C = V]l (10llpe + (0]l )
< C{ry BT TR Yl — |y (lwllx + [lollx)”
for all 7 > 0. Thus we get
IV (w) = N (0)]ly < Cllw— vl (Jwllx + [[v]l%)7 - (1.24)
By (1.4) we see that

o (T)llpa < CL{T} "% (1) "F glly - (1.25)
Now by (1.15) and (1.2) we get

/Qt—T

< / 1G (t = )lle 16 ()l dr + / 1G (t = )llgae |6 () s dr

<cloly ([ =7t 7% )% ars [[(1% )

<O 1olly (1.26)
for all t > 0. In the same manner by virtue of (1.14), (1.25) and (1.2) we have

Ll.a

wle

t—T

Lr

/ IG (¢ =l 6 (x >Hler+/ IG (¢ =)l 16 (Dl

<Cloly [ =20 (5% (7

2 dr
t no n n

+Cldlly [, {7} 5 (n) BEO
%

<o 09 o)y (1.27)
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for all ¢ > 0. Also taking (1.2) with r = p’%l or r = 1 in view of (1.14) we find

% t
< / 1G (¢ =D,z 1167y, dr + / 1G (t = 7llgs 116 () lpoo dr

/ Gt—71)o(r)dr
0

Loe

< Clélly (/ (t—m) % Hdr +

mm\
2

r%“’*”dT) <Ot % ||glly

for ¢ € (0,1], and similarly, in view of (1.25) we have

< [T 6=l ol dr + / G (¢ = )l 19 ()l dr

Loe

/ Gt—71)o(r)dr
0

t

<Clolly </02 (t—7) " {r} = (r) 7F d7'+/i <T>_%(G+l) d7'>

2

<C (67 llolly (1.28)

for all ¢ > 1. Thus by virtue of (1.26), (1.27) and (1.28) we get

hence in view of (1.24) estimate (1.21) follows. Therefore applying Theorem
1.17 we see that there exists a unique solution

u € C([0,00); L7 (R") NLY* (R™)) N C ((0,00) ; L= (R™)) to the Cauchy
problem (1.13). Moreover by (1.22) we have ||ul|x < C'|luo|| from which the
optimal time decay estimate (1.23) follows. Theorem 1.19 is proved.

/ Git—1)o(r)dr
0

<Clo()lly;
X

1.4 Global existence for large initial data

Now we define the space X [T1,T2] = C ([T1,T2];Z) N C ((T1,T2) ; Z1) where
Z and Z, are some metric spaces of functions on R"™. The norm

[lxiry ) = sup ¥ (D)l +  sup ]Ilw(t)llzl-

te[Ty,T3) te(Ty1,Ts

Theorem 1.20. Let the initial data ug € Z. Assume that G(t —Th) : Z —
X [T1,Ts] for any To > Ty > 0, and the estimate is valid

16 (t =T0) Sllxiry 1) < CllYllz -
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Also suppose that f;l Gt —1)N(v(r)dr € X[T1,Ts] for anyv € X [Ty, T3],
Ty > T7 > 0, and the estimate is true

< Cllw = vl (1+ N0lsegr, g + ol zy)

Gt =m)N(w () =N (v(1))dr

T

X[T4,T2]

for all vyw € X [T, Ts], where o > 0. Let the following a priori estimate be
valid
ullxpo,rm) < C(T) lluollz (1.29)

provided that there exists a solution u € X [0,T) for some T > 0. Then there
exists a unique global solution u € X [0,00) to the Cauchy problem (1.7).

Proof. Using a priori estimates (1.29) we can prolong the local solution given
by Theorem 1.9 for all times ¢ > 0. Indeed, on the contrary we can suppose
that there exists a maximal existence time T > 0 such that v € X [0,T) . If we
choose a new initial time 7} € [0,7) and consider the Cauchy problem (1.7)
with initial data w (T4) , then via a priori estimate (1.29) the norm ||u (T4)|| is
bounded uniformly with respect to Ty € [0,T") . Then the existence time given
by the local existence Theorem 1.9 is bounded from below uniformly with
respect to 71 € [0,T") . Therefore if a new initial time T3 > 0 is chosen to be
sufficiently close to the maximal time T, then by virtue of the local existence
Theorem 1.9 we can guarantee that there exists a unique solution v € X [0, T7.
Now putting u (T') as a new initial data at time 7" we can apply the local
existence Theorem 1.9 and prolong the solution w (¢) on some bigger time
interval [0, T + T3] . This contradicts the fact that T is a maximal existence
time. Hence there exists a unique solution u € X [0, 00) to the Cauchy problem
(1.7). Theorem 1.20 is proved.

Ezample 1.21. Global positive solutions to nonlinear heat equation
with large initial data

We consider problem (1.13) in the case A < 0. Using the positivity of the
heat kernel we can obtain a priori estimate (1.29) for positive solutions and
hence remove the smallness condition on the initial data wug () in Theorem
1.19.

Theorem 1.22. Let A < 0. Let the initial data ug € LP (R™) N LM (R"),
with a € (0,1] and p > max (1,%0). Also we assume that ug(z) > 0
almost everywhere on x € R™. Then there exists a unique solution u €
C ([0,00);L? (R") N LY (R")) N C((0,00);L> (R™)) to the Cauchy prob-
lem (1.13). Moreover estimate (1.23) is true.

Remark 1.23. Note that time decay estimate (1.23) is optimal in the supercrit-
ical case o > % as we will see below considering the large time asymptotics of
solutions. However, in the critical o = % and subcritical o < % cases estimate
(1.23) does not describe an optimal time decay of solutions.
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Proof. By the maximum principle we can see that u (¢,2) > 0 for all ¢ > 0.
Since the heat kernel is positive G (¢, z) > 0 we can observe from the integral
equation (1.8) that

0<uta)= [ Gty uliy
—&—)\/ldr Gt—1,2—y)|u(r,y)” u(ry)dy
0 R"
< | Gtz —y)uo(y)dy (1.30)

RTL

for all ¢ > 0. By (1.30) applying the Young inequality (1.2) we obtain

lu @)llLe <G @) uolly, < lluollps |G ()l < Clluollps
for all t > 0, and

v, < CE 5 luglly,

[ ()|~ <116 @) uollpe < ol |G O 2; <

for all ¢ > 0. In the same manner we can estimate the L** norm of the
solution .
[u@llpia <G @) uollpie < C ()2 [luollpra

for all t > 0. To apply Theorem 1.20 we define Z = L? (R") N LY (R"), Z,
= L% (R") and the space X [T}, T»] = C ([T1,T2] ; Z) N C ((T1, T»] ; L (R™))
with the norm

lullxpr,zy = s (@l +llu @)

€[T1,T>

+ osup (=T [u ()] e
te(T1,Ts)

for any To > T > 0. Hence a priori estimate (1.29) follows and by Theorem
1.20 we see that there exists a unique solution

u € C([0,00); L7 (R") NL"* (R™)) N C((0,00); L™ (R™))

to the Cauchy problem (1.13). By virtue of the above estimates we also can
write
lullx < IGuollx »

where
6lx = sup ()% 16 Ollgaa + B 16 (1)1,
t>0
sup (0 0 F 10 ()]~

Hence time decay estimate (1.23) follows. Theorem 1.22 is proved.
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Ezample 1.24. Global solutions to the nonlinear heat equation with
large initial data of any sign

Consider the Cauchy problem for the nonlinear heat equation (1.13) with
A < 0 in the case o > % In the following theorem we remove the requirement
of the positivity of the initial data and the solution.

Theorem 1.25. Let 0 > 2, X\ < 0. Let the initial data uy € L” (R™) N
LY (R"), with a € (0,1 and p > 2k > Z (0 + 1) with some integer k.
Then there exists a unique solution u € C ([0,00);L? (R") NL%* (R™)) N
C ((0,00) ;L (R™)) to the Cauchy problem (1.13). Moreover the optimal time
decay estimate (1.23) is true.

Proof. First let us estimate the L' norm of the solution. Denote S (¢, z) = 1 for
allu (t,2) > 0and S (t,z) = —1 for allu (¢t,2) < 0; S (¢t,2) = 0 for u (¢t,z) = 0.
We multiply equation (1.13) by S (¢,z) and integrate with respect to x over
R"™ to get

/ w () S (taydr =X [ |u(t,2)" da
n R'n/

+ Au (t,z) S (t,z) dx.
Rn

(To justify our calculations we note that by the smoothing effect, see Naumkin
and Shishmarev [1994b] for the nonlinear heat equation (1.13) the solutions
u€ C((0,00);C>®(R™))NCL((0,00) x R™).) Applying the estimates

d
/n ue (t,2) S (b do = o u (0|

)\/ u (t, )"t dz <0,

Au(t,z) S (ta)de=-2 Y [Vu(tz)| <0, (1.31)
Rn zru(t,rr)=0
we get
d
2 e @l < 0.

Integration of the last inequality yields
lJu ()L < [luollg: - (1.32)

We now multiply equation (1.13) by 2u, then integrating with respect to
r € R™ we get

d -
7 @Il = =2[1Vu @2 + Al (0IIg2 - (1.33)
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By the Plancherel theorem using the Fourier splitting method due to Schonbek
[1991], we have

wwwézmmwézf mwomﬁ%+/ @ (t, )| €| de
[€]<6 |£]>6
> 6% ||u(t)|f — C8*" sup [a(t,€))*,
[€1<6

where ¢ > 0. Thus from (1.33) we have the inequality

d ~
dt lu (Dlgz < =26% Ju (t)| 2 + C8*F" sup [a (8, )" (1.34)
€1<o

We choose 262 = (1 +n) (1+)"" and change |u (t)H]Q-_‘z —(1+8)"T"W(@).

u(t, &) < 2m) 2 lu(®)lly:, via (1.32) we

Then in view of inequality supgcgn
get from (1.34)

%W(t) <C(1+1)?. (1.35)

Integration of (1.35) with respect to time yields
W (1) < |luol?. + C ((1 Fo)Et 1) .
Therefore we obtain an optimal time decay estimate of the L? norm
lu ()]l < C(1+1)7F (1.36)

for all t > 0. We now multiply equation (1.13) by 4u3, then integrating with
respect to x € R™ we get

d o
Sl @l = =3[V (@ O)[a + A w@ITFL . (137

As above, we have in view of (1.36)

2
L2

19 (2 @)z = e @)

—~ 2
[ feeollera
€]<é
—~ 2 — 2
+ [ R € de = 8 fu ol - 08 sup [ (1)
|€1>6 1€1<s
> 6% [lu () ga = C&F [fu ()2
where 6 > 0. Thus from (1.37) we have the inequality

d

2l @®)Le < =36 Ju (B) e + CF T (147" (138)

We choose 362 = (1+2n) (1+t)~" and change
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Ju @l = 1+ 077" W (1),

Then we get from (1.38)

%Wl t)<C1+t)2. (1.39)

Integration of (1.39) with respect to time yields

Wi (1) < Juollge + C ((1L+ 05 1),

Therefore we obtain an optimal time decay estimate of the L* norm

o

n

¥ (1.40)

lu (@l <€A +1)

for all ¢t > 0.
Arguing in this way by the Holder inequality we will have the following
optimal time decay estimates

o (8)ge < € (1)~ 2073) (1.41)

for all t > 0, where 1 < ¢ < 2k, with any integer k such that p > 2k >
n

Let us prove estimate (1.41) with ¢ = oco. To get an optimal time decay
estimate for the L norm we use the integral equation (1.8) taking r = oo
forn =1and 1 <r < - for n > 2 so that the inequalities % (1—1) <1
and § (0 +1) < (0 +1) < 2k < p are true

r
r—1

[

Jul” u (7)

L~

[ (B)lloe < 19 (@) uollye + \/\I/L G (& = )]

+ I/\I/0 1G (¢ = 7)llgee [l w(T)l[Ls dr

n t n 1 n 1 n
<Ct %+ C’/ (t—r)"2077) (E(1-3) -8+ g

3
% n n n
+ c/ (=) F (720 g < o3
0
for all ¢ > 0. Now estimate
lu (), < Ct=E07%)

for all ¢ > 0 and 1 < g < oo follows via the Holder inequality.
To estimate the L* (R™) norm we multiply equation (1.13) by

(Vi+ |x|)a5(t,x)
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and integrate with respect to = over R™ to get

|t siee) (Vielal) do = [ Jua) ™ (Vilal) de

+/n Aut,z) S (t,2) (VE+ |a:|)adx

We have

/nut (t.2) S (ta) (Vi + Jaf) " d

= () wo)

(Vi+ |x|)a_1 w(t)

Lt L1
and
Ao jut ) (\/i+ m) dz < 0.
R’VL
Integrating by parts and taking into account the estimate
[u (@)l <C
we get
a
Au(t,z) S (t, ) (ﬁ+ \x|) dz
Rn
=2 Y [Vulta)] (Vi)
zpiu(t,zr)=0
a—1 T
— — -V t,x)d
of st >(f+\x|) (m Jutt0)ds
< c/ [(Vi+ |$|) e < CE () < CeE Y,

Therefore

al (Vi) e

integration with respect to time yields

L1

a a
2l u @l < |[(VE+12l) u @], < llal* wollgs +Ct
for all ¢ > 0. Thus we get the estimate

lu(®)llgre < C ()%

23

for all t > 0. Therefore again we arrive to the a priori estimate (1.29) if we

define the spaces Z = L” (R") N L% (R"), Z;= L* (R") and the space

X [Tl,TQ] = C ([Tl,Tg] ] Z) n C ((Tl,TQ] 7Loo (Rn))
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with the norm

lullx 7, 7, -, sup  ([lu (t)|g» + [lu (®)]lpra)

e€lT1,T>

+ sup  (t—T1)% [Ju(t)|ge
te(Th,Ts)

for any 15 > 171 > 0. Then by Theorem 1.20 we see that there exists a unique
solution u € C ([0,00); L7 (R™) NLY* (R™)) N C((0,00);L>* (R™)) to the
Cauchy problem (1.13), which satisfies the optimal time decay estimates of
Theorem 1.19. Theorem 1.25 is proved.

Ezxample 1.26. Global existence of solutions to the Burgers type equa-
tions

Due to the special form of the nonlinearity we can prove global existence
for the Cauchy problem to the Burgers type equation (1.18) without any
restriction on the size of the initial data.

Theorem 1.27. Let 0 > +. Let the initial data ug € LP (R™) N LY (R™),
with a € (0,1] and p > 2k > n (o + 1) for some integer k. Then there exists a
unique solution u € C ([0,00) ; L (R™) NLP (R™)) N C ((0,00) ; WL (R"))
to the Cauchy problem for the Burgers type equation (1.18). Moreover the
optimal time decay estimate (1.23) is true.

Proof. Since the nonlinear term N (u) = (A - V) |u|” u has the form of the full
derivative we have
w? (N - V) [u|” udz = 0;
R»
therefore applying the energy method as in the proof of Theorem 1.25 we

obtain the optimal time decay estimate (1.41). Taking 1 < r < %5, so that

the inequalities 2 + 2 (1— 1) <landn(oc+1) < (0 +1) -2 < 2k < p are

true, then using the integral equation (1.8) we find

t
la (®) e < 116 () ol + 1A / IVG (£ = )l llul” w (7], =, dr
Y / IVG (t = 7)o 1l (7l
n t 1 n 1 n
<ct ¥ +c/ (t—7) 2 E073) () F o gp

+ 0/2 (t— 7)7%7% <T>7%U dr < Ct™ %
0

for all £ > 1. Taking into account the estimates of the local existence Theorem
1.16 we get
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n

lu (#)l|p < C{E} 7 ()72

for all t > 0. Now using the integral equation (1.8) we estimate the L1'% norm

[ (®)llLre < lluollps IG @)llgra + luollpie G ()L

vo [ uer],
+c/0tHu(T)|"“]

a

e (®lla < C 02 + /||u W (Pl =)t = 1) F ar

IVG (t = 7)l[p1.a dr

IVG (t = 7)1 dr;

Ll,a

hence

e / ) o Ol €7 i
HE + / B () Ju (@l (t—7)Har
Thus for the function h (t) = supg<,<; ||t (7)[ 1.« We get the inequality
hH) <C Wt +Cnt >/: T E @ -
+c/ (A E D () (=) Fdr

<C{)% 4+ CyVeh(t) /E{T} % (1) 57 h(r)dr.

where ""

we obtaln

—|— < 1and 5o — 5 > 1. Thus applying the Gronwall Lemma 1.8

lu@llgr. <C{)*
for all ¢ > 0. Therefore we again arrive at the a priori estimate (1.29), if we
define the spaces Z = L” (R*) N LY (R"), Z;= W._ (R") and the space
X [Tl, TQ] =C ([Tl, TQ] ,Z) nC ((Tl, TQ] ,Wéo (Rn)) with the norm

lllxpr iy = sup (Nlu ®llr + e (B)llLr.e)

1,42

+ swp (=T [u@llge + (= T)F " Vu @) )
te(Ty,Tz]
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for any T5 > 171 > 0. Then by Theorem 1.20 we see that there exists a unique
solution u € C ([0,00); L? (R™) NL%* (R™)) N C ((0,00); WL (R")) to the
Cauchy problem (1.13), which satisfies the optimal time decay estimate (1.23).
Theorem 1.27 is proved.

1.5 Some estimates for linear semigroups

Consider the linear Cauchy problem

{ut+£u:f,xER",t>0, (1.42)

u(0,2) = ug (x), x € R™,

where £ is a linear pseudodifferential operator defined by the symbol L (&)
via the inverse Fourier transformation

Lu=Fey(L(E)U(E)).

By virtue of the Duhamel formula the solution of problem (1.42) can be writ-
ten in the form

u®=9®w+égu—ﬂﬂﬂw

where the Green operator G (¢) is given by

G(t) ¢ =Femae 0 = | G (t,z—y)o(y)dy
R'n.
with a kernel G (t,2) = Fe_, (e tH9)) .

First we obtain estimates in the weighted Lebesgue norms, which are the
most suitable for the nonlinear theory. After that we find the estimates in
the frames of the L? - theory. Finally we obtain the estimates in the Fourier
spaces.

1.5.1 Estimates in weighted Lebesgue spaces

Suppose that the linear operator L satisfies the dissipation condition which
in terms of the symbol L (§) has the form

ReL(¢) > a{¢}’ (&) (1.43)

for all £ € R™, where o > 0, § > 0, v > 0. Also we suppose that the symbol
is sufficiently smooth except the origin: L () € CV (R™\ {0}) and obeys the
estimate

oL L] < i (1.44)
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forall ¢ e R"\{0},1=0,1,...,N, j=1,2,..,n, with some N > n + 2.
We denote the fractional partial derivative 6‘5j for >0,5=1,2,...,n, as
follows

02,0 (0) = Fo L, ((66)° (i) 9(9)) .

where k = [8],0=0—-k € (0,1) and (ifj)g_l is the main value of the complex
analytic function: (i&;)?™" = |&;|° " exp (i (o — 1) arg (i€;)) (see Stein [1970]).
We have by Erdélyi et al. [1954]

s -0
F1 ((ié'j)gfl) _ ) V2rI(1-p) Cos(%(g_l))y fory >0
§i—y 0 or y < 0

if p € (0,1), where I" is the Euler gamma function. Then integration by parts
yields

8 ¢(z) = = / OF+1 (% () y~2dy

I'(1-20)Jo
2w > ) 5 e
:m/o (5:22 (x(y))—6§j¢(x))y dy,

where z = (21, ..., 25), Z(Y) = (&1, ..., T + Y, o0, Tn).
First we collect some preliminary estimates of the Green operator G (t) in

the weighted Lebesgue norms ||@||y.,.. . Denote t = {t}_% (t)" 7.

Lemma 1.28. Let the symbol L (§) satisfy (1.43) and (1.44) with v > 0. Then
the estimates are true

1Po2 g o <G g)y, + TG o)

1@ @ e -va @)

for all t > 0, whereﬁ:fanS(x)dac, 1<r<p<o0,0<B<N-—n-2,
0 <b<a<1, provided that the right-hand sides are finite.

-~ _1 —
. < Ctn(l p)+a b|||"a¢||L1

Remark 1.29. Conditions of Lemma 1.28 are fulfilled for the following exam-
ples of linear equations: 1) the heat equation Lu = —Au, L(£) = [¢]*; 2)
the fractional heat equation Lu = (—A)%u, L(£) = [¢]”; 3) the linearized
Korteweg-de Vries-Burgers equation Lu = —Ugy + Ugas, L (€) = &2 + i&3;
and 4) the Landau-Ginzburg equation Lu = —aAu, L(§) = « |§|2, a € C,
Rea > 0.

Proof. Note that the kernel G (t,z) = F¢_, (e7*5®)) is a smooth function
G (t,z) € C>® (R x R™). First let us prove the estimate

sup <x%‘>ﬂ+n+k
zeR"

ok G (t,m)] < o+, (1.45)
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forallt>0,1<j<n,where 0 <k<N-n—-10<pu<min(l,4v).

Indeed we have
ok Gun|o [ jereetiigre [ e
' lg1<1 |€]>1

k+n k4n
<O Lo emat < O,

On the other hand
‘x;H"Jrk@ij (Lm)’ = ‘?gﬁx (3g+n+k (ffe_w(f)>)‘

<C Hagﬂwk (ffe*tL(g)) ’

Ll
We have denoting v (£,£) = 82‘”“ (g;?e—tL(ﬁ))

ot (o) | (v (bEw) ) vy =1+ I

where g(y) = (&, &4y, ....&) and
I = /Oo (¢ (tf(y)) —¢ (tyf)) y =iy,

1€l
2

- |
0

W (£,€)] < Ct{e} " (€)M e~ 5HE ()"
forall ¢ € R™, t > 0 we estimate the first summand I; by the Young inequality

= dy é—n v—m _—opfe S/¢ o \V
||Il|| 1 < O/ / (t{§ —y} <§_y> e~ sty (€—v)
b o YT Jigi<apy

1€

T (0 (1) e o)y ray.

Since

+{} Ty e—%t{§}5<£>”) e < CF*,

€l we have with & =

where 0 < g < min (1,4,7). In the case 0 < y < 5
(&1, &+ AY, ., En), A€ (0,1)

v (LE€W)) = v (9| < Clyl9gw (t,€)]
< Ciy ()" T e AN

forall e R", 0 <y < %, since [£] < [¢*] < €]+ y < 2 |¢|. Hence we get
el
el

—n— v—nm— _ o 8 v _
(€L gyl 5 HE© / yrdy
0

[2llgy < Ct
3 Lé

< Ct H{g}é—“—n (€)Y I e FHE O HLl < i *,
3
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Therefore estimate (1.45) is true. By virtue of (1.45) we find with k& >
max (b,[f]), o=08—k,and T (y) = (21, ....,2; + Y, ..., Tp)

[Hrazcm)|, <c |a:|”/f

ol [ ok 6 e w) - 0 6 )|y edy

t La

ot [l
0
(aty " kH /Ooyfl’@dyscf"(l—%)w‘b;
1

t

0%, G (.3 (y) = 05, (t.0) |y~ ~dy

L4

-

< C{?’f-‘rl-&-n

+

hence by the Young inequality (1.2) with % = é + 1 — 1, we obtain the first
estimate of the lemma
irazgwell, <[ o= o086 - ot
n Lo

" H [ o2ce -l sty
Rn

(i1 _ ~n(l_1
< PG50 g, + CP G54 19|

Lr

for all t > 0.
We now prove the second estimate. In view of (1.45) we obtain for 0 < b <

b b *
2" |G (82 —y) = G (t,2)] < |27 [y[ VoG (& 27)]
< O [l y| ()" < oPat | (fe) T

for all z,y € R™,|y| < %l As well for |y| > % we get
” |G (t,x —y) = G (t,2)] < Cly" (1G (t,2 — y)| + |G (£, 2)))
% _ a (17 b—a ,~ —n— ~ b—a ,~ \—n—
< Cthte b|y| (‘t(x—y)’ <t (w—y)> s |tx’ <tm> M) )
Thus we obtain

j|* (G (t,x —y) = G (t,))
< ofrtaThy® (‘t x— ’ < y)>_n_# + ‘Zx’b_a <?x>_n_ﬂ) (1.46)

for all z,y € R™. In view of (1.46) applying the Young inequality (1.2) we
have
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k0o a6, <| [ 1ol @) -G @ oty
[ (el @)™
-

o+ [fa] " (E) ) ol o)y

)

for all t > 0, where 1 < p < o0, b € [0,a], a € (0,1). Hence the second
estimate of the lemma is true. Lemma 1.28 is proved.

Lr

< C«%’nJrafb

< C%”n-l—a—b Hﬁ“(.)‘bﬂz <

cn(1—1)4+a—b
U HE @l < o)+ 1 g,

To find the asymptotic formulas for the solution we assume that the symbol
L (§) has the following asymptotic representation in the origin

L(§) = Lo(§) +0 (1" (1.47)

for £ — 0 with some v > 0. We assume that the symbol Ly (§) is homogeneous
of order ¢ and satisfies (1.43) and (1.44) with v =4 > 0. Also we define

Go (1) ¢ = Fege 0 O(¢) = 75 / Go ((x=9)t74) 6 () dy,

n
where

Go (2) = Fe (e‘LO(i)) .

Lemma 1.30. Let the symbol L (§) satisfy conditions (1.43), (1.44) with v >
0 and (1.47). Then the estimate is true

lgwe—vtco ()| <o ol

for all t > 1, where ¥ = fRn ¢ (z) dz, p = min (a,7).

Proof. Taking the second estimate of Lemma 1.28 with p = co and b = 0, we
get

nt

IG (1) ¢ = 9G (D) < CtF [[Bllps.e
for all ¢ > 1. Then by condition (1.47) we obtain

oo -3 (0. <o -

Ll
S/ " _eftLo(E)‘dg_F/ 64L<e>’d§+/
jg<1 €21 €21

gCt/ e~ otlel’ |§|5+7d§+/ e—“t‘f‘"d§+/ e~ ote” gg
jel<1

|€1=1 |€1=1

e~ tLo(§) ’ d¢

n4 ndy

T +C€_%t <Ot 3

<Ct™

for all £ > 1. Hence we find the estimate of the lemma. Lemma 1.30 is proved.
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Now we will give some modifications of Lemma 1.28 in order to relax the
restriction v > 0 in estimates (1.43) and (1.44). For example, when the symbol
L (§) does not grow at infinity, we may assume the asymptotic expansion

n

L) =a+> a(Q) " +0() 2 (1.48)

k=1

for £ — oo, where a > 0, a; € R.
Define the polynomials by (¢) of order k > 0 by the asymptotic expansion
of e tL(&) for € — oo such that

e ) = =t 4 =t Ny (1) ()7 + R(2,€). (1.49)
k=0

Thus instead of conditions (1.43), (1.44) with v = 0 and (1.47), (1.48) we
can suppose the following condition. Let the remainder symbol R (¢,€) €
CN (R™\ {0}), satisfy the estimate

0L, R(t6)| < Ot ()73 e 310 4 cem it (g7 (1.50)
forallt >0, e R*"\{0},1=0,1,..,N,j=1,2,...,n, with some N > n+2,

v > 0.
Define B% = 1 and

B'= | Bi(@—y)d@dy
with kernels
-5 i€x - 21_k ‘x|k7%
Bia) = Cm) [ e (g7 de = 2 Ky ()

for k > 1 (see Titchmarsh [1986]), where
° o2
Ko () = K () = 27 ol [ et ag
0

is the Macdonald function (or modified Bessel function) of order v € R (see
Watson [1944]). By the estimates of the Macdonald function we see that for
any k >1

fpontl
Clz|"~ 77 e71®l, for |z| > 1,

B <
| B (x)] < {C‘flilka—n—ldy’ for |.13| <1.

Hence for any k > 0
1" < CllSllgns (1.51)

forall 1 <p<ooandb>0.
Then we can obtain the following modifications of Lemmas 1.28 and 1.30.
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Lemma 1.31. Let the symbol L (§) be such that condition (1.50) takes place.
Then the estimates are true

b

1 1

+ O EGT) Y|g s + e E 1Bl

and

[ (g e —ortan (04,

<3O (17 4 ()73 ) 1 Gl + e

g

Lr

for all t > 0, where ¥ = fRn d(x)dr, 1 <r <p<oo,0<b< a, provided
that the right-hand sides are finite.

Remark 1.32. Conditions of Lemma 1.31 are fulfilled, for example, for the

Sobolev type equation Lu = — (1 — A)flaAu, that is, when the symbol
2
L(¢) = ﬁl‘il‘fz. In this case we have

o€ kik —k
R(t,&) =e taE e—at|5|2 _ et Z ot (1 4 |§|2)
So that representing
ot le12 oLl ot e R —k
R(t,&) =e 1HIP <1_6 1+£|2> —e tz il (1+|§|2>
for all |£] < 1, and

n k4k —
—at|€)? —a -t a”’t k
R(t,&) = —e tel® 4 oot (6 1+gZ — Z o (1 + |§|2) )

k=0

for all |¢] > 1, we can easily obtain condition (1.50).

Proof. We have due (1.49)

n

G(t)=Go(t)+e > b () B*+R(t),

k=0

where the remainder operator R (t) is defined by its symbol R (¢, &)
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here the kernel R (t,z) = FezR(t,€). Note that the Green operator Gy (t)
satisfies conditions (1.43), (1.44) with v = ¢ > 0. Hence by Lemma 1.28 we
have

n

[P Go | <t G245 gl + D gl (152)

and

. b _ _n . _1 < _,( _,)_7 ) .
[l (Go 6 w360 (e77))||_ =t I ¢lls (1:53)
for all ¢ > 0. By estimate (1.51) we have
| 1° *athk < Ce 5t (1.54)
Lr

for all t > 0, where 1 < p < oo, b > 0. _
Now by virtue of condition (1.50) we can estimate the kernel R (¢, x)

[Rt.o)| <ClIR@I, <C @7

L1

+Cem | ()|

Ll

On the other hand, integrating n + 2 times by parts with respect to & we
obtain

‘E(t,x)‘ < cw””i

=1

/R eSO R (1,€) df’

—n— 2 n+2 -2 _a s —-n—2 _a —2n—2
<l 7% et ol e i
_1 —n—2 —1 _n n—2 —7t
<c(altd) " @I et 4 Clal
Combining these two estimates we have
~ 1 —n—2 _ n —n— a
[Ro)| <o)y " @ T £ Ol e (1.55)

for all x € R™, t > 0. In view of (1.55) applying the Young inequality with

1 _ 1 1
5—6+;—1Weget
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ROl <€ [ Rt =0 00 dy

Lp

+cH/” oy’ Rtz —y) 6 (y) dy

v
<c||R@)|, 19l +C|RO| 16l

—n—2
<|x‘t7%> n

n

9]l + Ce™ %
q

—n—2
) 27| ol

2 _n(1_1 b
18]l < C ()3 G548 g
q,b

L

for all ¢ > 0, where 1 < r < p < o0, 0 <b < a. By virtue of (1.52), (1.53),
(1.54) and (1.56) the estimates of the lemma follow. Lemma 1.31 is proved.

Now we will give another modification of Lemma 1.28 to the case of oscil-
lating symbols for £ — oco. Consider the Green operator of the form

G(1)6 = Fea (S (1) (9)).

We restrict our attention only to the case of the space dimensions n = 1,2, 3.
We assume the following asymptotic expansion for the symbols S (¢,&) for
n=123

OFS (1,€) = (1) " e 1o 1 gf (eatsm (’55 |5|)) + Ry (t,€)
for £ — oo, where a > 0, 8 € R, k = 0,1. We suppose that the remainder
symbols Ry (t,&) € CN (R™\ {0}) obey the estimate

08, R (1,6)| < CtF (3 F e B e Bgh (L)

forallt >0, ¢ e R\ {0},1=0,1,...,N,j=1,2,...,n, k= 0,1, with some
N>n+2,v>0.

Note that Sm(fw is the symbol for the wave equation. Hence using the
well-known formulas for the Green operator of the wave equation

sin (15 [¢]) ~ )

€l
we obtain (see e.g. Mizohata [1973], Kanwal [2004]) for n =1

W(t) 6 = Fes ( 56)

z+ 6t
wine=y [ owa

forn=2
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1 ¢ (y)dy
4% = 5 )
©)¢ 2 //|:py<ﬁt /3242 — |z — y|?

we= g [ [ owds

By these explicit formulas we easily see that

and for n = 3

[08W (1) 8l e < © (072 |(9)* o] (1.58)

Lrb
forall 1 <p<ooandb>0, k=0,1, where kK = 0 for the one dimensional
case n =1 and k =1 for the case of space dimensions n = 2, 3.

Then we can obtain the following modifications of Lemmas 1.28 and 1.30.

Lemma 1.33. Let the symbol S (t,£) of the operator G (t) be such that con-
dition (1.57) takes place. Then the estimates are true provided that the right-
hand sides are finite

Lp:b
and

117 (g W6 —vt%Go (()e74))]

< O3S gl + G708 ()77 g
+ 6_%t H(Z)”Lp,b

Lr

for all t > 0, where ¥ = [, ¢ (x)dz, max(l,;Tpp) <r<p<oo,0<b<

min (y,a), k= 0,1, here kK = 0 for the one dimensional case n =1 and k = 1
for the case of space dimensions n = 2,3.

Remark 1.34. Condition (1.57) of Lemma 1.33 is fulfilled for the damped wave

equation, when the symbol
sin <t,/|g|2 - }1)

2 1
€1" —

S(t,€) =e%

In this case we have

Ry (4,€) = 0FS (£,€) — (1) F eI — of (ng'm)

=0 (<t>_1—k eft|§|2> +0 (efg <£>k—2>

for all £ € R™ and this asymptotic representation can be differentiated with
respect to . Therefore we can easily obtain condition (1.57).
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Proof. We have
G (1) = (1) " Go (1) + 0F (7™ W (£)) + Ry (1),
where the remainder operators Ry, (t) are defined by their symbols Ry (¢, )
Ri (1) & = Fema ()" Bi (1.6) (O™ 6(6)

=@n7F | Bt —y) (V)% 6 ) dy;

here the kernel Ry, (t,z) = Fen ((ff”k Ry (1, 5)) Note that the Green oper-

ator Gy (t) satisfies conditions (1.43), (1.44) with v = ¢ > 0. Hence by Lemma
1.28 we have

[P g ¢, <o ¥ G0 o)y, + 78D ol (159)
and
117 (G (16— w3 G0 (()17))|

for all ¢t > 0. By estimate (1.58) we have

<0t 3073) 75 gl pa. (160)

Lp

|0F (e W (t) )] < Ce™ 2 (1.61)

V)™ 9|

Lp.b

forall 1 <p<ooand b>0, k=0,1, where x = 0 for the one dimensional
case n =1 and K = 1 for the case of space dimensions n =2,3.
Now by virtue of condition (1.57) we can estimate the kernel Ry, (¢, )

= _ \—kk -
o, -l o, <o+ ],
+ Ce 5t <->‘“’“+’“‘2‘ L sot % (1) "3k (1.62)
On the other hand
n n —kk
i ol < €3 o207 meo],
e e e i [
L2 L2
<Ctmtd )y IR 4 cem st (1.63)
By virtue of the Hélder inequality, taking a = ||[-|* @[/ l¢llgs > 0, we obtain

for p € [1,2]

I¢llLe < (a+|-1) Sl

n(l__ 1 1_1)_ w
< Ca2G73) |l + CaZ G 1° oL

wy—1
(@t H 7|

< aIE5 7 a5 (1.64)
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Hence the substitution of (1.62) and (1.63) into interpolation inequality (1.64)
yields the estimate

0 B < om0+ (3 g cem e (1.65)
La

for 1 <¢<2,be(0,a].In view of (1.65) applying the Young inequality with

%=é+%—1weget

IRs () élhs < €| [ Rt =) 0" 691 0y

Lp

+CH/n lz—yP R(t,x —y) (iV)™ & (y) dy

Lr
<C|R(@®) V)" ol
L

@), +c R
W)

+ o # TR )T )t g

La Lab

<ot 3Gm3) (=3t

iy (1.66)

for all ¢ > 0, where max (1,22%})) <r<p<oo 0<0b<a. By virtue of

(1.59), (1.60), (1.61) and (1.66) the estimates of the lemma follow. Lemma
1.33 is proved.

1.5.2 Estimates in the L? - theory

By the Sobolev Imbedding Theorem the L? norms can be estimated by deriv-
atives in L2 norms and weighted L** norms can be estimates by weighted
L2? norms with b > a + 5. And the L2 - theory is convenient for passing to
Fourier transform representations.

Consider the Green operator of the form

G(t)6 =Feu (566 9(9).
where the symbol S (¢, ) satisfies estimates
S (t,€)] < (g e e (1.67)

for all £ € R™, where a > 0, § > 0, u > 0. Also we suppose that the symbol
is sufficiently smooth except the origin: S (¢,¢) € CV (Rt x R\ {0}) and
obeys the estimate

0L ((€)" 5 (1,€)| < O ()7 e #HE° (1.68)

forallt >0, e R"\{0},1=0,1,..,N,j=1,2,...,n, with some N > n—+2.
We now prove L? estimates for the Green operator G (t).
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Lemma 1.35. Let the symbol S (t,€) satisfy conditions (1.67) and (1.68).
Then the estimates are true

P—B _n

VPG @ ol < 0T 38| |v) (iw) ")

La
+ Ce™ot

V17 9) o

LQ
forallt >0, where 1 < ¢<2,0<6<p, and

I G ®) 8l < €035 v+ + oo 3G ||l i)l
() (V)" 9|

Jor allt >0, where 1 < q <2, § <w < N, provided that the right-hand sides
are finite.

La
+ Ce 2t

L2

Remark 1.36. The conditions of Lemma 1.35 are fulfilled for the damped wave

equation for any space dimensions
sin (t\/|§|2 - i)
2 1
VIET =3

S(t.§=e"
ifwetake(5:2,,uzlanda:%.
Proof. By condition (1.67) we get

n

€17 €)" S (8, )l (jej<1y < C (1) 5%

and

1(6)" S(tvg)HLOO(‘&‘Zl) < Qe

for all ¢ > 0; hence by the Hdélder inequality and estimate for the Fourier
transform (see Titchmarsh [1986])

176l 2, < C 8l
for 1 < g < 2, the first estimate of the lemma follows

IIV1°G (1)
<cler @ swol a0 @ o)

+ OO S (6Ol |16 €7 3(€)]

_a_
La=1(J¢I<1)

L2(|¢1=1)

VI (i) " ¢)

Lz
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To prove the second estimate of the lemma we introduce a cut off function
X1 € C*> (R") such that x1 (§) =1 for [¢] <1 and x; (§) = 0 for |£] > 2, also
let x2 (§) =1 — x1 (§). Note that there exists a smooth and rapidly decaying
kernel

K (t,2) = Feea (9" S (£:6) x1 (9)) -
By condition (1.68) we have

8L, (€5 (1, ) xa ()] < € {1y e 24’

forallt >0, ¢ <2,1=0,1,...,N, j=1,2,....,n. Hence

L n
K (t, <0H81' *S(t, ‘ 5T
o () e < €[, (16 S . @), L < €10
so that by the Holder inequality
117 K (@)l < C ()7 (1.69)
with 0 < ¢ < w. By interpolation inequality (1.64) with p = 3=%5 we get

I O g, < I OES ||K<t>||i;%<1-%>

<cw 53, (1.70)

Then in view of (1.69) and (1.70), and by applying the Young inequality and
estimate |z|* < C'lz —y|” + C |y|*, we obtain

[ Fema (0" s (1,60 21 ©0) (176 ©))

y
I [ e awromal

<O K e |[69) "o, +CHK(t) 2 [ e
<o vy qu yo@ s H|| (iV)~ ¢H (1.71)

Employing condition (1.68) we have

0L, ((€)" 5 (1.6 xa ()] < Ce#"

forallt >0, <2,1=0,1,....,N,j=1,2,....,n. Denote m = [w], 0 = w—m,
then for the fractional derivative 82; we can write

NE

oz, (o) = > (9kv) o274

k
+CZ/OO
0

k=1

Il
—

A

ok (&) =0k w (£m)) 050 (€)'~ 2dn,
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where 5(77) = (&1,.,& +1,...,&,) - Then we have
oz woll,. <3| (ot v) 27,

Ci Z/ (08w (&) — ok (E0n)) om0 (£ ) n'2dny
k=1 |lk=1"0

.
D LA H@zé‘%HLz reX oy, s
<o|[@m |16V dllge
Therefore we get
oz (0" s o @) (10 0©)|.,
<Cem 8 |@v) (e B, <cet v e . )

Now estimates (1.71) and (1.72) yield the second estimate of the lemma.
Lemma 1.35 is proved.

To find the large time asymptotic behavior of the Green operator we as-
sume that the symbol S (¢, &) has the following asymptotic representation in
the origin

S (1,€) = 70O 10 (J¢]" () H oY) (1.73)

for £ — 0 with some v > 0. We assume that the symbol Lj (£) is homogeneous
of order ¢ and satisfies estimate (1.43) with v = ¢ > 0. Also we define

6o ()9 = Fese 050 =t} [ G-t H) o)
where the kernel
Go (2) = Feoa (eiLO(f)) .

Denote the mean value

0=02m) "2 | ¢(x)de
Rn
Lemma 1.37. Let the symbol S (t,§) satisfy conditions (1.67) and (1.73).
Then the estimate is true

|||V|”<g<t>¢—eao<t>>nmSCt*T* ) |av) e

+Ct™ 5 "ol H (v)~ QSH + Ce o

V17 @v) " 9|,

for allt > 1, where 1 < q < 2, p > 0, provided that the right-hand side is
finite.
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Proof. By (1.73) we obtain

o9 6 (509 - ), <07
and in view of (1.67) we have
H<£># (S (8,6) + eitLO(g)) HLN(\E\ZU < Cem
for all ¢ > 1. Hence we get for 1 < g < 2
11917 (G (8) 6 ~ 6Go (1)l
<cfer e (sto—e )@@,

+C g e’ (5() - <o>)\

L2(\§\<1)
@ (st.o+e @) e @ @) o
= ¢ H|£|p <£>M (S (t,f) B e_tLO(g))‘ L%(|§\<1) H 5 a‘ Lqigl(|§|§1)
L2 (J¢|<1) Haﬁf ¢’Lq T(lel<1)
OO S (1 E)loe iz 11 €7
<o FotY i) |
+or RGN | vy |+ cemt |91 vy

Therefore the estimate of the lemma is true. Lemma 1.37 is proved.

1.5.3 Estimates in Fourier spaces
We now obtain estimates for the Green operator G (t) in the norms

lellaer = |H5|p<5(€)||L§(|g|§1)a
]

Ber = [II€] @(ﬁ)HLg(\g\zna

Ieleee = [IP5 €77 8@l .

where p,s € R, w € (0,1), 1 <p < o0, and

Dyop (&) =Inl"" ¢ (§+n)— o (8.

The norm APP is responsible for the large time asymptotic properties of
solutions and the norm B*? describes the regularity of solutions. These norms
allow us to relax condition v > 0.
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Lemma 1.38. Let the symbol L (£) satisfy conditions (1.43) and (1.44) with
v > 0. Then the following estimates are valid for all t > 0 provided that the
right-hand sides are finite

1(1 1

1G () @llare < C &) 53570 ||| 0.,

forp>0ifp=gq andforp+%—%>0ifl§p<q§oo,

IG () @llgows < Ce™ 2 {1 [lollgon

for1<p<oo,$>0(s=04fv=0),

1G (£) @llpser < C ()75 {t}° ol poso
+C )T (1ol aoe + 2llmo.e)

fors>0(s=0ifv=0),p>0,w<difp=0andw < p if p> 0. Moreover
if ©(0) =0, then

19 (&) @llars < C ()4 gl
forp+w>01ifp=c0 andforp—kw—!—% >0if1<p<ooand
1G &) @llpg < C )7 {3 lellpoo

where s >0 (s=0ifv=0),p>0,w<difp=0andw < pifp>0.

Proof. By virtue of dissipation condition (1.43) we have

6 |20 < Ol et < 041y ~F el (1.74)

Sl

for all t > 0, |£| < 1, where p > 0. By (1.74) changing the variable n = £ (t)
Wegetinthecaselgr<oo,p+%>0

|1€l7 @] = [ rmeeietag
Lz (l§1<1) l€|1<1
<C(h i / el ay ) <ow i (1)
In|<(t)s
and in the case r =00, p > 0
Pe—tL@)H < C{) " ||etslel <Ccw 5. (176
H|§| L (lgl<) ) L (lgl<y) ) (1.76)

hence by the Holder inequality we get
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19 (&) ellars = |61 O3 ¢)|

L2 (j¢|<1)

<c||igre

~ _p_1(1_ 1
\f\<1) ||@||Lg(‘§\§1) < C<t> ° é(p q) H(PHAO,,,

forp—|—%—%>Oif1§p<q§ooandforp201fp:q.
To prove the second estimate of the lemma we write by condition (1.43)

€1

e—tL(&)‘ S C|€|SV e—t(x‘&"’ S Ce_%t {t}—s
for all t > 0, |{] > 1, where s > 0 (s = 0 if v = 0). Therefore
19 () ellgewn < C |l€I* |

< Ce {1} lellgon -

Thus the second estimate of the lemma is true.
We now prove the third estimate of the lemma. We have

Le(el2) 19l gr21)

19 (@) Plipger = H [P 16y (@ 2@ ¢

ERGIEN]

< H{«S}” (€)™ e M HDW(OHL&(MKMHLM
3

+ o= nms e | (1.77)

Lee (Inl<1)

Le

Via the first and second estimates of the lemma we have for the first summand
in the right-hand side of (1.77)

P Ue\SY —L(Ot || Dw 5
H{f} €)"e D@ f)HL;°(|77|<1)HLg°
<C{t H

HL?U’?\SD L (J¢|<1)

+Ce B {1} P H

€ {t} f)”Lfflo(\n\Sl) Lo (j€[>1)

) -

<CWF {0 Nl (178)

Consequently for the second summand in the right-hand side of (1.77) we find

G(E—n)DL{EY (&) e L

Lo (jn1<1) ||,

< C1@l- ||| D5 13 gy 2

(1.79)

LRI
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In the case || < 2, |n] < 1, by condition (1.44) we have for all 0 < ¢t <1

D} (&)™ e Lt = |7

/:_n a% ({y}p (y)™ e‘L(y)t) dy

&—n
St _
/ (Iyl gyl 1) dy
13

<Cly™ <C

and then for all ¢ > 1 changing the variables & = ¢3¢, n = ¢t 37, and
y= t*%ﬂ we get

DL} (&) e O < Oy

£-n s
_ S+p—1 -1
/ e~ Ctlvl (tlyl Pt plyl )dy
¢

. A .
< CtF i~ /~ Bl (et plg ") i < €7
3

where w < §if p=0and w < p if p > 0. And in the case || > 2, |n| < 1, by
condition (1.44) we find

D} (&) e O < Cem 2t |7

T Ctyl -
e ly|™ " dy
¢

< Cem 8 (1)

-1 g N
/ Yl < ety (1.80)
13 |Z/|

for all ¢ > 0.Thus we get the estimate

<c{ T

L¢

H |ps gy gy emm

1.81
Lz (Inl<1) ( )

for all ¢ > 0. The substitution of (1.78), (1.79) and (1.81) into (1.77) yields
the third estimate of the lemma.

Now we suppose that @ (0) = 0, then via (1.75) and (1.76) we obtain the
fourth estimate of the lemma

19 (8) @l ars = 1617 €O @ (6) - 3 (0))

L2 (€|<1)

< |igi"* e =D o)

L2(jg[<1)

<C H|§|p+w e—tL(f)‘

1D5@

L2 (j¢[<1) "(p(())HL?(InISl)

< )t o) poo

forp—I—szifp:ooandforp—i—w—l—%>0if1§p<oo.
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To prove the last estimate in view of the condition ¢ (0) = 0, instead of
(1.79) we write

Huﬁ(fnYDﬁ{gngf”eL@ﬁ

L (<) | e

< Cllellpoo H € —n|” DL {€}° (&)™ e~ L)

L (ml<UllLgs (g1<2)

o 16y g emreer|

+ 1@l (1.82)

L (<Dl (¢)>2)

Using (1.81) with p replaced by p + w we find

H H|§ -l Dﬁ {37 (&)™ e_L(ﬁ)tH

L (Inl<1) L (16]<2)

<[5 e+ e emreen

L (In|<1) L (l€]<2)

T H{s}” (&) ¢ 1O

g = mt* = 1€l i ™|

Er(ml=DllLes (g1 <2)

<[z @i e

L (i< [l

+ ot oretor| <omm . (1:83)

The substitution of (1.78), (1.80), (1.82) and (1.83) into (1.77) yields the last
estimate of the lemma which is then proved.

In the next lemma we give the large time asymptotics for the Green oper-
ator G (t).
Lemma 1.39. Let the symbol L (&) satisfy conditions (1.43), (1.44) and
(1.47) with v > 0. Then the estimate is true

lgto—t360)Go (4 ()]

<) %5 (I8lpo + 9l a0 )

Apr:p

forallt > 1, whereﬁza(O),,u:min(*y,w),1§p§oo,p—|—w20ifp=oo
andp+w+%>0if1§p<oo.

Proof. By virtue of dissipation condition (1.43) and asymptotics (1.47) we
have

et _ o ~tLo®)| < Ot L (€) — Lo (€)| e~CHEl" < O |€)"*7 e CteEl
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for all ¢ > 0 and [¢| < 1. Thus

1(G (1) = Go (1) Bl aes = ||I€1° (7O = @) G (5)]
<

< Ct H|§|5+p+7 o—CHel®

L2 (j¢|<1)

~

¢ (¢)

Pt 1

C{) 7 9l g0 -

L§<|£|§1)H HL?(msn

By (1.53) and (1.54), we get
|0 e-t2506 (£ 0)|
= g7+ et @167 () - ()|

L2 (l<1)
sl o], leedol
€] LE(g<1) eo(0) R(ESY
_ptw 1
SO 5 T [[llpoo.

Therefore the estimate of the lemma is valid and Lemma 1.39 is proved.

1.5.4 Estimates for large x and ¢

Consider the Green operator G (t) of the form

G(1)6 = Fyne o) =¥ [

R

G (fé (z — y)) o(y)dy (1.84)

with a kernel G (z) = F,_, (e~ I"").
In the next lemma we collect some estimates of the Green operator G (t)
in the weighted Lebesgue norms ||¢||y,.s , where 3 >0, 1 < p < oo.

Lemma 1.40. Suppose that the function ¢ € L7 (R), where 8 € (1,1 +a].
Then the estimates

16 (1) Sl < min (£ 165, 9] )

and -
1G () Pllpecs <CE) = Nl + Cll9llpe.s

are valid for all t > 0, and 1 < 8 < 1 + a. Moreover if ¢ € L8 (R), where
B € (2,24 a], then the estimate

H<t—z 0Y (gwo—ita (it ()

_2 _B
<Ct = ||¢’HL1,1 +Ct e ||¢HL<><>,ﬁ

Lo

is true for all t > 1,2 < 3 <2+ a, where ¥ = [ ¢(y)dy. Also the following
two estimates are valid
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H ’t*i (~)\B (Gt-nom-vm-n=c(t-1"0))

<R 9 lls + 01 F 9 () yes

Loe

forallO<T<§and

SO Dl + O ¢ () g

et 0 se-nom

Jorall £ <7 <t, where 2< <2+, and V(1) = [g &(1,y)dy.
Proof. We have the estimate

(Gl g0 < C. (1.85)
In the same manner we can obtain the estimate for the derivative

I g e < C. (1.56)
By virtue of (1.85) we find

= <,

Ll

c(r* )| =16l <o

and

B
te <C,

Loe

e 0)f,. = el s oo

for 8 € [0,1+ «]. Hence by the Young inequality for convolutions we obtain
the first two estimates of the lemma

19l < |26 (53 O)|_ 19l < C ol

19l < 756 (177 )| 19l < CEF ]

and
19 @l < C 1776 (575 0)||__ 19l
+ofere (5 O)], 10les < €W Nl + Cl¢llgs

for all £ > 0, where 0 < 6 <1+ a.
To prove the third estimate we write

‘t—%x)ﬁ (g t)p— It =G (t—%x))
=t = /R ‘t_éx‘ﬁ (G (t_é (x — y)) -G (t‘éx)) o(y)dy



48 1 Preliminary results

for any § > 0. By applying the Lagrange Theorem, in view of (1.86), we

obtain
€17 |G (€ =) — G (©)] < [¢]° Il |G" (¢7)]
<O e <Ol
forall {,n e R,|n| < I . For all |n| > % we get

€°1G (€ =n) =G < Clnl” (<§ )T T+ <n>‘1‘“) .

Thus we see that

b 0 o) -6 (5]
by
celesf (b amn) (o))

for all z,y € R, t > 0. Hence by the Young inequality for convolutions

< O’t*iy

Lo
<ct /R<té~>ﬁ_2_a % y| d(y)dy .
Lot ’/R <<ti (- _y)>717a + <t3y>1a> ’t’éy ﬂsb(y)dy .
<ctr || > . H‘t_%(')“’b‘]a
+ Ot <—é > ’t_f ‘ﬁ(ﬁ Lo

_z _s8 2
SOt 2 [|gllpia + Ot = ||¢||Loo‘ﬁ < Ot |9llpoe.0

for all ¢ > 1, where 2 < # < 2+ . On the other hand using estimate

IG(E—n) =G (E) <G (&) <Clnl

we have
lo®e-oric (o) .
(¢ (fé (=) =G (t7%2)) ély)dy

cart [ [

<Ot =

Lee

y)dy = Ct=& ||| ¢||pr < Ct% ||| ocs -
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Thus the third estimate of the lemma, is true.
To prove the fourth estimate we write

‘L‘fixlﬁ (G ((t - T)_% (z — y)) -G ((t _ 7_)—§ x))
< ’(t - 7-)_% x‘ﬁ (G ((t - T)_i (x — y)) e, ((t _ T)—é x))
<C ‘(t — T)*é y’ <<t _ T)*i x>ﬁ—2—a

wele=n -ty <<(t R R (e y>1“>

for all z,y € R, ¢t > 0. Then for all 0 < 7 < % we have

0] (e -nom-ome-nte(e-ntw))
ety
[ ({e=nte-n)

(R Nty I | (R e (T

Lo

<C(t—r)° %

Loe

(t—7)"= y‘ o(1,y)dy

+O@t—1)"

Loe

_1 _1 f—2-a _1
sce-nH(e-n0) | o= o,
1 1 —l-a _1 P
+C-77F |[(E=17F () =150 @
Ll Loc
< C ¢ (Dllgra +CE % (16 (7)o -
In addition for all % < 7 < t we obtain
_1,.,/8 _s |, 8
56 se-nsm| <c#iroe-nom],.
Loc
SCRE=D) 6Dl +E |1 00|

iy
< Cllg (M)l +Cm7 = (|6 (T)llg.s -
where 2 < 8 <2+ a, with 9 (1) = [ ¢(7,y)dy. Lemma 1.40 is then proved.

Let us now compute the asymptotics of the Green function

1 , .
G (&) = 427T/Rezfne—lnl i

for large values of €.



50 1 Preliminary results

Lemma 1.41. Let o > 0. Then the asymptotics

G(¢) = \\/[;F(a—kl) [ sin% +0 (|5|+2°‘) (1.87)

is true for €] — oo.

Proof. Denote m = [a] + 1. We integrate by parts m times with respect to 7
to get

1 5 [e3
G (€)= —— (i)™ [ eingme=Inl®g
(€)= 2= 7" [ eope iy
a(a—l)--~(a—|—l—m)/ ien | ja—m
= e's d
+ ngm/ ein ( In|*~™ — 3:7”@"’7‘(’) dn
R

=0+ I

The first summand I; gives the main term of the asymptotics (1.87); it can
be computed explicitly (see Erdélyi et al. [1954])

_ala—=1)---(a=m+1) ien | ja—m
I = Emm /Re K |77| dﬂ
- ﬁr(a+ 1) \§|_1_asin?. (1.88)

For the second term I5 we obtain

=0 [

etén <|n|a*m — 3717716—\77\“) dn

R
=0(¢™) / A Gl VT
R
£0(m) [ e,
k=2 R

In each of the integrals we can again repeat integration by parts with respect
to n and use the explicit formula (1.88) to get estimate O (|§|_1_2a) . Thus

we have asymptotics (1.87), and Lemma 1.41 is proved.
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Asymptotically weak nonlinearity

The aim of this chapter is to find the large time asymptotic representations
of solutions in the supercritical case, that is when the nonlinear term decays
in time faster than the linear part of the equation. This type of nonlinearity
we call the asymptotically weak one. We intend to find the main term of the
asymptotics and to give an estimate of the remainder term in the uniform
norm. We will see that the large time asymptotic behavior has a quasi linear
character, that is the nonlinearity alters only the coefficient of the main term
of the asymptotic formula. Taking into account some additional symmetry of
the nonlinearity in equation we will be able to consider the case of large initial
data.

2.1 General approach

Now we give a general approach for obtaining the large time asymptotic rep-
resentation of solutions to the Cauchy problem (1.7)

{ut+N<u>+£u=0,x€th>Ov (2.1)

U(O,I‘):U0($),LEER”,

in the case of asymptotically weak nonlinearity (we often call this case super-
critical). By the Duhamel principle we rewrite the Cauchy problem (2.1) as
the following integral equation

w(t) = G (1) up — /0 G(t— )N (u(r) dr, (2.2)

where G is the Green operator of the corresponding linear problem. We fix a
metric space Z of functions defined on R™ and a complete metric space X of
functions defined on [0, 00) x R™.
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Definition 2.1. We call function Gy € X an asymptotic kernel for the Green
operator G in spaces X, Z if there exists a continuous linear functional f :
Z — R such that the estimate is true

(O (G{)d—Go(t) f(D)lx < Cllolg (2.3)
for any ¢ € Z, where v > 0.

Remark 2.2. Below the functional f(¢) often will be chosen in the form

[(9) = [goo(x)de = (271’)% ¢ (0). Sometimes the functional f also might
have the form of the moments.

Definition 2.3. We call the nonlinearity N (u) in equation (2.2) as asymp-
totically weak in space X if the integral [ f (N (u(7)))dr converges for any
u € X.

Now we state some sufficient conditions for obtaining the large time as-
ymptotics of solutions to the Cauchy problem (2.1) in the supercritical case.

Theorem 2.4. Let the initial data ug € Z. Assume that there exists an as-
ymptotic kernel Gy for the Green operator G in spaces X, Z. Let the nonlin-
earity N (u) of equation (2.1) be asymptotically weak in space X. Suppose that
there exists a unique global solution u € X to the Cauchy problem (2.1) and
that the following estimates are valid

t

(t) / F(G (= T)N ((r)) = Go (L — 1) f (N (u(m))) dr

X

+ < Cllulx (2.4)

X

<t>7/l Gt—7)N (u(r))dr

and

oo

(1) Go (1) / OV (u (7)) dr

2

X
t

+lay /05(Go(t—T)—Go(t))f(N(U(T)))dT <Clulg  (25)

X

for any uw € X, where 0 > 0, v > 0. Then this solution has the following large
time asymptotics

18)7 (u () = AGo () x < Clluollz + Cllulk (2.6)

where o > 0, v > 0 are taken from condition (2.4), and the constant

A=f(uo>—/ooof(/\f<u(7)))d7~
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Remark 2.5. We can guarantee that the coefficient A # 0 in the asymptotic
representation (2.6) if f(ug) # 0 and N (u) is small. It happens, for ex-
ample, in the case of small solutions or for convective type equations, when
f (N (u)) =0 (see Example 2.15 below.) It can occur that A = 0, for instance,
for convective equations f (A (u)) = 0 if the initial data have zero mean value
f(ug) = 0 (see Example 2.18 and Example 2.10). In the last case formula
(2.6) gives us only some time decay estimate for the solutions.

Proof. By virtue of the integral equation (2.2) we get
1) (u (t) = AGo (t))llx < [I(t)” (G () uo — Go () f (uo)llx

+ <t>7/2 (Gt =T)N(u(r)) = Go(t—7)d (7)) dr

X

+
X

@ Go) [ T o () dr

X

0
+[|(@)7 i Gt—71)N (u(r))dr

: (2.7)
X

+ <t>7/: (Go (t = 7) — Go (£)) 9 (r) dr

where
F(r) = fF N (u(r))).
All summands in the right-hand side of (2.7) are estimated by C |lug||4 +
C ||lul|% via estimates (2.3) - (2.5). Thus by (2.7) the asymptotics (2.6) is
valid. Theorem 2.4 is proved.

Ezxample 2.6. Large time asymptotics for global solutions of the non-
linear heat equation

We now apply Theorem 2.4 for obtaining the large time asymptotics of
global solutions to the Cauchy problem (1.13)

{ut—Au:)\|u| u, € R", >0, (2.8)

u(0,z) =ug (z), z € R”
in the supercritical case o > %, where A € R.. Define the space Z
Z={¢ €L (R") NI (R")},
where now a € (0,1], and p > max (1, 20) and the space
X ={¢€C([0,00);Z) NC((0,00); L= (R")) : [[¢llx < oo},
where the norm

I6llx = sup (4% 16 Ol + (02075 16 @l )
t>0

+ sup {t}% <t>% H¢(t)||L°° :
t>0
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Also we consider the norm
lolly = sup {13 F (72116 Ol
t>0
+ (20 o (1)L + {85 (F 16 Dl ) -

Theorem 2.7. Let ¢ > 2. Assume that the initial data ug € L (R™) N
L? (R"™), a € (0,1], and p > max (1, %J) . Suppose that there exists a unique
global solution u € X to the Cauchy problem (2.8). Then this solution has the
following large time asymptotics

w(t,e) = At Fe 5 40 (57 (2.9)

as t — oo uniformly with respect to x € R™, where 0 < v < min (%, 50 — 1) ,
and the constant

A/Rnu()(x)d:c)\/ooodT/n lu (7, 2)|” u (T, 2) dz.

Remark 2.8. The existence of a unique global solution u € X to the Cauchy
problem (2.8) was obtained in Theorem 1.19 for the case of small initial data
and any sign of A € R and in Theorems 1.22 and 1.25 for the case of large
initial data and A < 0.

Before proving Theorem 2.7 we prepare the following lemma.

Lemma 2.9. The Green operator

Gt)op= G (t,x—y) o (y)dy,

R”

—_n

212
where G (t,x) = (4nt)” 2 e*%, has the asymptotic kernel (see Definition 2.1)

2
||

Go (t,x) = (4n (t + 1)) % e 70D
in spaces X, Z. Moreover, estimate (2.5) is valid.

Proof. By a direct calculation we have

IGo (#)llga = (4 (£ +1)72 ( / (dx>

1

—C(t+1)%E (/ e|92dy> "<o@+1E07)
for all ¢ > 0, where 1 < ¢ < 00, and in the same manner

1Go ()l = (dm (t + 1)) / ()" M dr < O (14 1)}

n
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for all t > 0. Hence we see that Gy € X. Moreover, let us define the functional
f:2Z— R, by

f@)=[ o¢(x)dx
Rn

and prove estimate (2.3) with v = § > 0. We now use the estimates of Lemma
1.28 with 6 = v = 2 to obtain

[iP026we| <o 305 glly, + 78G5 g (2.10)
and
11702, (G (16— 0Go (¢ ))Hm <ot  g). (210)
for all t > 0, where ¥ = [g,, ¢ (z)dz, 1 <r < g<o0,3>0,0<b< a. Since
16 (1) dllx < Clidllg
and

1Go (t) f (9)lIx < IGollx |f (&) < Clidllz,

we get the estimates

IG (£) 6 — Go () f (D)l|gre + G (1) & = Go (1) £ ()|
+t5 G (8) ¢ — Go (1) f (D)= < C Il (2.12)

for all ¢ € (0,1]. Now by (2.11) we write the estimate

a

5 )G (1) ¢ — Go () f (&) lpne +tET) NG (8) & — Go (1) £ ()
+12 (G () — Go (t) f (d)lp < C (2.13)

for all ¢ > 1. Combining (2.12) and (2.13) we obtain estimate (2.3) with y = .
Now let us prove estimate (2.5). Also in view of the definition of the norm Y
we have

no

If NV (@) <IN @ ()llg < CL{r}y 5 (1) |V (u)lly
<C{r}y H (1) F ul% .

By a direct calculation we have

‘ La

<@ Clul [ : [ (Gt =)+ Go )| Ay (r) " ar

||/ Go (t— 1) — Go ()] £ (N (u (7)) dr

<C@) %21—*/ () T dr < 0y 3000
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and in the same way

w”awwﬁmfmmuwmdr

< Cull%k -
X

Hence estimate (2.5) is true. Lemma 2.9 is proved.

We now turn to the proof of Theorem 2.4. Since Gy € X we have

W Go(t) [ 0(rdr|| <Ol Gow [ 3 ) dr
o0 f, yar| < Clik [ Gott) | )
< C llull% IGollx < Cllul.
From (2.5) we find
w”/ga%a—ry—auwwﬂﬂdf
0 X
< C llull w”/zwwv~ﬂ—awwuﬂﬂWﬂ*“wr <Culg.
0 X
Let us prove the estimates
@ [TGt-n6() -Gt -0 (r)dr
0 X
+<wﬁﬂg@—ﬂ¢wm7 <C ol (2.14)
3 x

where 0 < v < min (4, 20 — 1) . By estimate (2.12) we have

t

Aﬂg@—ﬂ¢vw4%a—ﬂﬂv»w

Ll,a

+ < C/O (Ul (Dllpra + 1o (7)) dr

tggaﬂ¢vm7

Ll,a

t
SCWhé{ﬂﬁﬂhémWHv

Aﬂgu—ﬂ¢vww%u—ﬂﬂw»m

LP

+

L[Q@—ﬂ¢ﬁﬂ7

LP

< C/Ol (o (Mllpie + 116 (NllLe) dr < Clidlly



2.1 General approach 57

and

.
t
<c / (16l + 16 (Dllpe) dr < C llély

for all ¢ € (0,1]. In addition by (2.11) we get

HI'Ib/02 (Gt =7)0(1) = Go(t —7)d (7)) dr

L¢

+

|-|”/L G(t—7)o(r)dr

L4

= C/ (t—7) " F0D = 6 (1) | e dr

e / (=7 16 ()l + 16 (Dlgas ) dr

2

n a— % _no a__nag
<ot ), [Ty E @ Far
0
+ B0 gl < ceE0TDTE gy

for all ¢ > 1, where ¥ (1) = fanS(T,x)dx, 1<q¢g<o0,0<b< a, since
%7 > 1+ . Hence estimate (2.14) is valid.

Via (1.24) and (2.14) we obtain condition (2.4). Now the result of the theorem
follows by application of Theorem 2.4. Theorem 2.7 is proved.

Ezxample 2.10. The case of odd solutions to the nonlinear heat equa-
tion

Now let us consider problem (2.8) with some special initial data ug (),
which are odd functions in R”, that is
UQ (X1, oy =Ly ooy Tpy) = —Uo (T1,5 ey gy oy Tp)

for every 7 = 1,2,...,n. In this case the solutions u (¢,2) will also be odd
functions with respect to £ € R™. Then we will show that the critical value
is shifted o > %
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Define the space Z
Z={¢cL"(R")NL?(R"): ¢is odd function in R"},
where now a € (n,n + 1], and p > max (1, %0) and the space
X ={¢ € C([0,00);Z)NC((0,00); L> (R")) :
¢ is odd function in R" and ||¢||x < oo},

where the norm
I8l = sup (177 16 Ol + 0" 16 Ol
+sup {t}2 ()" |6 (t) [l L -

>0

Also we define the norm to estimate the nonlinearity
[6lly = sup {t}> ()" (<t>_% 16 (Bl L1
>0

(0" OOl + {85 0 16 (Bl ) -

Theorem 2.11. Let o > % Assume that the initial data uy are odd func-

tions in R", and vy € LY*(R") N LP(R"), with a € (n,n+1], and

p > max (1, %0), Suppose that there exists a unique global solution u € X

to the Cauchy problem (2.8). Then this solution has the following large time
asymptotics

A el e
u(t,@) = e jl;[lijrO(t ) (2.15)

ast — oo uniformly with respect to x € R™, where 0 < v < min (“gn,na — 1) ,
and the constant

A:/ U (x)ijda:
n e
_)\/ dT/ |u(7,x)\gu(7,x)H:cjdx.
0 n =1

Remark 2.12. The existence of a unique global solution u € X to the Cauchy
problem (2.8) can be obtained in the same way as in the proof of Theorem 1.19
for the case of small initial data and any sign of A € R and as in Theorem 1.25
for the case of large initial data and A < 0. Therefore we are interested here
in the large time asymptotic representation of the solutions.
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Remark 2.13. Note that in the domain x = O (\/f) the main term of the
asymptotics (2.15) behaves like O (t7"), so the remainder term decays faster.

In the domains z = o (\/f) and % — 00 the main term of the asymptotic

representation (2.15) decays faster than the remainder term. So formula (2.15)
gives only a decay estimate for these cases. Below in Section 2.2 we will obtain
uniform asymptotic representations for solutions.

Before proving Theorem 2.11 we prepare the following lemma.

Lemma 2.14. The Green operator
GWo= | G(t,x—y)o(y)dy,
where G (t,z) = (4mt) "2 e*%, has the asymptotic kernel (see Definition 2.1)

1 2|2 o
Go(t,2) = ———————;€ D ||z
Annd (t+1)7F JEII !

in spaces X, Z. Moreover, estimate (2.5) is valid.

Proof. By a direct calculation we have

& || q
1Go (B)llg, < O+ 1) ( / ] Hdw)

<cE+nET (/ [yl™ e'y2dy> C<onTE
RTI,

for all ¢ > 0, where 1 < ¢ < 0o, and similarly

a—n
2

1Go (1)lw < C (¢ + 1)—%"/ (2)" e Ty < O (4 1)

for all t > 0. Hence we see that Gy € X. We define the functional f : Z — R,
by

r@= | ¢(x>jf:[1xjdx,

and prove estimate (2.3) with v = 45 > 0. Using Lemma 1.30 with § = v = 2
we get for any odd function ¢

a+pg

[11702 (G ()6 = 0G0 (1)), < Com =5 g (2.16)

for all ¢ > 0, where

U= ¢ (x) Ha:jdx,
R" =1
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1<r<g¢g<oo,8>0,0<b<a. Since

16 (1) dllx < Cldllg

and
1Go (@) f (D)lx < [IGollx |f (@)l < Clllz,

we get the estimates

1G(£)6— Go (£) F (B)llgae + G (£) &~ Go (1) £ (&) |
T+ 1616~ Go () f (6 < C 6l (2.17)

for all t € (0,1]. Now by (2.16) we write the estimate

NG ) b — Go (t) f (D)|lpre +1"7 % |G (1) ¢ — Go () f(6)] 1o

TG ()¢ = Go (1) f (D)L~ < Clldllg (2.18)
for all ¢ > 1. Combining (2.17) and (2.18) we obtain estimate (2.3) with
v = %5%. Now let us prove estimate (2.5). In view of the definition of the

norm Y we have

f N ()] < IV (@ (0)llgen < C{T} 5 (07 IV (W)ly
<C{r} ™% (1) 7" Jlullk -

By a direct calculation we have

<@ Clul | : [ (Gt =)+ Go )| {7y (n) " ar

t

|-|b/0§ Go (t— 1) — Go ()] £ (N (u(r)) dr

La

In the same way

< Cllulk -

@ G [ TP () dr

t

X

Hence estimate (2.5) is true, and Lemma 2.14 is therefore proved.

We now turn to the proof of Theorem 2.11. Since Gy € X we have

< Cllulx Gollx < Cllulx -
X

()" Gy (t) /;o 9 (r)dr
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From (2.5) we find

t

0% / (Gt —7)— Go (1) 0 (r) dr

0

X
t

< Culix || /05 |Go (t=7) = Go ()| {7}~ (1) Tdr| < Cullk.

X

Let us prove the estimate (2.14) with 0 < v < min (5%, nc — 1) . Estimates
for the case of ¢t € (0, 1] are the same as in the proof of Theorem 2.7. By (2.16)

we get

HH‘)/S (G(t—7)¢(r) = Go(t—7)9(r))dr

La

%_

[ g-momar

La

: C/o (t=7) T (7). dr

‘e / t (=)= 16 Dllgan + 16 (D)o ) dr

t
2

a—n

t
n __a— 2 no
<o E ol [T E 0T

b—n

+ O gl < ORI gy

forallt >1,1<¢g<o0,n<b<a,since no > 1+ ~. Hence estimate (2.14)
is valid. Via (1.24) and (2.14) we obtain condition (2.4).

Hence the condition of the Definition 2.1 is fulfilled. Now the result of the
theorem follows by application of Theorem 2.4. Theorem 2.11 is proved.

Ezample 2.15. Large time asymptotics for global solutions of the
Burgers-type equations

In the next theorem we obtain large time asymptotics for the global solu-
tions to the Cauchy problem for the Burgers type equation (1.18)

(2.19)

u— Au=\-V)|ul"u, z€R", t >0,
U(O,QZ‘):UO(J?),JJERn,
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in the supercritical case o > %, where A € R™. Define the space Z
Z={¢cL"(R")NL? (R")},
where now a € (0,1], and p > no and the space
X ={p€C([0,00);Z) N C((0,00); W, (R")) : [llx < oo},
where the norm
—a n(1_1
l6lx = sup ()72 16 Ol + B0 16 (1))
>0
n n ool ntl
sup (15 (0 16 ()l + (015 (0 F V0 () ).
>0
Also we consider the norm
no 4 1 no 4 1 _a
[¢lly = sup {t} 2 72 ()2 T2 <<t> 2o ()llpra
>0
n(1_1 n n
+ (20 o (1)l + (85 (F 16 g ) -

Theorem 2.16. Let o > . Assume that the initial data ug € LP (R") N
LY (R™), with a € (0,1] and p > no. Suppose that there exists a unique global
solution u € X to the Cauchy problem for the Burgers type equation (2.19).
Then this solution has asymptotics (2.9) with 0 < v < min (%, %2 (o — 1)) and
a constant A = [ uo () dz.

Remark 2.17. The existence of a unique global solution u € X to the Cauchy
problem (2.19) was obtained in Theorem 1.19 for the case of small initial data
and in Theorem 1.27 for the case of large initial data.

Proof. Revising the proof of Lemma 2.9 we add the estimates of the derivative

IVGo (#)lle = C (¢ + )% 5 (/ e|y2dy> :
<co@t+1)"250-3)

for all t > 0, to see that Gy € X. Using estimate (2.10) we add (2.12) and
(2.13) to the estimates

15 V(G () b — Go(t) f (9))llp~ < C I8l (2.20)
for all t € (0,1] and

nt

EEEE V(G (1) ¢ — Go (1) £ (9))llp~ < Cl1éll (2.21)

for all t > 1. Then by (2.12), (2.13), (2.20) and (2.21) we can see that condition
(2.3) is fulfilled in spaces X, Z. Likewise we have
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Hv/j |Go (t=7) = Go () {7}~ ()" 7 dr

La
t

<o / VG0 ¢ =) + Vo (Ol 1) (1) dr

3

<c il /{r}‘ ) Vdr <O @y i8003)

Hence estimate (2.5) is true.
To prove (2.14) we add the estimates of the derivatives in view of (2.20)

cE A [T Gu=mo@m - Go—n () ar

V/L G{t—71)o(r)dr

t t
<C [ (16 @lgin + 0@l dr <Clldly [ {r) F 2 ar <Cloly
0 0

Loe

+t7 2

Loe

for all ¢ € (0,1] and by (2.21) we get

Hv/o"’<g<t—r>¢<r>—Go<t—7>ﬁ<r>>df

La

Git—1)p(r)dr

La

Nl wle+

n

n(y1_1)_atl
<0 (- 20D g (). dr

+c[ (t = 1)} 6 (Dl dr

<o —*Hqsny/ [y B g

+ o078 gy < o B0 gy

fora11t>1where19 fR" o (r,x)dr, 1 < q < 00,0 <b < a, since
2¢ > 1 + . Hence estlmate (2.14) is valid. Via (1.24) and (2.14) we obtain
condition (2.4). Also in view of (1.24) and by the definition of the norm Y we
have

1f N ()] < IV () lg < C Ly % 72 (n) 7572 |V (u)lly
<C{r} H" %<T>‘T“%
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Since a = g—g + % <1 and %7 > % + 7, the condition of Definition 2.1 is

fulfilled. Then by Theorem 2.4 we see that asymptotics (2.9) is valid with a
constant A = [ ug (x) dz, because the nonlinearity has the form of the full
derivative so that

/n A-V)|u(t,z)|” u(t,x)dr = 0.

Theorem 2.16 is proved.

Ezample 2.18. Burgers type equations with initial data having zero
mean value

Now we consider the Cauchy problem for the Burgers type equation (2.19)
with initial data having zero mean value fRn ug () de = 0. Since the nonlin-
earity of equation (2.19) has the form of the full derivative, then the solutions
u (t,x) also have a zero mean value for all ¢ > 0. Define the space Z

Z={¢cL"(R")NL? (R")},
where now a € (1,2], p > max (1,no0) and the space
X ={peC([0,00);Z)NC((0,00); W, (R")) : [d]x < o0},
where the norm

n+l

l6lx = sup (7% 116 @llgra + (6FF 6 (@)
t>0
Fsup ({5 (0% o Ol + (FH0F V6 (1))

Also we consider the norm

(n+1)o
2

+3 +3 (7
I6lly = sup {£} %% (1) (077 1o ®llga
>0
ntl n n ntl
+@) 7 o @)l + {37 (B) ||¢(t)||Loo) :
We will need a modification of the definition of the asymptotic kernel.

Definition 2.19. We call the functions G; € X, j = 1,...,n, by the asymp-
totic kernels for the Green operator G in spaces X, Z if there exist continuous
linear functionals f; : Z — R such that the estimate is true

(7 (G ()¢ - ZGJ @) fi (@) < Cldlly (2.22)

X

for any ¢ € Z, where v > 0.
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In the case under consideration we choose the asymptotic kernels

T |z)2
G;(t,x) = " —e  I+D
’ (4m)¥ (t+1)"72

and the functionals f; (¢) = [z, ¢ (x) z;dzx.

Theorem 2.20. Let 0 > %—l—l Assume that the initial data have zero mean
value [g, uo (x)de = 0 and up € L? (R™) N LY (R™), with a € (1,2] and
p > max (1,n0). Suppose that there exists a unique global solution u € X to
the Cauchy problem for the Burgers type equation (2.19). Then this solution
has asymptotics

- 1 |2 .
u(t,xr) = Ajxj——i——Fe 3 —|—O(t_”_§_"’> 2.23
(00) =Y sy (2.23)

as t — oo uniformly with respect to x € R™, where

a—1 (n+1)o—-1
2’ 2

0 <7y < min (
and the constants
A, z/ Ug (a:)xjdx—/ dr drx; (A~ V) |u(r,z)|” u (T, ).
n 0 R"L

Remark 2.21. The existence of a unique global solution u € X to the Cauchy
problem (2.19) can be obtained in the same manner as in Theorem 1.19 for
the case of small initial data and as in Theorem 1.27 for the case of large
initial data.

Proof. As in the proof of Lemma 2.9 we obtain the estimates
IVG; (#)llg, < C(t+1)7 73070
for all t > 0, to see that Gy € X. We also have the estimates

n

tH IV (G e - Gt f(0) < Cl9llg (2.24)
Jj=1 Loe

for all ¢ € (0,1] and

n

VI{GWeo—> Git)f(e) < Cll¢l, (2.25)

Jj=1

n+l+a
2

Lo

for all ¢ > 1. Then we can see that condition (2.3) is fulfilled in spaces X, Z.
In the same manner we obtain
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HV/02 |G (t=7) = G (O {r} ()" dr

La

§C<t>_1/§ IVG; (t=7) + VG; ()l {7} (r) " dr

<Clt / (r}y (M Tdr < C (T mE0),
Hence estimate (2.5) is true.
To prove (2.14) we add the estimates

t

v/o g(th)qs(T)f;Gj(th)ﬂj(T) dr

La

V‘/1 Git—1)o(r)dr

La

3 mlga
<0/ (t—7) " (Pllpae &

+c/ (t =) 116 (1)l dr

—1 (n+l)o 1

<m~f¥#“an/{ﬂ A e

(n+

n

_ntln 1
“olly < CtFHEE gy

O TH -

forallt>1where19 = [gn @ (T @) zjdz, 1 < g < 00,0 <b< a, since

(”H)” > 14+~. Hence estnnate (2.14) is valid. Via (1.24) and (2.14) we obtain
condltlon ( 4). Also in view of (1.24) and by the definition of the norm Y we
have

1 N (u (P)] <IN (u(F)|pia < C{r} 573 (1)~
(n+l)oe 1

<SC{r} %7 (r) T 7 k.

(n+1)o

TN @)y

Since o = 57 + 1 <1land (n+1)o > 1+, the condition of Definition
2.1 is fulfilled. Then by Theorem 2.4 we see that asymptotics (2.23) is valid.
Theorem 2.20 is proved.

2.2 Asymptotics for large = and ¢

In this section we study the fractional nonlinear equations

{ut—i-l:u—i—./\/(u):O, reR,t>0,

w(0,2) =ug (), = € R, (2.26)
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here the linear part £ is a derivative of a fractional order a > 1

Lu =0 u=F " 6" Fooeu.
For simplicity we consider here the one dimensional case € R. The case of
higher dimensions also can be treated by this method. The nonlinear operator
N is
N (u) = alul” u+ blul’ uy,

where a, b € R. We suppose that the nonlinearity is asymptotically weak,
that is 0 > a and p > a — 1. Equation (2.26) with o = 2, b = 0 is a nonlinear
heat equation u; — uz, + alu|” u = 0, it was studied in Section 2.1.

If the initial data ug € L# (R), 8 > 0, by the method of Section 2.1 we
calculate the following asymptotics for solutions of the Cauchy problem (2.26)

14y

u(t,r) = A5G () + O (t_T) (2.27)

for large time t — oo uniformly with respect to =z € R, where £ = t’éx,

v >0, and
1 , o
G(&) = —— [ e¥ne=In1%gp.
&) =75 /R U

Observe that formula (2.27) does not give us an answer to the question of the
behavior of the solution u (¢, x), when ¢t and « tend to infinity simultaneously,
because the main term of asymptotics (2.27) vanishes as |{| — oo, but the
dependence on & of the remainder in the right-hand side of (2.27) is not
evaluated explicitly.

In this section we fill this gap and calculate the asymptotics of solu-
tions u (t,z) to the Cauchy problem for Equation (2.26) as t — oo and
&= Tt F — 00.

2.2.1 Small initial data
In this section we prove the following theorem.

Theorem 2.22. Let 0 > a > 1 and p > «a — 1. Suppose that the initial
data ug € LT (R) have a sufficiently small norm ||uo||y,cc.at1. Then there
exists a unique solution u € C ([0, 00) ; LT (R)) NC ((0,00) ; WL (R)) to
the Cauchy problem (2.26). Moreover there erists a constant A such that the
asymptotics

u(t,z) = A5G (€) + 0 (t—%—V \5|‘“‘1) (2.28)

is true for t — oo wuniformly with respect to x € R, where G(§) =
?n—f (e*|’7|a) , &= t*%x, v € ((), %) .
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Remark 2.23. Since the asymptotics of the function G () is (see Lemma 1.41)

G = :/Er(aﬂ) |7t Sin% +0 (|5|*1*2“) (2.29)
for £ — oo, then we see that the second term in the right-hand side of as-
ymptotic formula (2.28) remains to be the remainder, when simultaneously
t — oo and |£] — oo. When the parameter o = 2k, k € N, the main term in
the asymptotics (2.29) vanishes. Indeed for this case the function G (§) decays
exponentially, so that formula (2.28) gives only the estimate of the solution as
t— o0, and € = 2t~ % — oo. Some additional decay conditions for the initial
data wug () must be fulfilled to get the asymptotic representation for large ¢
and x (see Theorem 2.27 below).

Remark 2.24. In the case of the nonlinear heat equation b = 0, by the same
approach we can consider all powers a > 0.

We write the Cauchy problem (2.26) as an integral equation

w(t) =G (t)uy — /0 G(t—T1)N (u) (r)dr, (2.30)

with
N (u) = alul” u+blul” vy,

and the Green operator G (t) is given by

Gtyp=1t* / G (1% (@~ 1)) o(y)dy

R
with a kernel G (z) = F,—, (e""'a) . We apply Theorem 1.17 to prove the
existence of global solutions. Denote

X ={¢ € C([0,00); LT (R)) : [l¢]lx <0},

where

— 1
[¢llx = sup <<t> 6 @)llgoears + (07 116 ()l
>0
1 1 1 _
O 10 Ol + 65 (07 (sl
Changing y = <t>_% x, the L! (R) norm can be estimated as follows

@l = [ o)l
ol < (1)

wf
|z [>(t)

<CWH Ol + 0™ Ol [ by

ly|>1

a+1 —a—1

(t)fé x dx

fu(t,2)] |6 % =

< Cllullx -
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Applying Lemma 1.40 we obtain the estimates
1G¢lx < ClillLe.ats

and

/0 G(t—7) (N (w) (r) — N (v) (7)) dr

Leoe

<c / IV (@ (7)) = N (0 (7)) (¢ —7) "% dr
e / IV (w0 (7)) = N (0 (7)) d-

Then using the estimates
IV (w (7)) =N (v (7))l
< Cllw = vl (lwlfe + lvllL)

+llwe = vz llpee (lwligee + V]I

_g+t1 o o
<C{r) ™ [lw—vllx (Jwlx + llvlx)

+ 0T (1) 75 Jlw — vllx (loll + lolly)
and
IV (w (7)) = N (v (7))|p.q
<O flw —vllx (lwll + lvl%)
+CrF (1) flw — vllx (lwllg + [[v]%)
we get

1
ta

/0 G(t—7) (N () (1) = N (uz) (7)) dr

Loo

< Cllw —vlx (lwllx + [[vllk + llwlix + ll0]l%)

g (/0 (N F+r a8 - Far
+[ (O 4+ ™) d7>

< Cllw = vlix (lwllx + [lvllk + llwlix + ll0ll%)

for t > 1, since 0 > a and p > a — 1. For all 0 <t < 1 we have

69

(2.31)

(2.32)
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/Oga—T) W (w (7)) = N (v (7)) dr

Loo
t 1
s (e — =
< C llw = ollx (hollx + lloll + ol + ||v\|x>/0 (147 %) ar
< C llw = vllx (hollg + ol + ol + loll%) -
Combining these two estimates we get

1

a

/gt—T w(T)) =N (v(7)))dr

Lo
< Cllw—vlx (lwlix + [[vll% + [lwlx + [[vll%)

for all ¢ > 0. Similarly we obtain the estimate (for simplicity we consider only
one function N (v) )

/0 Git—7)WN () (7)) dr

Loo,1+a

< [ WO -t [N ymar 239

hence via
IN (v (T)[[pecass < Cvllfe [0llnse.ass + CllvlITe 102 gt
o+1 1-2 +1 _L 1-£
<Clullx (r) "= +C ok a(r) e, (2.34)

we have for t > 0

/0 Git—7)WN(v)(r))dr

Loo.l+a

1

) C/Ot (el () 7% + ol 74 (7) 78 ) (¢ = 7 ar

t
o+1 1—7 . 1-£2
[ (R 0 g ) ar
0
o+1 1
<O (ol + Il

In the identical manner we obtain
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o, / G(t—7) (N (v) (r)) dr

LOO
<c/ I (0 (Pl (6= 7% dr
+0 [ NGO =) ar

C(lolx™ + lol&™) (/ (D F+r a8 - Far

+ [ (= s ) t-n)* dT>

2

+1 +1y,—2
< O(llolix™ + llolix )t =,

for all t > 1 and for all 0 < ¢t < 1 we have
t

O: | Gt—7) N (v) (7)) dr

0

LOC
t 1
<C [ IN @@l (=) F ar
t ) 1
<Ol + el [ (14 4) - Ear
0
< Ol + ol e+

Combining these estimates we get

o _1 -1
ol + lvlls = (1) "= (2.35)
LOC

9. / G(t—7)(N () (7)) dr

for all ¢ > 0. Similarly we estimate

9. / G(t—7) (N (v) (r)) dr

Loo,1+a,
< [ W@ =) -0 ar
# [ WO Dy (=) Er

< Ol + olg) (/ (O L T

+/ot (<T>1*% +ra <T>1*§) (t—71)° = dT)

< C(PIE™ + lollg e = (1)
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for all t > 0, since 0 > « and p > a — 1. Thus we get from (2.33) through
(2.35)

In the same manner we estimate the difference N (w) — N (v) . Therefore due
to Theorem 1.17 there exists a unique solution

o+1 —+1
< C(lolix™ + llolix™)-

/0 Gt —7)WN(v) (1)) dr

X

u(t,x) € C ([0,00); L+ (R)) N C ((0,00) ; WL (R))
to the problem (2.26).

Now we apply Theorem 2.4 for obtaining the large time asymptotics of
solutions. By Lemma 1.40 we get the following asymptotic representation

G (t)uo = 01 =G(&) + O (t*i*v <£>,1,a)

for large time ¢ — oo uniformly with respect to x € R, where £ = t‘éx,

v = min (1, é) and
02/ ug (x) d.
R

Now we consider the difference

/0gft—ﬂN(u)(T)dT—t‘éG(t—ix)/0 9 (1) dr

[ (G- N @) 0@ - E G () Yar

0
+/0§ (t=nFc(t-n"%a) -5 (raa)) o (r)ar
+féa(féx) /;019(7) dr, (2.36)
where
9 (1) :/R./\/'(u) (T,a:)dx:a/R|u(T,z)|adx.

‘We have )
O (1) < Cllullx {3~ )~ 7,

where 0 < a3 < 1. By Lemma 1.40

H O (G- N W) @ e e (-1 0))

< O IN () ()l + O IV (@) (D)l

Lo

forallO<T<%and
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o ae-nvwe)|

<O N () (7)l|pee + CT™ 5 [N (1) (7) | o s

for all £ <7 < t. Therefore we have by virtue of estimates (2.31), (2.32) and
(2.34)

5, b
<c /O 73 IV () () g dr + C /0 £ A (1) (7)o dr

< Culx ( (T ) e

tw () v (Gt —=T)N (u) (1)
0

()= 6 (-7 ")) dTHLw

Q

e /2 <<T>1_% T <T>1_§> dT) <O fulk
0

and

oy [ "Gt — )N () () dr

‘ Lo
a+1

t t
< Clull% / IN () (1)l dr + C / 7 N (@) () s

[N

pt1

t
o —otl _1 - 1 o
<Cluly [ (07 4 ") ar <o) i,

where 7 = min (Z il) —-1>0.

a’ o

We now estimate the difference
1
2
<c /
0

_1 o\t 3 1 _1 1 1
<t x> /0 ((t—T) aG((t—T) ax)—t aG(t ax))ﬁ(T)dT
% |0 (7)|dr < Clull% / C—n) E R ar <o ul.

I,

For the last summand in (2.36) we have
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‘ (r# (.)>a+1 e (1m4a) /;019(7) dr

< Ct ¥ lulg / ()" Fdr < C () ull.

Lo

Thus in the same way as in the proof of Theorem 2.4 we see that there exists
a constant

A:9+/ 9 (r)dr
0

such that asymptotics (2.28) is valid. Theorem 2.22 is proved.

2.2.2 Large initial data

When the coefficient of the nonlinearity @ > 0 and the order of derivative
o € (1,2], due to the special form of the nonlinearity N (u) = a|u|” " u +
b|u|” u,, we can prove global existence of solutions to the Cauchy problem
(2.26) without any restriction to the size of the initial data.

Theorem 2.25. Let 0 > o, p > a—1, a € (1,2) and a > 0. Suppose that the
initial data ug € L1 (R). Then there exists a unique solution

u € C([0,00); L (R)) N C((0,00); W, (R))

to the Cauchy problem for equation (2.26). Moreover the asymptotics (2.28)
18 true.

To prove Theorem 2.25 we first apply the so-called energy method to
estimate the L2 (R) norm: that is we multiply equation (2.26) by 2u and
integrate with respect to x € R, to get

d 2 o 2
lu @l < —2l0.l% u )], (2:37)
hence integrating with respect to time we see that
2 ! g 2 2
@)1 +2 [ jonl# u (), o < ol
for all ¢ > 0. In particular we have
sup [[u (¢)[| e < [luollgz - (2.38)
>0

Note that time decay estimate (2.38) is not optimal. To get an optimal time
decay estimate we need to show that the L' norm of the solution does not
grow with time. The important point is that we can easily show that the norm
|l (t)]|y,: is bounded. Using the ideas of papers Bardos et al. [1979], Biler et al.
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[1998], Lax [1971] we multiply equation (2.26) by S (¢,z) = sign u = ra7 and
integrate with respect to x over R to get

/ Ut (t,x)S(t,x)da;Jr/ N (u) (t,2)|S (t,z) dx
R R

= — [ S(t,2) |8, u(t,z) da. (2.39)
R

‘We have

0 d
[utostade= [ Zhuttald = 5l

/ N (u) (t,z)|S (t,z) dx
R

b

mo [t o [ g tueouands >0

Representing the operator |9;|" via the Riesz potential (see Stein [1970]) let
us show that

/ S (t,2) 0a]% u (£, 2) da < 0. (2.40)
R

We have by Erdélyi et al. [1954]

™

e e
21 Jr 2nI (v) cos (%)

for v € (0,1), then

0 b= F [ ) =C / o — 4" 6 (y) dy.
R

Thus for o € (1,2) we get with v = 2 — a € (0,1) integrating by parts with
respect to y € R two times

0a% 6 = F 1 " B () = —2 |0, 6 = —C? /R 2 — 41" ¢ (3) dy.

Denote S (¢,x) = sign(u (¢,z)) and represent u (t,z) = S (t,z) |u(¢,x)|. We
make a regularization

vy [0z, for |zl > e
Ko (@) = { 0, for |z| <e,z #0.

Note that K (x) > 0 for all x € R\ {0} . We can easily see that

& [ ool ult)dy = lime? [ K. yutty)dy
R e R
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(To justify our calculations we note that the linear operator £ in equation
(2.26) is strongly dissipative, therefore by the smoothing effect the solu-
tions obtain regularity u € C ((0,00) ; C? (R)) (see Naumkin and Shishmarev

[1994b]).) Then via identity S (t,y) S (t,z) = 1 — 1 (S (t,2) — S (t,y))? we get
/de(t,x)aﬁ/ K. (z—y)u(t,y)dy
R R
— [0, [ K@= )S )0, ut)
R R
— [ dvd, lut)] [ dS (1.9 (t.2) 0. (a )
R R
— [ dvd, )] [ ded K (o - )
R R

1
_§/Rdy8y |u(t,y)|/Rdx(S(t,x)—S(t,y))zamKE (z —y)

1
:_E/Rdyay |u(t,y)|/Rdx(S(t,x)—S(t,y))zazKe (x— )

1 " 2 .
:—5/Rdy|u(t,y)|/Rd.lﬁf(E (x—y)(S(t,x)—S(tay)) <0

hence we have

/S (t, ) 0| u(t,z)d :—C/ dxS ( tx)62/dy|x—y| u(t,y)
m/dy\uty /da:K” Ty (S ) - S(ty)? > 0.

Thus (2.40) is true, and from (2.39) we find

d
(@)l <. (2.41)

By (2.41) we see that the norm ||u (t)||;. is bounded for all t > 0. We now
prove that the norm ||u (¢)|l;. — 0 as t — oo. Taking ¢ € (0,1) from the
Plancherel theorem we get

/|n| (t.m)? dn>/ Il [@ (6, m)|2 di
[n|>e

~ 2
> 0% |lu(t)|lz. — 0+ sup [@(t,n)l
[nl<e

2 2
> 0% lu ()2 — ™* flu (t)llg. -

g
o w10

1

Since the norm |[ju (t)||,: is bounded, by choosing o (t) = (1 +1¢)" = we obtain

d _ 11
Gl @le < =20+ u@®l +C O+ 7%
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We substitute |lu (t)||i2 =h(t) (1+1¢)"?, then for h () we have
W(#)<C(+t) 77,
hence integration with respect to time yields
h(t) < C(1+)> =,
Therefore we get the optimal time decay estimate
lu@lle < €L+
Now we estimate the L°° (R) norm of the solutions. Since
u € C([0,00); L™ (R)) N C ((0,00); WL (R))

we see that sup,cg u (t,2) > 0 and inf,cg u (t,2) < 0 for all ¢ € (0,00) .
By the method of paper Constantin and Escher [1998] we obtain the fol-
lowing result.

Lemma 2.26. Let u € C! ((Ty,T») ; L™ (R) N C (R)) and

u(t) zmlglf{u(t,ac) <0
for all t € (T1,Ty). Then there exists a point ¢ (t) € R such that u(t) =
u (t, ¢ (t)); moreover @ (t) = uy (¢, (t)) almost everywhere on (Ty,Ts) .

Proof. Since 4 (t) = infyeru(t,z) < 0 and u(t,x) € L1 (R) N C(R)
for every t € (T1,Tz), we see that there exists a point ¢ () € R such that
u(t) =u(t,¢(t)) for all t € (T1,Tz) . By virtue of the estimate

u(s) —u(t) <uls, () —u @) < fuls) —u(@)|p-

/ts ug (1) dr

for all s,t € (T1,T>) we see that u (t) has a bounded variation on (T3, T%) and
consequently is almost everywhere differentiable on (77, 7%) (see Kolmogorov
and Fomin [1957]). Then we have

< <lt—s| sup [fur ()~

Lo° TE(s,t)

1 u(s) —u(t) _ou(s, (1) —u(t G (1)

u(t) = sStH0 s —t = sE?}rO s—t = (1,6 ()
and

7= i TOZTO 5 gy, HCO el

almost everywhere on (77,7%), since

(’LL (t>x) —u (S,CL‘))

uniformly with respect to z € R. Therefore @’ (t) = u; (¢,¢ (¢t)) almost every-
where on (71, 75). Lemma 2.26 is proved.

ut(tw):ii_)mtt_s
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Thus taking the point ¢ (¢) in equation (2.26) we get for the function
u(t) =infer u (¢, x)
d
L3 >0,
Qe
it then follows that @ (t) > @ (0) for all ¢ > 0. In the same manner we have
sup,egr U (t, ) < sup,eg uo (z) for all ¢ > 0. Thus the L> norm is bounded

[l @llgee < fluollpe

for all ¢ > 0. To get an optimal time decay estimate for the L (R) norm we
rewrite the integral equation (2.30) in the form

u(a:,t):g(t)uo—|—a/0 dT/RG(t—T,x—y)|u(7',y)|au(7',y)dy

b t
+— dT/ G (t =72 —y) u(r,y)" u(r,y) dy.
p+1Jo R ( |
Applying the Young inequality for convolutions we obtain with £ =1 — % =
g(a—1)7and1—%‘1<5<min(17p+1—§)
[ullgee < min ([luollp: G ()L » luollp |G ()[lLs)
t
+ C/O lu ()IT=" e (P52 1G (¢ = )| oe dr
t
4 [ lu@r | 16 ¢ = Dl ar
0 q
1 ¢ o—1 1 _1
<o 0 [l )7 - Far
t
p+1—§ % _1(o_1
HO [ @I )l (- n) 7= ar
<cwticf S (r)77 —a(+d)yg
() =+ [ (T)l[gee ()27 (¢ —7) ) dr;
therefore the optimal time decay estimate follows
lu (B)llge < C () (2.42)

for all t > 0.
Now we can estimate the norm L°>**! (R)
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[ @)llgoe.otr < lluollp |G ()llpe o + luollpee.asr [G (@)l

t

JrC/O |u(7)|0+1 L ||G(t*'r)HL°°’a+1 dr
t

e / fu (7)| 7+ 1G (t = 1)l dr

00 a+1

t
€ [ a1 € = Dl d
0

t
40 [ w16 =Dl ar
0

Loc,a+1

Consequently
t
(&) [gwrer < C (8) +C / (S (£ ) dr
! 1
0 [ @ 7 ¢ ar
Ot
40 [ B i (0l 7

t 1
e / e (P e (Pl g (£ — 1)~ % dir

R
—~
~
I
3
~—
I
Q=
N—
U
3

0+C [ @y ((7F + 07
Thus

sup || (1) |pec.crs < C{8) +C [ ()75 [|u(7) | arn dr

0<r<t 0
t _p 1
e / () s (1)~ % (6 — 1)~ % dr
t—et
t—et o 1
0 [ @l 7F =) Far

H+C / ) ()l dr + O s (7 e

+0E@F [ 0 g dr

Hence for the function A (t) = supg<, < ||t (7)||p1,041 We get the inequality

h(t)gC(t>+C/O (r)~= h(r)dT+c(at)—i/O€ ()% h(r)dr

and by Gronwall’s Lemma it follows that
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[lu (t)”Loc,aH <C{t) (2.43)

for all ¢t > 0.
By a priori estimates (2.41) and (2.43), due to Theorem 1.20 there exists
a unique solution

u(t,z) € C([0,00); L*1 (R)) N C ((0,00); W, (R))
to the problem (2.26), such that

u @)l < C ) Ju ()l gerars < C L)

Then via Theorem 2.4 the asymptotic representation (2.28) for the solutions
is valid.

2.2.3 Nonlinear heat equation

In this section we consider the case of the nonlinear heat equation (2.26) with
a = 2. We prove the following result.

Theorem 2.27. Let 0 > 2, p > 1, a = 2 and a > 0. Suppose that the initial
22

data are such that ug (x) e € L™ (R). Then there exists a unique solution

u € C([0,00); L (R))NC ((0,00); WL (R)) to the Cauchy problem (2.26).

Moreover there exists a function A such that the asymptotics

w(t,z) =t te T A (23%) +0 <t576542> (2.44)

is true for t — oo uniformly with respect to x € R, where £ = t‘éx, v e
1
(0.3) -
For our convenience in the case @ = 2 we put the initial data at ¢t = 1.
Thus we consider the Cauchy problem

{ut—um—l—N(u):O, reR,t>1,

u(l,2) =u (z), v €R. (2.45)

We now make a change of the dependent and independent variables u (t, ) =
t=3e~ty (t,€), where £ = &, B = e~%”. Then we get from (2.45)
{’Ut— ﬁvggﬁ-P(’l)) =0, Rt > 1,

o(L€) = ey (26), € ER, (2.46)

where the nonlinearity is

o 1
P (v) =aBE7t % |v|” v+ bt 2 E° |v|f (2tv§ - fv) :
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As in the previous section we get estimate
Ev <C.
Then by Lemma 2.26 we get for the function v (t) = maxeer |v (¢, )|
7 () <C (t‘% + t—%“) (1)

for all ¢ > 1, where 0 > 2 and p > 1. Hence by integrating with respect to
time we obtain

[o @l <€

for all ¢ > 1. In the same manner we get the estimate
lve ()| < C (1)

for all ¢t > 1, where v € (0 1). To calculate the asymptotics as t — oo we

’2
rewrite (2.46) in the integral form
\/E —tje— 2
v(t,€) = ———e [ e Ty (1, ) d
(t,€) D /r (1,m)dn
t 1 2,01 _1
—/ dr /e—li—nl /(?_?)P(U(T,n))dn
VAT
We have

:%/Re—\é—n\zv(l,n)dn
e et lEnl?y,
+(mr(t—l) ﬁ>/a (o
+ % /R,S*\E*nl2 (e—ﬁlé—nlz _ 1) v(1,n)dn
- %/Re*‘g*"‘?v(l,n) dy+ 0 (" o (1)llp) - (2.47)

Then by the decay properties of the nonlinearity P (v (7,17)) we have the
estimate

Finally we get
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_ /fmv (1.€))dr + 0 (t77) = /1007’@ (1.€)dr+ 0 (t77).  (248)

Thus by (2.47) and (2.48) the asymptotics (2.44) is valid with a function

A(g):/Re—(f—’?)zu(l,n)dn—i—/looP(v(T,f))dT.

Theorem 2.27 is proved.

2.3 Damped wave equation

This section studies the global existence to the Cauchy problem for the non-
linear damped wave equation

(2.49)

Lu=N (u), z€R", t>0
w(0,z) = ug (), Ou(0,z) =uy (), x € R",

where £ = 0? + 9; — A. We suppose that the nonlinearity A" (u) € C* (R)
satisfies the estimate
i

p=3 ;

thus considering as a typical example N (u) = |u|”. In this section we restrict
our attention to the supercritical power p > 1 + % of the nonlinearity. Note
that by the Duhamel principle the Cauchy problem (2.49) can be rewritten
in the form of the integral equation

u(t) = Qv(t) uo + G (t) ug + /Ot G({t—T1)N(u(r))dr, (2.50)

where the Green operators are
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g (t) = 6_%?5—%'1)[/ (t, §) ‘Fx—fv

G(t) =@ +1)G (1)

sin (t 1= i)
Lte) = .

V0P -1

Therefore, we see that general results of Section 2.1 can be applied with ob-
vious modifications. Denote the heat kernel by

and the symbol

=2

Go (t,z) = (4mt) 2 e 7o,

We then prove the following result.

Theorem 2.28. Let p > 1+ % Suppose that the initial data are sufficiently
small in space

up € H*? (R") NH* (R"), vy € H*"°(R") nH* (R"),

where 6 > 3, [a] < p; a > %—ﬁf{)rnZQ and « € [%—ﬁ,l) for
n = 1. Then the Cauchy problem (2.49) has a unique global solution

u € C([0,00) ; H** (R™) N H™ (R™)) .
Moreover the following asymptotics is valid
lu (t) — AGo (t), < Ct~2(—5)-min(L3=%.5(-D-1) (2.51)

for allt > 0, where

A:91—|—00+/ N (u(t, @) dudt,
0 R”

6, = (2%)_%/ uj (z)dz, j=0,1,

2<p< 2”a ifa<g3,2<p<ocoifa=74g,and2<p<ooifa> 7.

n—2

Preliminary Lemmas

We consider the linear Cauchy problem

{ Lu=f(t,z), z€R" t>0, (2.52)
u (0, )

=ug (x), Ou(0,2) =uy (x), x € R™,
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where £ = 8? + 0, — A. The solution of (2.52) can be written by the Duhamel
formula

w(t) = G (B uo+ G (1) us +/0 G(t—r)f(r)dr (2.53)

sin (t 1= i)
JePr-1

is smooth and bounded: L (¢,£) € C* (R"™). Moreover the symbol L (¢,¢&)
decays like % for |£] — oo. This implies a gain of one derivative concerning
the initial datum u; and a forcing term f. By Lemma 1.35 we obtain the
following result.

Note that the symbol

L (t7€) =

Lemma 2.29. The estimates

IVI° G ¢l < )7 22 )91y

t

+ Ce™

<

;)

L

|

Il
&

and

I°g @yl

LSOl + C @ EE Py
(A% ()|

are true for all t > 0, where 1 < q¢ <2, > %, a > 3> 0, provided that the
right-hand sides are finite.

1+ Ce 1

L2

As above we estimate the operator

G(t) = (0 +1)G (1) = Femn L (£,6) Foe

L(t,&) =e 7 cos (t €] — 1)

with a symbol

4
to obtain the following result.

Lemma 2.30. The estimates
(91 G @] , <o® % Il + e 11" vl

and

[P ewe| , <c®t i +c |0y,

are true for all t > 0, where § > %, a > 0, provided that the right-hand sides
are finite.
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We now define two norms

n

19lx = sup ((tﬁ 6 (B)llgs + B FFE VI 6 (1) + (1) F 2

Lo m)|

1916 @)]| ~+ sw_0 27 o @)l

1<r<q

[4lly = sup <<t>n
>0

where § > 4, a > p, [« Sp,uf%fﬁﬁ:n”fg%,q
n=%5+5p—%— %forn22andu=%—2(p11) §=2,q=1,1n1=15—
for n = 1.

The following lemma states the interpolation inequalities.

Lemma 2.31. The estimates

t>0 \ 0<B<a

sup< sup ()75 (190 )|, + sup 1) |||~|”<z><t>Lz>

< Cllolx

and

sup sup (O FOH) g (1)L < Cllellx

>0 1<r< 20

are valid, provided that the right-hand sides are bounded.
Proof. By the Holder inequality we have

(1917 6] , = Hm" )

1—-8

<[l — 6l N9 ol

therefore,

48
2

Btz ||v)?

< (¥ ot HL2)17
m

anner we obtain

B
@

ol

(D916 B)lee) < 9llx -
In the same
OFE N 6@l

<(0Heis)  (0i

Thus the first estimate of the lemma is true.

¥ <l

e

’

85

2n

+

l
1
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If2<r< nzga we apply the Sobolev Imbedding Theorem 1.4 with
B=5-2€(0,a
el < €917,
therefore,

WEH o @l <@ IWP o), < Clullx.
For the case of 1 <7 < 2 we also have
s )l
n_3 K} %(%_%) n 1_%(%_%)
<co(wi|iry ) (®F 16l < Cllullx -

The second estimate of the lemma is true, and Lemma 2.31 is thus proved.

In the next lemma we estimate the integral in the Duhamel formula (2.53).

Lemma 2.32. Suppose that 6 > 5 and p > 1+ % Then the estimate

Proof. By the Sobolev Imbedding Theorem 1.4 with ¢ = |V|O“71 1) we have

< Cll¢lly

/Otg(t—r)w(f)dr

X

s true.

ot o], < el o, < e

where ¢ = M% forn > 2 and ¢ = 2, [a] = 0 for n = 1. Applying the
first estimate of Lemma 2.29 with 8 =0, ¢ = 1 in the case 0 < 7 < % and
B =la], ¢ =qin the case £ < 7 < t, we obtain, by taking ( = % for n > 2
and ( = 3 forn =1

H|V|a/otg(t—r)w(7-)dr

L2

gcnwny/o (t— 7y () B g

+C ||¢IIY/ {t=m)" ) <O T |lylly

t
2
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for all ¢ > 0, since p > 1+ % Similarly we find

(t—7)¢(r)dr

L2

: C/ (=77 (10 @llgs + 1 ()] 5) dr
o, <“T>_ﬂ("*) I (%)l dr

< Clély / (t— 1) % ()" Ee D g

RIS T P
+C\\¢|IY[ (t—r) \o F(r) 7 ( dr <C(t) " [¥lly -
2
Finally by the second estimate of Lemma 2.29, and using the Sobolev
Imbedding Theorem 1.4

1

Jtar=* 7ol

scfjers,,

with ¢ = max (1 +2) we have

p—

o [[a-n 1D |oiv )

t S n _n(,_
< cnwnY/O S e e (P H

+0||wHY/O (t— 7y

S_mn
<O [Ylly -
Lemma 2.32 is proved.

Lemma 2.33. The estimate
IV (u)lly < Cllulk

is true, provided that the right-hand side is bounded.

1 ~ _ 2n 2n

p—1° q= n+2+2[a]—2a? q= n+2
2(p i) >0,g=2,g=1forn=1.

By the Sobolev Imbedding Theorem 1.4 we have with r = n(p — 1) for
n>2andr=2(p—1)forn=1

Proof. As above we choose 0>5, u=75—

forn22andu:%—
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lull,r < CHIVITullps ;

as a result of the Holder inequality we have by taking ¢ = max (1, 2%!-7”71)
6 3 3 —1
- <ol <6 u , g
[N @ <c|otwe|  <oot], g
§ -1
<[l 1vr gt (2:54)
Using (2.54) we get
(p_l)(ﬁ_;'_ﬂ)_;’_ﬂ_é 0 ‘
e VERTE ) N @)
n_g Byn p—1
<owiE |00, (OFF NV ul:)” < Clulk. (259)

We now consider the estimates of the norm H|V|[a] /\/’(u)H ~, where a > p;
~ __ 2n L
q= n+2+2[a]—2a

First let us consider the case [a] = 0, then via Lemma 2.31 we have by

Sobolev Imbedding Theorem 1.4 with 8 = 5 — =
rq

forn>2and g=2forn=1.

0" IV @)]| = @7l ~

Li
<c(mi

P
VP ,) <Clulk.  (256)

Now we consider the case [a] > 1, n > 2. By the Leibnitz rule and by the
Hélder inequality with 1 < ¢; < oo such that ZLO‘Z]O i = L we get (provided
i q
that [a] < p)

o]

SR I LG

w1087 @] < € e

: LY
kao, k1+...+k[a]:[a]]:1

1 _1_ ptBi—k; 1 _ 1 1
We now choose rrial B L e = 35—k, sothat 0 < 3; < kj—l-ﬁ
are such that Zgaz]l B; = o — u, then we get

T P 1@\ 1 1

2= ez n) =5

per? q
since % — £ = m. Then by the Sobolev Imbedding Theorem 1.4 we have

o ul,, < e for
L%

L2

and
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Hup—[a]

L S Cllllfe s, < OV ullg"

Therefore we obtain

)

L2

(]
(9198 @)| - < v algz T 1w
j=1

hence by Lemma 2.30

=3
2

)"

[ ﬁ_;,_&_i_ﬁ
X <t>2 2 T37

191w )| ~< o (@ F F er )

L,

|+ “HL < Cull . (2.57)

Jj=1

Now the second estimate of Lemma 2.31 yields
n(,_1 n(1__L1 P
2N @Ol < (0207 Ju@ly.)” <Clluly @258)

for all 1 < r < q. Collecting estimates (2.54) through (2.58) we obtain the
result of the lemma which is then proved.

The following lemma says that the asymptotic behavior of solutions to the
linear Cauchy problem (2.52) is similar to that of the heat equation. Denote
the heat kernel

2
[z

Go(t,x) = (4mt) 2 ¢

)

9 =(2m)" 2 Rnw(x) dz

and

G(t)= (2 +1)G(1).
By application of Lemma 1.37 we find.

Lemma 2.34. The estimates

191 (G (1) ¥ = 0G0 ()l < € (B2 [yl
oW F || y|| et |1Vt Ey)

L2

and
91" (G@Wv—oGo®)| , <™ T v
oW |07 y||, +Ce VIt bl

are true for all t > 0, where § < 6 < mn, a > 0, provided that the right-hand
sides are finite.
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Proof of Theorem 2.28

We rewrite the Cauchy problem (2.49) in the form of the integral equation
(2.50). We apply Theorem 1.17 to prove the existence of the global solution.
Denote

X ={veL>*(0,00;L*(R)) : |v]x < C}.
Applying estimates of Lemma 2.29 and Lemma 2.30 we get

V1% G () uallgs < C (673 (uallgos + utllgga-r0)
191G @ uo|_, < € ()72 % (luollgons + uollggeo)

[P g@m| , <cw

55 S_mn
[H°G @ o, < €63 lluollgps

[SI%

n
4

||U1HH015a

Applying Lemma 2.32 and Lemma 2.33 we have
t
‘AQ@—ﬂW@Mﬂ—N@hDM

-1 -1
<C (Jwlg™ + ol ) llw = ollx -

<OV (w) =N (0)lly

X

Hence due to Theorem 1.17 there exists a unique solution
u € C([0,00); H*°(R") N H*°(R")

to the Cauchy problem (2.49).

We apply Theorem2.4 to prove asymptotics (2.51). By Lemma 2.34 and
the Sobolev Imbedding Theorem 1.4 we have for 2 < p < nzga if o < 3,
2<p<xifa=F,and2<p<ooifa>73

G (t) u1 — 01Go ()]0
< CIVI* (G (t) ur — 61Go ()l

_n(1_2 _n_ _3
<o EH) (75 uallg +C 0 o
— max( % ,%
+ (0" a1

_ _d,4mn
(40" Nl + € )72 o
)

< C<t>_%(1_zl))

and
o - s,
<ot 0 (07 urllgs + € 075 Juallggons

— x(1.8 -2
gy (1.5-2) HU’OHH%U)
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for all ¢ > 0, where

0; = (QWV%/ uj (x) dz,
R”

n 2|2
for j = 0,1 and Gy (t, ) = (4t) % e~ 5. We use Lemma 2.29 with 8 = [a] ,
q = ¢ to obtain

<oty [ o-n"F )

—2(1—1) _min(1,2(p—1)—
< ¢ gy~ 20=3)7min(LEG=D-1) e

Lg<t—T>N(u(7))dT

Lp

Sinceg:#}m,nzgﬁ-%p—%—%forn22and(j:2,n:§_

[a] =0 for n = 1. We apply Lemma 2.34 to get

< Cllull% /05 ((t - TY%(“%)* (ry~20-1

+(t — 7>_%(1—%)—§+% <T>—%(p—1)+%—%) dr

1
4

/O; (g(t—T)N(U(T))—GO(t—T,x)

(u (T, x)) d:c) dr

R Lo

< Cull (20737 4 7203 5+1)

< C lullk <t>_%(1—;)—min(17§_%)

where2<p< -2 ifa< 2, 2<p<ooifa=2and2<p<ocifa> 2.
We also have

/0 (Go(t—T1,2) — Go (t,2) (u(7,2)) dedr

R

Lp
o [F it ry O3 e
< Clullx (t—r)y 2V )T (1) dr
0
< O|luf)g (¢~ 20 5)-min((-D-11)

and

<C <t>7%(17%)7%(9*1)+1 ||u||§(
Lpr

Go (t,z) /io Rn/\/'(u (7,2)) dedr

t
2

Thus by Theorem 2.4 we see that there exists a constant
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A:91+90+/ N (u (7, z)) dedr
0o JRrn
such that the following asymptotics is valid
luu(8) = AGo ()], < € (1) ¥( ) 7min(ba 53 0m07)

for all t > 0, where 2 < p < 2n ifa<%,2§p<ooifa:%,and2§p§

n—2a
oo if a > 5. Theorem 2.28 is proved.

2.3.1 Large initial data

We study the one dimensional nonlinear damped wave equation

(2.59)

Ut + Ut — Uz = Nu|"u, z€R, t >0,
w(0,2) =up (z), w (0,2) =uy (z), x € R

in the supercritical case o > 2, where A < 0.

In this section we will prove the large time asymptotic formulas for the so-
lutions of the Cauchy problem (2.59) without any restriction on the size of the
initial data wug (z), u1 (). We study the one dimensional case for simplicity.
Higher dimensions can also be considered by our method.

Theorem 2.35. Let A < 0, 0 > 2. Suppose that the initial data ug € W3 (R)N
H?2(R)NLY*(R), u; € Wi(R)NH!(R)NLY*(R), a € (0,1]. Then there exists
a unique solution u € C([0,00); W3(R) N H?(R) N LY*(R) to the Cauchy
problem (2.59). Moreover the asymptotics is true

u(t,z)=A (47715)_% e_% +0 (t—%—v)

for large time t — oo uniformly with respect to x € R, where 0 < v <

1 min (a,0 — 2) and

A:/R(uo (2) + us (x))dx+A/Om/R|u|“u(T,m)dxdr

In Subsection 2.3.1 we obtain some preliminary estimates of the Green
operator solving the linearized Cauchy problem corresponding to (2.59). Sub-
section 2.3.1 is devoted to the proof of Theorem 2.35.

Preliminaries
First we collect some preliminary estimates for the Green operator
G(t)=F 'L(t,OF

with a symbol
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sin (t \§|2 - 411)
N

in the weighted Lebesgue norms ||¢||;,, and ||¢[/ 1., for a € (0,1),1 <p <
0o. Also we show that the operator G (¢) behaves asymptotically as a Green
operator Gy (t) for the heat equation

L(t7f) =e€

6o ()0 =% [ Go((@=u)tF) v )y

with a heat kernel

]
=F

Go(z) = (4m) % e~

19:/R¢(x)dx

Lemma 2.36. The estimates are fulfilled

195G &) &l < C ()" I ¢llw

Denote

and

102G (1) ¢+ 76|y, < OO [|0Z4lL

for allt >0, where k > 0, 1 < p < co. Also the estimates are valid

lg®e—vitco (et < F ol

LOO

and ) )
Jos-or-ica (i)
for all t > 0, where a € [0,1], provided that the right-hand sides are finite.

< Cll¢lpre

Lla

Proof. We have
G0 =get [ 0 (GVE) vlo -
ly|<t

where Iy (z) is the modified Bessel function of order 0 (see Watson [1944]).
Note that the function Iy (z) has the following asymptotics

N

oo

((2m — 1)I)?

Io( \/7 Zo " 22mm)

for z — 400 (see Fedoryuk [1987], Olver [1997]). Thus we have the estimates

d* e (1 2
% <6_210 (2m)>’ § Ct_%_ke_cyT
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for all |y| < £, ¢ > 0. And in the domain £ < |y| < ¢, t > 0 we apply the
estimates

"3
dak

<C.

Iy ()

sup
x>0

We rewrite the Green operator in the form

hence

165G (8) 9|, < 1 /< e=CHy (z —y) dy
AR

k3
2 L

+Ce™ [y < CEF (¥l

for all t > 0, k > 0. Thus the first estimate is true.
To prove the second estimate we represent the symbol

é (7L (t,&) +e7)
—3 (1 —2¢2 ty/€2 =1
_giz e ( g)sln(l f 4)—€_£COS<t 52_i>+e—t
:_e_%blnt£+§(t7£)a
3
where
—t [sinh (£\/1—4€2
Ao - (M) ()
& V1 —4g2 2

— cosh <;W> + cosh (;))

_t .
hn(0E D) e
+e 2 .

527% ¢

Note that R (t) € C® (R). As £ — 0 we have
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e = eviie
- 6252 ((1 +(1- 452)‘%) exp (-é@) . 2eé>
+ e P <7% - 452) =0 (5267&52) + O (67%> .

NS

Moreover R (t,€) decays at infinity along with all derivatives with respect to
&, so that the estimate is true

TR <O e L et ()

for all t > 0, £ € R, m = 0,1,2. Therefore there exists an inverse Fourier
transform R (¢,2) = Feo R (t,§) , which satisfy the estimate

2
sup (@ ()% )[R (L) <C (62,
zeR
Hence applying the Young inequality we obtain

107G (1) ¢ +e 0|,

t

e 2 / ¢yy (y) dy
lz—y|<t
< Ct™ | faallps

for all t > 0, where 1 < p < co.
The last two estimates of the lemma follow from Lemma 1.33. Lemma 2.36
is proved.

<c +0H/RR<t7xy>¢yy(y>dy

Lr L

By using a standard contraction mapping principle we have the following
result.

Proposition 2.37. Let 0 > 2, A € R. Let up € W2(R) N H?(R) N LY%(R),
up € WHR) N HY(R)NLY(R), a € (0,1]. Then there exists a positive
time T and a unique solution u € C ([0,T]; W3(R) NH?*(R)NL"“*(R) to
the Cauchy problem (2.59).

We now prove a global existence of solutions to the Cauchy problem (2.59)
in the super critical case o > 2.

Proposition 2.38. Let 0 > 2, A € R. Let up € W2(R) N H?(R) N LY%(R),
up € WHR)NHY(R)NLY(R), a € (0,1]. Suppose that the local solutions u
constructed in Proposition 2.37 satisfy the optimal time decay estimate

1
sup (t)* [|lu ()|l < C,
t€[0,T]
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where C' > 0 does not depend on the existence time T. Then there exists
a unique global solution u € C ([0,00); W}(R) NH?*(R)NL"“*(R)) of the
Cauchy problem (2.59). Moreover the asymptotics is valid

w(t,z) = A(dnt) 2 e 5 40 ( —3- ) (2.60)
for large time t — oo uniformly with respect to x € R, where 0 < v <
min (5, g — 1) and a constant A is defined in Theorem 2.35.

Proof of Proposition 2.38. We write problem (2.59) as integral equation
(2.50). Let us prove a priori estimate

sup (6% u ()l + 0F Ol + lu@llws + OF Ju@)lge) < C.

te[0,T

(2.61)
where C' > 0 does not depend on the existence time 7. Applying Lemma 2.36
we obtain

[ullpe < C )2 ([uollgia + luallpie)

+o/ ol e+ [ "l (671

+C/ Y fJu(r ||L1ad7+0/ VE (t— ) F [ ()| dr,

t
s < € (Holws +lallwy ) + € [ 1l 0 )y a
<C+C/ T u(r ||W1d7'

and

_1
el < € (6 F (Iluollwys + Nuollge + luallw; + ||u1||H1)

+c/0 (t— ) F " u <>||W1dv+c/ el w ()l ggs

t

corott [T g+ € [ 07 )l

Therefore the Gronwall inequality gives the desired estimate (2.61). Now the
global existence of solutions to the Cauchy problem (2.59) follows by Propo-
sition 2.37 via a standard continuation argument.

We now prove the asymptotics (2.60). We use the integral representation
(2.50) with f = X|u|” u. By virtue of the third estimate of Lemma 2.36 we
have the following asymptotic representation for the Green operator
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(at + 1) g (t) (%) + g (t) U1
= 0173 Go (at78) + 0 (7% (Juoligs + Junllpa.a) ) (2.62)

for large time ¢ — oo uniformly with respect to x € R, where Gy (z) =
1 22
(Am)"ze T,
0= / (ug (x) + uy (2)) d,
R

and a € (0,1]. Denote

and consider the difference
t N . [e'e]
)\/ G@t—7)|ulu(r)dr —t72Gy (xff) / 9 () dr
0 0
t
= )\/ G@t—7)|ulu(r)dr

A : (g (t— 1) Jul”u(r) =9 () (t —7)"% Go (x(t—T)—%)) dr

0
+ /02: (t=n2Go (alt=m)%) =172y (tF) ) 0 (r) ar
e ten (z;r%) [ T () dr. (2.63)

In the domain 0 < 7 < % we apply the third estimate of Lemma 2.36 to get

MGt =)l u(m) =0 () (¢ =) 72 Go (w(t—7)F)

1 a

<SCt=7)"2 2 lul” u ()i

HLOQ

and in the domain % < 7 <t we use the estimate
IAG (¢ = 7) [ul” u (T) Iy < Clul” u(T)lp -

Therefore we have by virtue of estimates (2.61)

AL G@t—71)|ul"u(r)dr

L(x)
t
<C Hull?lﬂ (N2 dr <o,

2

and
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H/ XG (=)l u ()~ 0 (@) (=) G (a(t—7)H) ) ar

SC||U||§(+1/O (t—71)" %_%<T>_%dTSC<t>_§_7’

where 0 <y < min (%, — 1) . Now we estimate the third summand in (2.63)

‘/0 (GO (t—7,2) —t" 3Gy (xt—%))ﬁ(T)dT

gC/g
0

< 0/2 (t—r)F ) Fdr <o TE.
0

Loe

)72 Gy (x (t— 7-)_%) —17%Gy (xt—f)"mo () Far

For the last summand in (2.63) we have

t3Gy (azt—%> /;019(7) dr

Thus in view of (2.62) we see from the integral equation (2.50) that there
exists a constant

A=0+ / 9 () dr (2.64)
0
such that asymptotics (2.60) is valid. Proposition 2.38 is proved.

Proof of Theorem 2.35

Define the norms

16,0 = [l (8, D) lgacee,

L?(0,00)
We first prove a global existence result for large data.

Proposition 2.39. Let A < 0,0 > 0. Suppose that the initial data uy €
W2(R)NH?(R)NLY*(R), u; € Wi(R)NH'(R)NLY*(R), a € (0,1]. Then
there exists a unique global solution u € C ([0,00) ; W3(R) N H?(R) NL"*(R))
to the Cauchy problem (2.59). Moreover the a-priory estimates of a solution
are valid

[l 2 + [tellso o2 + utlloo 2 + (U]l 2 < C (2.65)

and
[ullgto,oi2 + uallys + lluelly o < C- (2.66)
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Proof. Let u be a solution constructed in Proposition 2.37. We now multiply
equation (2.59) by 2 (2u¢ + u). Then integrating the result with respect to
xz € R we get

2 /R ((ug + w) (uge + ug) + upug) do

= —2/ (u)? dz + 2/ (2us + u) ugpdr — 2|\ / (2us + u) |u|” udx,
R R R

therefore

d 41X o
& (e e+ 2o 2 + 22 g2,

2 2 +2
= 2wz — 2 lluallps — 2[Al ullo+

from which the a-priory estimate [|u (£)[f < C |tz ()||ps [Ju (@) < C

follows. In the same way as in the proof of Proposition 2.38, applying Lemma
2.36 we obtain

[ullgra < C6)7 (luollpre + lluallpsa)

t t
e / lal” 4 (7)o d7 + C / el w ()l (¢ = 7)F dr

t t
<C)’ +C/0 [ (7). dr+c/0 {t =7)% [lu (7). dr,

t
Jullwz < € (ol + oty ) +C [l (Dl
0
t
<C+ C’/ lw (7) ||\ dT,
0 1
and
t
[ullgz < C ([[uollgz + llunllgn) + C/O Il w (7) |2 d7
t
<CHC [ e dr
0
for all ¢t € [0,7]. Then the Gronwall lemma yields the estimate

e (Il ()l + 1 Ol + 0 @llge ) < €

for allt € [0,7T], where C > 0 does not depend on T'. Therefore we can prolong
the local solution to the global one. Moreover we have the desired estimates
(2.65) and (2.66). Proposition 2.39 is proved.
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We now prepare several lemmas.

Lemma 2.40. Let o0 > 2 (\/§ — 1) , A < 0. Suppose that the initial data ug €
W2(R)NH?(R)NLY*(R), u; € W}(R)NHY(R)NLY*(R), a € (0,1]. Let u
be a global solution constructed in Proposition 2.39. Then the estimate is true

[ueelly, < C.

Proof. Since ||ull, o + [[tlly4 2,510 < C, by the Hélder inequality we get for
2<p<o+2

||u (t)HLP < Hu(t)”i;(l_%)(“'%) H ( )”( )(H' )

L2t+o
hence (5143 010+
1-2)(1+2 1+2
lull,, < Juls 002 1y D08 < (2.67)

for s = 25,2 < p < o+ 2. Since [|ufl, + [uzlly, < C, by the Cauchy-

Schwartz inequality we have ||u|\ioo < 2||ullgz ||tz , hence

[ullg0o < C. (2.68)

Combining estimates (2.67) and (2.68) we obtain

lull,, <C (2.60)

5P —

for s = +2 P—, 240 <p<oo.
Now we estimate the second derivative u,,. By the integral representation
(2.50) with f = X |u|” u we find

Uge = (O + 1) 33269 (t)uo + 8%9 (t) uq
t
+ )\/ aig (t—7)|u(r)|” u(r)dr.
0

In view of estimates (2.67), (2.68) and ||uz||,, < C, using Lemma 2.36 and
the Young inequality we obtain

!

/0 82G (t — 7) |u ()| u(r) dr

2
LallL; (0,00)

t
—1 o+1 < 1+

sc\ | =07 (@It + eI us (OI5) dr

0 L;(0,00)
= L W (02
= (t) L7 (0,7) [l (®)]f 2@+ L2 (0,00)

-1 +
H O o T2

1+

< C ||uH(J+1)52 2(o+1) + C ||’LL|| g
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1_ 1,1 _ 1 1_ 1, 240 1 o _
Wheres—sl—|—s2 1<82ands—sl+ I 1<82,bln0681>1,32—

8
ot4-
Thus we get the estimate

[zl < C (2.70)

fors>%+4,ifa>1.

Next we estimate 92u. We have by the integral representation (2.50) with
f=Xul"u

OFu(t) = (0r + 1) 907G (t)ug + 07G (t) uy
t
+ 20:G (t) |uo|” uo + )\/ 0G (t —71) 0y lu ()" u(r)dr.
0

By virtue of estimates of Lemma 2.36 we obtain

luee (Dllgs < C ()" + C/O (t =)l (M Ter llur (7)llg2 dr.

In view of estimates (2.67), (2.68) and ||uz||,, < C, using Lemma 2.36 and
the Young inequality we obtain

e (Ol e 0,00)

<ol ) (Dl i (g

<C+C /0 06 (t — 7) |u ()| un (7) dr

1
L llLs (0,00)

L:(0,00)

<cfu

) Ml (=0 |

<O |ull ey 20 lutll o

L2 (0,00 L32(0,00) [[1]2e (t)HL2 ”L,?(o,oo)
(0

S

So = 23‘12 for 1 < o < 2. Thus we get the estimate

1 _ 1 1 _ 1 1 1 o — _8_
where = = Tt 5 < 3, T 3, since s1 > 1, 89 = s for 0 > 2, and

|ueell,, < C (2.71)

8 20
fors>0—+6for022,ands>3072for1<a§2.

To prove the estimate of the lemma we write

0fu(t) = (0 +1) 972G () uo + 97G (1) ua

Lo+

()] u () +>\/0 02G (t — ) [u (7)|° u (7) dr

+ /\/t (afg (t—7)+ e*“*ﬂ) u ()| u (r) dr

1
2

— )\/ e~ (7)) w (1) dr.

t

2
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Integration by parts in view of equation (2.59) yields

t
—)\/ e | (7)) w (r) dr

= AMu@®)| u )+ Ao+ 1) |u(t))” u (t)
dOIQORGEERO)

- A/1 e 02 (|u ()| u (7)) dr

T+ de 2

= —Alu @7 u(t) + Ao+ 1) [u(®)” (tea (£) = uee (1)

+ X2 (0 + 1) |u @) u(t)

()] () =00 (3))

— )\/l e~ 2 (lu ()7 u (1)) dr.

+ e 3

Therefore

O2u(t) = (9, + 1) 02G () uo + 926 (H) wy

B )-wem()

F A0+ D) (O (e (6) = e (6)) + X (0 + 1) [u (O] u (2)

+ Xe

+A/O§a§g(t—7)\u(T)r’u(T)dT
—AA e~ 02 (lu ()7 u (7)) dr

+A [ (afg (t—7)+ e*@*ﬂ) lu (7)[7 w (7) dr.

Hence we have
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llwee ()]l < H(On’t +1) 907G (t)uo + 976G (t) U1||L1

()] ((3) (D)),

+Ce 3 =
+C[Ju ()7 taw ()0 + C ()] wer ()]0 + C llu (B |75

+C / e~ 02 (lu (1) u (7)) dr

o+

2 L1
%
+C / 02G (t —7) Ju (7)|” w () dr
0 -
t
+C / (926t~ )+ ) u ()" u(r) dr (2.72)
3 L
By Lemma 2.36 we have
[0 +1) 07G () uo + 07G (t) wa ||,
1 t\1|7 t ¢ o
< -] - 1 — < .
<Ce™ 2 u(2> (u(2> (o + )u(2>) L1_C<t>
In view of estimates (2.69) and (2.70) we get
b @1 e ey | gy S sl Bl
where s > %Hand@:%“forazz and sy = =75 for 1 < o < 2; so that

L+ L >1 when o > 2(v3—1). In the same manner by virtue of (2.69)

51

and (2?71) we find

[ )17 e @)y < Nurel oy Nl o

L;(0,00)

2
30

wheres>%+6foro*22,ands>
when o > /5 — 1. By (2.69) we get

) for1<a§2;sothat§+%>1,

142 142
e 1. < Ol {57 1420 < C.

L1(0,00)

for o > 1. Similarly we have

<c|fluer o)

[ et u ol utr) ar

L2 L (0,00)

+C Il (01 e (1)
)

Lo Lt (0,00 L1(0,00)

-1 2
< CllullZ oo luellz 2 + C llusells, Nlullf o
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for o > /5 — 1.
Using Lemma 2.36, we obtain

Ll

H/O 02G (t — ) |u (7)|° w (r) dr

<C @ / C (e 7 6 (g + o (D 0 (7)) i

In view of estimates (2.67) - (2.70) we have

t

/02 (e (D17 w (Pl + [l (D)7 v ()l dr

t
2 o o 1
< [T (s + Tl s (D) dr < €

therefore

/0E 02 (t — 7) |u ()| u () dr

1,1

)
t

<t>_2/0§ (e ()17 w (Pl + Nl (DI wa ()l dr

<

L} (0,00)

< C/ Oy twdt < C,
0

when o > 1.
For the last summand in (2.72) by Lemma 2.36, we get

ﬁ (026 (t = 7) + e ) u(r)| u(r) dr

2

Lt

1—v . 1—v
w7 vas (1)l

<o [-n (nera e
<l w @I + Il (0 s (7)) dr

< C[t (t — T>_1—’Y (H|u(7')|”—1 u? (7-)‘ 1=y 1l () e (7')||i17) dr

1

with some small v > 0. When o > 2 (\/ﬁ— 1) , and if v > 0 is sufficiently
small, by the Holder inequality we obtain

o—1)(1— 2-2
[l =D N 11>

L} (0,00)

(0—1)(1—7) 22
S ||7.LH(0_71)(17:);)31’00 HUI”(Z—;’)/)SQJ < c
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with (o — 1) (1 —~) s1 > 4, (2—27)3222;80tha‘5i—ké:land

1—v)o
ez (P15 1 (7)1

a
< HUQJIH(l —7)s1,2 H H(l—z )os2,20 <C

L{(0,00)

with (1 ’y)sl>U+4,(1—7)52:%f0r022,and(1—7) o = =75 for
1 <o <2;s0 that H + é = 1. Therefore

| [ =7 (Jmeore o],

L1
o—1)(1— 2—-2
< Ol @IE="" e 01"

v o 1—
11 ()] (r)||Lﬂ> ir

L}(0,00)

1(0,00)

+C ltae (P57 e (P17 <c

L}(0,00) —

Thus from (2.72) we have the result of the lemma. Lemma 2.40 is proved.
Now we estimate the decay rate of the LP - norms of the solutions.

Lemma 2.41. Let A < 0. Suppose that ug € W3(R) N H?(R) N L1¢(R),
up € WHR)NHY(R)NLY*(R), a € (0,1]. Let the global solution constructed
in Proposition 2.39 satisfy
||Utt||1,1 <C.
Then the estimates
1

lu (@l <C u@l <C @ *,

and
3

[ua (t)||> < C(F)
are valid for all t > 0.

Proof. We estimate the L' - norm. Denote S (z) = 1 for all z > 0 and
S (x) =—1forall z < 0; S (0) = 0. We multiply equation (2.59) by S (u (¢, x))
and integrate with respect to x over R to get

/ S (u(t,x)) us (t,x) de = / S (u(t,x)) ugyde

R R

+/ S (u(t,x)) (N|u(t,z)|” u(t,z) — uy (t,2)) de.
R

We have p
[ Swto)utayde= L lu @l
R
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/ S (u(t, 2)) tas (£, 2) d < 0
R

and
[ S@taop At ultn) de=Xu @l <o
R

Therefore we find p
2 e @l < flue @l - (2.73)

Integration of inequality (2.73) in view of estimate (2.75) yields the first esti-
mate of the lemma.
In particular, we find

sup [i (t,€)] < (27) 2 [lu (), < C. (2.74)
£ER

We now multiply equation (2.59) by 2 (2u; + u). Then integrating the result
with respect to z € R we get

2 /1\{ ((Ut + ’LL) (utt + ut) + ututt) dzx

= —2/ (u)® dz + 2/ (2ug + u) ugpdr — 2|\ / (2uy + u) |u|” udx,
R R R

therefore

d 4:|>\| o+2
& (el e+ 2 sl + 22 g2,
2 2 o+2
o~ ol — 2 (2.75)

By the Plansherel theorem using the Fourier splitting method due to Schonbek
[1995], we have

2P = Ut )| de + Ut d
a2 /M € (1, €) de /m € (1, €) de
> 2 lullfz — OX°,

where x > 0. Thus from (2.75) we have the inequality

d ALy
(nm s+ el + 2l + 5 2

+2
< =X ullge = llusllte = 2|luelge -2 IAI IIUIliwz +Cx°

T g2

<- (nut e+ 2+ el + P ) Lo (276)

We choose x? = 2 (to + t)fl , to > 2 and change
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2 2 2 417 o+2 -2
e +ullge +lluellpe + lluallpe + 5= lullpere = (o +8) "W ().
Then we get from (2.76)
d 1
%W ) <C(to+1t)2. (2.77)

Integration of (2.77) with respect to time yields

W (t) < C(to+1)? .
Therefore we obtain the second estimate of the lemma.

We now differentiate equation (2.59) with respect to x and multiply the
result by 2 (2uyt + u,) . Then integrating with respect to € R we get

d
— ((uzt + ugc)2 + (umt)2) dx = 2/ (2ugt + Ug) UgprdT
_ 2/ (1) i — 2|\ (0 + 1)/ (2upt + 12 |ul” upd,
R R
hence
L]
dt

2 2 2 o
(1t + a2+ el +2 a2+ 2 0+ 1) 7 02
2 2 o
=2 [taellps — 2[luztlg — 2[A (0 + 1) [[Jul” gL,
+2[A\o(c+1) / u? |u|” " uupd.
R

Then using equation (2.59) we get
/ u? |u|” 2 wupde = / w2 |u|” 2 wuggdr + / w2 |ul” " u (N ] w— uy) da
R R R

] _
g ot )\/ u? [ul*? dx — / u? |u|” "2 uugda
L R R

—2
ol (L
2 —1 p(t) 2
< ol ol Tl < 57— sl

(2.78)

where we denote

o—1
p(t) =2[Ao (o +1) lullg< luellps

By Lemma 2.40 we see that [ u(t)dt < C. As above by the Plansherel
theorem, we have

U |22 = 25(t,6)|% de + 25,6 d
luzel2 Aqk (t,6)| 5/&J5(@|5

2
> X2 [l (t)||L2 - CX5,
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where x > 0. Thus from (2.78) we have the inequality
d : Pat+2 2242 1) || ful” w2
at [zt "’UxHL2 =+ ”“xt”L? =+ ||u£:v||L2 + 2]\ (o + )H‘“| uacHLl
2 2 2
< (1 =) luallge — 2 lluallpe — llues|lze
= 2Al (o + D [[Jul” uz ]|y, +CX°
2 2 2 o
< (1= x®) (It + ol + el T2 +2 e T2 + 21N (0 + 1) [0l w2l )
+ CX°. (2.79)
We choose X2 =3 (tg+t)"", to > 6 and change
2 2 2 o 2
l|zs + uxHLi’ + ||Uxt||L2 +2 Huocx”L? +2[A[ (0 +1) |||u‘ UacHLl
_ (tO +t)_3 efo I—L(T)dﬂ'Wl (t) )

Then we get from (2.79)

d
&Wl (t) < C(to+1)

=

(2.80)

Integration of (2.80) with respect to time yields

3
2

Wi(t) <C(to+1)2.

Therefore we obtain last estimate of the lemma. Furthermore we have the
optimal time decay estimate

lu (D), < € (1)~ 207%) (2.81)

forallt >0, 1 <p < oo since

1 1 _1
[u(@llge < Cllu@Ige lue (@)f: < C ()2
and
lu @l < C.
Lemma 2.41 is proved.
Proof of Theorem 2.35. In view of (2.65) and (2.66) we can apply Lemma
2.40 to obtain [lugll; ; < C. Then from Lemma 2.41 we have the estimate

(2.81) for all ¢ > 0. Thus we have the desired result by Proposition 2.38.
Theorem 2.35 is proved.
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2.4 Sobolev type equations

This section is devoted to the study of the Cauchy problem for the Sobolev
type equation in the supercritical case

{8t(u—Au)—aAu:)\|u|au, zeR™ t>0,

u(0,2) = up (x), z € R", (2.82)

where a > 0, 0 > %, A € R. Equation (2.82) can be viewed as a multidimen-
sional generalization of the Boussinesq equation; it arises in liquid filtration
problems for a porous medium with cracks Kozhanov [1994], Kozhanov [1999]
and in the theory of crystalline semiconductors Korpusov and Sveshnikov
[2003].

Using the Duhamel principle we rewrite (2.82) in the form of the integral
equation

w(t) = G () uo + )\/O G(t—7)B |u” u(r)dr, (2.83)

where the Green operator G (t) is given by

G(t) 6 = e T, 3(€)

and

B = Bz —vy)é(y)dy
Rn

with a kernel (see Titchmarsh [1986])

. —1 .
B(x)Z(QW)_i/ it (1—|—|§|2) d¢ = |$‘1 2Ky, (|z)),
where N 2
K, (|of) = K (jaf) =27 W/ 165 ge
0

is the Macdonald function (or the modified Bessel function) of order v € R
(see Watson [1944]). If we use the Taylor expansion

at 0 ktk —k
e1Tlel” — Z QT (1 + |§|2>

k=0

then we can represent

—a a’t
Gyp=e"")y —-B",
k=0
where B% = 1 and
B*¢= [ Bp(z—y)o(y)dy
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with

Bu()= (20t [ e (14]ef) de

21—k b_n
= (=] 2" Kz (|2])

for k > 1. Thus we can easily see that the operators G (t),G (t) B

Gt)p=0+ | Gtz—y)o(y)dy

RTL
G(t)Bg = . H(t,x —y)¢(y)dy
have positive kernels
o kik
G () = e S By () > 0.
k=1
—at = aktk
H(t,z)=e® ;TB,M (Jz]) >0 (2.84)
=0

forallt > 0, z € R"™. By the estimates of the Macdonald function (see Watson
[1944]) we see that for any k > 1

Ronfl
Clz| 7= e7l#l for |z| > 1,
C’flily%_”_ldy, for |z] < 1.

| By (z)| < {
Hence for any k£ > 0

HB%HLpch / Be(tz—9)owdy| <IBi @l 6l  (285)
R" Lr

1 1
S C ||¢||Lp (/ d,ﬁU/ ka*nfldy _|_/ |I‘k_% Gzldl‘>
|z <1 || |z|>1

< Cll¢llLs

for all 1 < p < oo and

18"y < €

@ [ Bulta—u)ow)dy

<C HBk (t)HLl,a ||¢||L1‘“

1
< CH(b”LLa / daj‘/ ka—n—ldy+/ |x‘a+k—%l e_lm‘daj
i<t Jial 21

< Clgllpra (2.86)

Lt

for any a > 0.
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2.4.1 Local existence

We now prove the existence of local solutions to the Cauchy problem (2.82).

Theorem 2.42. Let ug € LM (R") NL> (R"), a > 0. Then for some T >
0 there exists a unique solution u € C ([0,T];LY* (R") NL> (R")) to the
Cauchy problem (2.82).

Proof. To apply Theorem 1.9, we choose functional spaces
Z={¢eL"RM)NL®([R"): [lull, <o},
Xt ={ueC([0,T];L"* (R")NL> (R")) : [jullx, < oo},
with the following norms
16llz = l¢llpra + 10l ;

lullx, = sup (lu(®)llgre + llu@)llge)-
t€[0,T)

Applying the Young inequality for convolutions and Lemma 1.31 we have
1G () uollp < C ()7 ([uollp~ + [luollLr) (2.87)

and

[ [ 66 =) 5 et o1 51 = stz ()

LOC
t
<C [IB (ol 01 (7) = ol w2 (7))l . (289
0
Similarly we obtain the estimates
G () uollpra < C ()2 uollpr.e (2.89)

and

HM / G (= 1) Bl 01 (7) — fenl” 2 (7)) g e

Lia
< C/Ot (t=7) 5B (jr|” o1 (7) = [va] 03 (7)) [[pr.a - (2.90)
Using the estimate
1B ([v2]” 01 (7) = 2] " 02 (7)) lx,, < Cllon = vallx, ([lo1llx, +[lvallk, )
we get from (2.87) to (2.90)

19¢lx, < Cll9llz-
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Therefore if we choose sufficiently small 7' > 0, due to Theorem 1.9 there exists
a unique solution u (t,z) € C([0,7];L"* (R") NL> (R")) to the problem
(2.82). Theorem 2.42 is proved.

Also we have

/0 G(t—7) (VN (w(r) = N (v(r) dr

< CTlw —vlx, (lwlik, + Ivlx,) -

Xr

2.4.2 Small data

In order to prove global existence in the case of the arbitrary sign of A of the
nonlinearity we have to assume a smallness condition for the initial data, since
in the case of A > 0 there could be a blow up phenomena (see Samarskii et al.
[1995], Glassey [1973b], Mitidieri and Pokhozhaev [2001], Tsutsumi [1984]).

Theorem 2.43. Leto > 2. Let ug € LV (R")NL> (R"), a € (0,1]. Suppose
that the norm ||ug|lpi.a + |uollpe s sufficiently small. Then there exists a
unique solution u € C ([O, o) ; L (R") N L™ (R”)) to the Cauchy problem
(2.82). Moreover the asymptotics

u(t,r) = At te 5 1+ 0 (t =77 (2.91)

for large time t — oo is true uniformly with respect to x € R™, where A is a
constant, 0 < vy < min (%, 50 — 1) .

Proof. We apply Theorem 1.17, as well as introduce the space
X={veC ([0,00);L1’a R")NL> (R")) : [jv]|x < oo},
where the norm

ol = sup (7% o (B)llgoa + 6 F o @llg) -
t>0

Note that
sup [|¢ ()|, < |9l -
t>0

Also we define
Z={¢pcL"(R")NL>®(R"): |[|¢|lz < oo},
with the following norms

1¢llz = 18llLsa + 1l -

Applying the Young inequality for convolutions and Lemma 1.31 we obtain
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1G¢llw < C (07 (10l + 161

and

|[ sttt e e

Lo

< C/é {t =7) 7% (IB (Jwl”w (7) = [0]7 v (7))l|
0
+ B (Jw|” w (7) = [0 v (7)) | Ls d7)

e / 1B (0] w (7) — o] v (7)) l|ge dr-

Using the estimates
1B (Jw]” w () = [o]” 0 (7)) [ goe < (7)™ o = vl [ (Jw]|% + []o]1%)
and
1B ([w|”w (1) = [v|” v ()| < (1) 27 [lw = vllx (Jwllk + [[v]%)

we get

/0 Gt —7)B (Jw]” w(r) — [v]” v (7)) dr

Lee

< Cllw - ollx (Il + ||v||;>/0 (E ) E dr

t
+Cllw - vllx (]| % + an;)/ ()3 4y

t

2
< ()2 |lw —vllx (lwlx + [lvlx)
since 50 > 1. Similarly we estimate the norm
1G¢llLre <C ()2 (|llLe + lI€llLr)

aln

d
H/ot G(t = )B (jw]” w (r) = [v|” v (7)) dr

Ll,a

<c / 1B (0] w (7) = 0] 0 (7)) g0 dr
¢ [ B tol" w(r) = bl 0 (D)l (67 ar
< C'lw —olly (ol + loll%) (/ () E7H g

+/O ()57 <tT>3dT> < ()% [lw = vlix (lwll% + [loll%)

113
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where we have used the inequality
—n Jri
1B (Jw|” w (7) = [v|” v (7)) lgre < [lw—vllx (lwlix +[lvllx) (1) 72772
Thus we get
1G¢lx < Cli¢llz-
Also the estimate is true

\/ Gt —7) (N (w(r) — N (u())) dr

< Cllw = vllx (lwllx + Ivlx)”-

X

Therefore due to Theorem 1.17 there exists a unique solution
u(t,z) € C([0,00);L"* NL>®)
to the problem (2.82) such that
lu (Dl < C 7%, and fJu (). < C ()2 (2.92)

We now prove the asymptotics (2.91) by employing Theorem 2.4. By virtue
of the estimate of Lemma 1.31 we have the following asymptotic representation
for the Green operator

G(tyuo = Gy (t,2) + O (f% HuOHLl,a) (2.93)

for large time ¢ — oo uniformly with respect to z € R"™, where

n

Go (t,z) = (dmat) ™2 ¢ Far

Gz/nuo(x)da:,

and a € (0,1]. Now consider the difference
t [e%¢]
)\/ g(th)B|u|gu(T)dT—Go(t,x)/ 9 (1) dr
0 0
t
_ )\/ (G (t— 1) Bul” u(r) — 9 (7) Go (t — 7, 7)) dr
0

+ /0 (Go (t = T,2) — Go (t,x)) 9 (1) dT + Gp (¢, x) /ltOO 9 (1) dr, (2.94)

where
1) = [ Bl umydy=x [ julu(r)dy
R" R"
—1 ~
since Fp_¢Bo = (1 + |§|2) ¢ (§) . In the domain 0 < 7 < £ we write by the

estimate of Lemma 1.31
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IAG (¢ =) Blul” u(r) = 9 (r) Go (t = 7,7)[|
<CO(t=7) 2 R (Bl w (Dl + 1B ul” u(7)llg.0)
forall 0 <7< % In the domain % < 7 <t we use the estimate
IAG (t = 7) Blu|” u(r) =9 () Go (t = 7,2) [l
< ClIBJul” u(7)||ge -

Therefore we have by virtue of estimate (2.92)

|06 = Blu ()= 9 ()G (1= ) ar

Loe

3 t
< C||U||;(+1 /(;2 (t — T)_%_% <T>_%U dr +C ||u||g(+1/t <T>—%(a+1) dr

_E_’Y

)

|

< Cllullx™ )

where 0 < v < min (%, 50 — 1) . Now we estimate the difference

<c / 1Go (£ — ) — Go (1)l (r)~ 27 dr

/Ol(Go (t—72) — Go (t,2)) 0 (r) dr

Loo

% N N t N N
<C {t—7)" 277" 2%dr +C | (t—7)" 2 (1) 2%dr
0 i

—_n_ —+1
<O T lullx

In view of the estimate |0 ()| < C |u (®)||ST < C @727 jul|T < C @)~

we have for the last summand in (2.94)

n

HGO (t) /tooﬂ(T) dr| <cCt % /too (I 27dr <Oty 27,

LOO
Thus all conditions of Theorem 2.4 are fulfilled, and, by equation (2.83)
see that there exists a constant

A:/nuo(a:)dx—i—)\/ooodt [ B u()ds

= lim u (t, z) dx.
t—+o0 Jpn

such that asymptotics (2.91) is valid. Theorem 2.43 is proved.
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2.4.3 Large data

Now we consider the case of A < 0, then we can remove the smallness condition
on the initial data ug ().

Theorem 2.44. Let o > %, A< 0, n =12 Suppose that the initial data
up € W2 (R")NW32 (R")NLY* (R"), a € (0,1]. Then there exists a unique
solution u € C ([0,00) ; L (R") NL> (R")) to the Cauchy problem (2.82).
Moreover the asymptotics (2.91) takes place.

Before proving Theorem 2.44 we prepare several lemmas. Define the norms

Lr(R/)

16,0 = |16 (8 ) o)

Lemma 2.45. Let n = 1,2. Suppose that the initial data ug € W2 (R™) N
W2 (R"). Let the norms of the solution be bounded

[ullo 2 + llttllo 2,540 < C-

Then the estimate is true

/0 o (D)7 A (7)., dr < C (1)

for allt > 0, where B =0 for o > 1, andﬁ>%—1f0r%<0§1.

Proof. By the Holder inequality we get for 2 < p <o + 2

2

lu @)l < u(@)laa PO oy o202,

hence

1-(1-2)(1+2
lull, , < o8P0+

1-2)(1+2
lal5 0 < o

for s = p”—_’;. Next we estimate the LP norm for 0 +2 < p < oo

)

LP

e ()l < 16 () ol + 1A H [ ou=nBlurutar

by Lemma 1.31 we also possess the estimate

IG (¢ = 7) Blu|” u(7)llp, < e B u|” u(7)l|y,
+ 0t -7 ECTD) 1Bl u (7).
where 1 < r < p. Applying the Sobolev Imbedding Theorem 1.4 we have with
max(l,ﬁ) <r<p

1B [l w (7)lls < Clllul”u (7)ll- < C lu(m)lgl.
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Thus we obtain
_n(l1_1 1
1 (¢ —7) Blul” u (r) gy < € (¢ = 1) FG8) Jlu ()75, -

By the Young inequality and Lemma 1.31 we then get

|16 =Bl w(rly dr

L2 (0,00)
t
_n(1_1

<c| / (t =) 2 Ju ()G dr

0 L3 (0,00)

—z(i-2

<C H 5 L7 (0,00) [u ||(g+1)q,(g+1)

o+1
§ C ||u||(o+1)q,(cr+1)r

if 2 <7 — 7> > = = % - % + 1. We apply this inequality taking ¢ = r = g—ﬁ,

~1
n = 1,2; consequently s > max (1, ("H (1+2)-1- %) ) . Taking p =

oo we thus obtain
[l <C (2.95)

5,00 —

2(c+2)
for s > m

Next we estimate the second derivative Au. Note that by the smoothing
properties of operator B we can see that solution u (t) € W2, (R")N'W? (R")
for all ¢t > 0, when initial data uyg € W2, (R") N W% (R"). By the estimate
of Lemma 1.31 we have

1ABG (t =) [ul” u (7)lly,, < C (¢ = 7) " [lu ()1

where p > 1. Hence

| [ 126 ¢ B1ur u ol or

L;(0,00)
<GH/ (b= ) u (D dr
L$(0,00)
<cljw™ \Lm (A
< Cllul g o1
where%:é i, 1, ¢ > 1. Thus
1Aul,, < Clullf sy (2.96)

for s > q. Applying the estimate
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—1
lw (Do < llu (DL e (7)llge+2

by the Holder inequality we have for o > 1

t
[l (7)I” Aw (7)|,1 dr S/ lu (D)L esa) [Au (T ox2 dr
0
1 1 +1
<ETI I (u ()95 o 18 (D) L 101 42 < €

. 2(0+2
since we can choose s1 (0 — 1) > 71((5175127 S9 > 83 = giﬁ so that i + é +

m > 1. Consider v/3 —1 < o < 1. Then

/ e ()7 Aut (7). 7 < / o ()Gt A0 ()| oz dr

1 —_
<t> Sl 52 ||U(T)||S1U,0(U+2) ||u||((7+1)33,o+2 < C< >
since we can choose s10 > %, 59 > 83 = "+2 sothat f=1—L1 - L >

S1 S2
% — 1. Furthermore for % <o<V3-1

t
/Hlu AU(T)||L1dTS/O [ (PIge [ Aw (Pl 52 dr

CO" T a7 oy 2 < C 0

since we can choose s1 > s = 5= so that b=1-— i > %— 1. Thus Lemma
2.45 is proved.

The next lemma will be used to improve the decay estimate of Lemma
2.45 for the case of 0 < 1.

Lemma 2.46. Let n = 2, 0 € (%,1]. Suppose that the initial data ug €
W2, (R2) NnW?2 (R2) . Let the estimates for the solution be valid

S

lu (D)l < C (B

for allt >0, where 1l <p<o+2 ac [0 ) Then the estimate is true
' B8
| ltor auly ar < oo

for all t > 0, where 3 =0 zfmax(aa+ =3 a,a(1—|—20)—|—1—20) <0
and 3 > max (aa + 0+2 —o,a(l+20)+1— 20) otherwise.
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Proof. By estimate (2.96) we have
t
[Au @l ez2 < C+/O 1AG (t =) B lu|” u (T)||_gz2 dr
t
<c [ (-0 lu g dr
0

o+1

< C/Ot t—7)"" <r><v+1>(a—m) dr<C @)’

for all ¢ > 0, where § > max (—17 (c+1) (a - Z—E)) . We then have

t t
[ @ 2@l dr < [ @l 14u)l, 2 dr
0 0

t 1
= / ()77 (1) dr < C (1)
0

where

ﬂ:Oifmax(aoz—F —U,a(1—|—20)—|—1—20><0

o+2
and
8> + ! (1+20)+1-2
max _— = —
ax | oo+ — 2 o, o o
otherwise. Lemma 2.46 is proved.

Now we estimate the decay rate of the L?” norms of the solutions.

Lemma 2.47. Let ugp € H? (R") NL! (R"). Assume that

/0 dr llu (7)[° Du (7|, < C (1)°

for allt > 0, where B € [O, %) . Then the estimate

1

(@)l < © (1) 2075)
is valid for allt > 0, where 1 <p <2+ o0.
Proof. We change w = (1 — A) u, then we get from (2.82)

Ow=a(B—1)w+ \|Bw|” w+ \|Bw|” ABw,

119

(2.97)

(2.98)

where B = (1 — A)fl. We estimate the L' norm. We multiply equation (2.98)

by S (t,z) = sign(w (¢, z)) and integrate with respect to x over R™ to get
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Orw (t,2) S (t,z)dx = « S(t,z) (B—1)wdzx

R"l R”L
+A |Bw (t, )| |w (¢, z)| dz + X S (t,z) |Bw (t,z)|” ABw (t,x) dz.
RVZ Rn
We have

0 d
[ wtostade= [ Swao)lde = le @l
)\/ |Bw (t,z)|” |w (t,z)| dz <0,
S (t,x) Bwdr < Blw|dz = ||w (t)||g: -
R" R"
Therefore, we find

%Ilw(t)llp < A[fu (07 Au (@)1 - (2.99)

Integration of inequality (2.99) in view of estimate (2.97) yields
lw (#)lls < llwollgs +C ()7
In particular, we find

guglﬁ(t, O < 2m)F [Bw (#)llp: < Clw @)l < C (17 (2.100)
€
Thus the estimate of the lemma with p = 1 is fulfilled.

We now multiply equation (2.82) by 2u, then integrating with respect to
z € R™ we get

d 2 2 2 o+2

= (I @ + IV 0) = 20| Vu @2 + 20 Ju @52 . (2.101)
By the Plancherel Theorem using the Fourier splitting method from Schonbek
[1991], we have

IVu @Ol =l = [ aeofeldr [ @eoriPe
|€1<8 1€]=6

2 n ~ 2
> 6% [|u (t)|[g2 — 26°7" sup [a (£, €)|",
1€l<o

where ¢ > 0. Thus from (2.101) we have the inequality

d ~
2 @l < —a6® flu (®) [z + 400> sup [ (£, ). (2.102)
[g]<s

We choose ad? = (1+n) (tg+ )", to = /2 and change

o
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lu (Bl = (to+0)7" "W (2).
Then via (2.100) we get from (2.102)

%W (t) < C(to+t)*T7 (2.103)

Integration of (2.103) with respect to time yields
W (1) < Juollf +C ((to + 6547 1)),

Therefore we obtain a time decay estimate of the L? norm

lu (). < C(1+8)°% (2.104)

for all ¢ > 0. Now we differentiate equation (2.82) and multiply the result by
2Vu, then by the same considerations as above we obtain the optimal time
decay estimate (see also the proof of Lemma 2.41 for details)

Nl

IVa (@)l < C (146775

for all ¢ > 0. Then by the Sobolev imbedding theorem and by the Hdélder
inequality we arrive at the optimal time decay estimate of the lemma. Lemma,
2.47 is proved.

Proposition 2.48. Let 0 > 1 forn = 1 and 0 > % for n = 2. Suppose
that the initial data ug € W2 (R™) N W32 (R™). Then the estimates for the
solution are valid

b2

_n(1-1
lu (@)l < C (1)~ 207)
for allt >0, where 1 <p <o+ 2.

Proof. Multiplying equation (2.82) by 2u and integrating with respect to = €
R™ we get

d o
(I @IZ: + 190 @IF2) + 20 1Vu @) 2 =2 Jlu (172

hence by integrating we see that
2 2 i 2 ! +2
g
lu @)lL> + IVu @)L + 2a/0 IV (7)|g> dr — 2/\/0 l[u (7)o +2 d7
2 2 2
< llwollgz + IVuollLz = lluollg
for all ¢ > 0. In particular we have

llloc,2 = sup flu (®)llr2 < f[uoller: (2.105)
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< Cluo| g1 - (2.106)

[ullgrz,o42 = HH“(t’I)HLZJr2 LI72(0,00)

Now applying estimates (2.105) and (2.106) by Lemma 2.45 we get

AdﬂWMﬂVAMﬂM;SC

for all t > 0, if o > 1. Then from Lemma 2.47 the result of the lemma follows
for the case ¢ > 1. Now we consider the case of o € (%, 1] and n = 2. By
Lemma 2.45 we have

t
[ arllu@r 2ui, < @™ (2.107)
0

for all ¢ > 0, where 31 > % — 1. By Lemma 2.47 we then find the time decay

lu ()|, < C @)~ 20-3)

for all ¢ > 0, where 1 < p < ¢ + 2. Now by Lemma 2.46 we obtain

A|mmﬂVAuvmpdecuﬁz

for all ¢ > 0, where o = 0if 0 € (i(l—&—\/g),l]7 and By > %—40—&—2
otherwise.
We again apply Lemma 2.47 to get

() < C ()2 20-3)

for all ¢ > 0, where 1 < p < 0 + 2. Now by Lemma 2.46 we obtain

/0 lla (PN Au ()|, dr < C ()™

for all t > 0, where B3 = 0if 0 > 0.775 and B3 > (2 (1+20) + 1 — 20
otherwise. We repeat these considerations to get

A|mmﬂVAuvmpdTgc

for all t > 0, if 0 > 2. Therefore by virtue of Lemma 2.47 we obtain time

1
decay estimates
n 1
e @)l < € )7 # 05

forallt > 0, where 1 <p<o+2, foro € (%, 1] , n = 2. Proposition 2.48 is
proved.
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Proof of Theorem 2.44

Using the result of Proposition 2.48 we can prove the following optimal time
decay estimates

e (®)llg, < C ()~ 8077 (2.108)

for all ¢ > 0, where 1 < p < co. Let us prove (2.108) for p = co. We consider
case t > T > 0, since for t € [0,T] we have the estimate (2.108) from Propo-
sition 2.48. Due to Lemma 1.31 with p = oo and r = gﬁ and by using (2.85)
and (2.95), we have

1G (¢t —7) B lul” u (")l
- _ n(o+1) o
< Ce ™ |Blul” u(7)|lpee + C (t —7)" 2 ||Blul” u(r M 222

o1
_ n(o+1)
<C(t—7) 2 u(r)|{ss
for t<r<t Ininterval 0 <7< & 5 from Lemma 1.31 with p = oo and r =1
we get

16 (¢ = 7) Blul” u(7)[l
< Cem ™ |Blul” u(r)llye + C(t=7)" 2 [|Blul” u ()|l

_n o o+1
<Ct-1"F (lu@IgHs + lu (I ).
Therefore

[ ()l < 11G (@) uollp~ +C/ G (¢t =7) Blul” u(7)ll e dr

<19 () uoll +C / (4= 7) 5 () dr

0 [T e=n7F (g + I ) ar

n(o+1) n(o+1)2

t
<Ct F+4+C / (t —7)7 2@ ()" 2Cm) dr
%

vo [ t-nFm dr <ot
0

for all ¢ > 0, since o > 1. Now estimate (2.108) for all 1 < p < oo follows
via the Holder inequality.

We now estimate the L™ norm of the solution. By Lemma 1.31 and by
using (2.85) and (2.95), we find

16 (¢t = 7) Blul” u ()l 1.0
<=7 IBlul”u (g + ClIBJul" u(T)lgr
< C(t =7 Jlu (Mg lu()llgs + C lu (Dllge lu ()l
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therefore, we have
lu @)llgra <G @) uollpra
t

+c/ (t—7)% (r)” 2”dr+c/ ()37 [l () g0
W?+c / 8l (7|

Hence by the Gronwall’s lemma we obtain
[u(@)pr. <C ()2

for all ¢ > 0. Therefore again we arrive at the optimal time decay estimates
(2.92). Using estimates (2.92) via Theorem 1.20, we see that there exists a
unique solution u € C ([0, 00) ; L' (R™") N L> (R")) to the Cauchy problem
(2.82). Thus from Theorem 2.4 we obtain the asymptotics (2.91). Theorem
2.44 is proved.

2.5 Whitham type equation

2.5.1 A model equation

In this section we study the Cauchy problem for the nonlinear nonlocal evo-
lution equations

u+N @)+ Lu=0, z€R,t>0,
w(0,2) = ug (2), z € R,

where the linear part Lu = F¢_,, L (€)@ (t,€) and the nonlinearity A (u) are
pseudodifferential operators defined by the Fourier transformations as follows

(2.109)

N (1) = Fe, / ar (6,€,50) T (6 € —y2) @ (6, y0) dys
R
 Fem / an (b€, 91, 2) A (4,€ — g1 — 1) @ (,31) @ (£ y2) dyadyo.
R2

We suppose that the symbols aq (¢,€,y) and as (t,&,y1,y2) are continuous
functions with respect to time ¢ > 0 and the operators N and £ have a finite
order, that is the symbols a1, as and L grow no faster than a power

lay (t,&,y1) |+ laz (t, €, 91, 92)| + L (§) | < C )" +C (y1)" + C (y2)"

with C > 0.
Model equation (2.109) combines many well-known equations of modern
mathematical physics and describes various wave processes in different media.
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For example, if the solution u (¢, z) is a real-valued function and the nonlin-
earity has the form N (u) = auu,, that is a1 = $a§, a2 = 0, a € R, then we
obtain the Whitham equation Whitham [1999]

U + autly + Lu =0, (2.110)

which contains a number of famous nonlinear equations in the theory of water
waves. If we take the nonlinearity N (u) = a |u|* ug + ¢ (\u|2 u) in equation
xr

(2.109), that is we can also define the nonlinearity taking the complex conju-
gation

N (u) = ?5—”;/ az (t,&,y1,y2) w (t,§ —y1 — y2) U (t,y1) U (t, —y2)dy1dy
R2

with as (t,€,y1,y2) = tay; + ic€, a,c € C, then we obtain the derivative
nonlinear Schrodinger equation with dissipation

u + alu® ug + ¢ (|u|2 u) — UlUgy — Uy = 0, (2.111)

where p > 0. Finally note that under the condition fRu (t,y)dy = 0 for all
t > 0 we can introduce a potential ¢ (¢,z) = ffoo u(t,y) dy, which is also
a decaying function with respect to the space variable x. Then we get the
potential Whitham equation

a
ot + 5(%)2 + Ly =0,

which also follows from (2.109) if we take a1 = —§yoy1, a2 =0, yo = & —y1
with a € R. Some other nonlinear nonlocal equations appearing in the theory
of waves can be found in book Naumkin and Shishmarev [1994b].

2.5.2 Local existence and smoothing effect

We suppose the linear operator L is strongly dissipative, that is

ReL (&) > plgl”, L' <Cle” (2.112)
for all || > 1, where p > 0, v > 0. Suppose that the symbols of the nonlin-
earity A/ are such that

1

> Jokan (1,6 y)] < C©)° (2.113)

=0

forall £ e R,y € R", n=1,2,¢t > 0, where o € [0,v]. We denote ¢ = 2 if
the nonlinear operator A is quadratic: az (t,£,y) = 0 and 9 = 3 otherwise.

Denote
S—lfmin r-o 72V+1
2 v—1" 20 )
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Theorem 2.49. Let the linear operator L satisfy the dissipation condition
(2.112) with v > 0 and the nonlinear operator N satisfy estimates (2.113)
with o € [0,v]. Suppose that the initial data ug € H* (R) N H (R), where
s> 8 we0,1), A\ =min(s,—0). If c = v > 0 we assume additionally
that the norm ||ug||gs.0 s small. Then for some time T > 0 there exists a
unique solution u (t,x) to the Cauchy problem (2.109) such that u(t,x) €
C ([0,7];H* (R)NH** (R)) . In the case of v > 0 we also have u(t,z) €
C' ((0.7): H™ (R)).

For example, let us apply Theorem 2.49 to the Ott - Sudan - Ostrovsky
equation Ostrovsky [1976], Ott and Sudan [1969]

Ut + autly + pHUy + Ugrr = 05

here the symbol L (&) = ulé] — i€, p > 0, and Hu = %PV]R Z(fy;dy is
the Hilbert transformation. We have o = 1 = v. Therefore if ug € H* (R),

s > %, then for some time T' > 0 there exists a unique solution u (t,x) €

C> ({0, T];H> (R)).
Before proving Theorem 2.49 we consider some estimates.

Preliminary lemmas

We define the Green operator G for the linear Cauchy problem

{ut+ﬁu:f,t>0,x€R, (2.114)

u(0,x) = ug, = € R.

Using the Fourier transformation we can formally represent the Green oper-

ator as
600 =Feer (40 H) = [ Gl —n)v@)ay,

where the kernel G (t,z) = F¢_ e (&t Therefore the solution of problem
(2.114) can be written by the Duhamel’s integral

u(t):g(t)uo—i—/o G(t—r)f(r)dr

In the following lemma we prove the smoothing property for the Green
operator G (t) . Let us denote the fractional derivative of order w € (0,1) as
follows

0] 6 (x) = /R 16z — ) — (@) [y~ dy.

To prove the local existence we define two norms
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Il = sup_ |1+ 106*) (©)7FF B (1,6 5(¢)|

1<p<oo

llyew = (1 +10[%) () B (#:€) @ ()l 2ry -

)
L2L?

where F (t,&) = ezt py = min(1,v), w € [0,1), and s € R. We denote
LILY = L7 (R; L7 (0,T)), where T > 0, 1 < p, ¢ < .

Lemma 2.50. Let the linear operator L satisfy dissipation condition (2.112)
with v > 0. Then the following estimates

16 (t) 9|

<C|[llys.
X s,w

t
o SClolhge and | G- n)s(0)ar
0

are valid for any w € [0,1), s € R, provided that the right-hand sides are
bounded.

Proof. By virtue of dissipation condition (2.112) we have

<,
LxLr

(2.115)

sup Hag<g>%e—L<s>tE(t,g)H <C suwp H@%‘e_%tw

1<p<oo LeeLr 1<p<oo

where [ = 0, 1. We have the analogue of the Leibnitz rule

10217 (¢9) < 9 102]" ¢ + [10a]" , Y] 8,

where we define the commutator
0.1 610 = [ (o~ 9) =¥ @16 (= )] Iyl dy.

Since
e (- —y) = (llLe < Clyl 196l

we have estimate of the Besov norm

— 11—
lollgon < / 91~ 1020 llpe dy + 2 |0l / )~ dy
ly|<1 ly|>1

< Cllgllgs + Cl0spllge -

By the Holder inequality we get

< H/dnm”w,g—nn 1 (€ — ) — b (£,€)]

L2LY
< Wlgeers I8l < C (I19lLzry + 10:0llzery ) 160kes -

Therefore via the Leibnitz rule in view of (2.115) we find
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19(8) dllxe <C sup |[(€)F e HOE (1,6) (1+106*) ()" 6 (¢)|

1<p<oo LZLy
+C swp ||[l9el,(0)F e OB (-] ) d00)|
1<p<oo Lth
<C sw [©F HOE@O|, Iollne
1<p<co
1
! % _L(g)tE t s,0 < S,Ww .
+C§;§§J@& ()7 e (@)HL?L? 60 < C 16 1
The first estimate of the lemma is proved. Using the identity
E(tag) = E(t7T7€)E(T7£)7
and denoting ¢ (7,€) = (£)° E (1, ) ¢ (7, £) we obtain
(t—7)v(r)dr
X s,w
t
<0 s || [ar@f £ -ne e O (14 o) 60
1<p<eo /o L2L?
¢
+C sup | a0 ©F Bt -n)e MO0 ome)|
1<p<co /o L2L?
Via the Young inequality we obtain
H/ 104 0 (¢ =, €16 (7€)
L2L?
dT 1+w 7,5—77)_w(t—77§)||¢(77§—77)|
L2L}

< C||¢(t 5)“3“ LY Hd’(t f)||L2L1 < CZ Hag¢ t 5 ||LO0LP ||¢HL2L1 )

=0

hence via (2.115), denoting ¢ (t,&) = (£)° E (t,€) 1) (t,£) we find

<C s |@©F Btge

X 1<p<oco

|| L+ 106[*) & (8 &) Iz

th dr

LLY

rC3 s ot 0.0k

o 1<p<oo

19t Ollzrs < CllYllyse -

LLY

Thus the second estimate of the lemma is true, and Lemma 2.50 is proved.
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Now we estimate the nonlinearity in the norms Y*®*. Denote
N (¢o, ¢1,¢2) = 75&70/ ar (t,&,91) o (t,€ —y1) ¢1 (t,y1) dy
R
+ Fen / L0z (t, &, y1,y2) do (£, € —y1 — y2) 1 (8, 91) 2 (t, y2) dyrdys.
R

As above we denote ¥ = 2 if the nonlinear operator N is quadratic:
as (t,€,y) =0 and ¢ = 3 otherwise.

Lemma 2.51. Let the symbols a, of the monlinear operator N (¢, b1, P2)
satisfy condition (2.113) with o € [0,v], v > 0. Then the inequalities

9—1
IV (@0, ¢1,82)llyo0 < CTY T l6klixe00 »
k=0
v—1 v—1
IV (60, ¢1582)lyne < CTTD ldkllxne [ 165llx00
k=0 j=0,j#k

are valid for any functions ¢, € X500 XM with s > S, A\ = min (—o0,s),
where v =1 if v =0 and v = min (1—g S’S) if v>0.

v’ 2v

Proof. First we consider the case of ¥ = 0 in which we have ¢ = 0 and
1. . . .
s > 5 = 35; by the Young inequality we then obtain

v—1 n
IV (0, 61, 02)llye < C D |[(€)° | dyan [ or (t3x)
n=1 R" k=0 L2L!
9—1 n noo
<CTY / dy > ()" T & (¢ ve)
n=1|YR" =0 k=0 L2Loo
et
9-1 9—1
<OTIE) 65 (t:Ogane [T orllyns < CT T Il
k=0,k#j k=0

In addition,
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HN (¢07 ¢17 (rb?) ||Y0,w >

dya, (0e)° [ [ on (£, yk)
Rn k=0

L?L%
Ay [0 an (1.6,3) IT & .
k=0 LgL%
v—1 9—1
S cT H<a£>w ¢O||L§L§o H Hd)J”LéLf" + cr ”¢0||L§Lt°° H HQSJHLEL?O
j=1 j=1
9—1
<CcT H%on,w H ||¢j||xs,o )
j=1

since

||/ dy (|0, an (t,€,y)] H¢ktyk

LiL

n
< Cllax (t»‘faY)HBgf“L;cho [0 (t7£)||L§Lf" H [ (tvyk)”L?l/ka"
k=1

< CZ |Ozan (t.€,y HLOCL@CLOO H 19kll5ceo -
1=0

Thus we get the results of the lemma in the case of v = 0.
If v > 0 we denote v = min (1 — Z, & ) >0, § = max (0,s+ o). By the
Holder inequality we have

[Pllges < CT7 ¥ llpers

with p = Applylng the Young inequality we obtain

2
IV (b0, D1, d2)llye0 < CZ

E dyan H (bk t yk)
k=0

n=1 R L2L}
v—1 n n
) ~
<o Y| [y ) TLE ) o )
n=1||YB"  j=0 k=0 L2LP
et
91
0
<or || o ., TI 1Béklu,
€7 k=0,k#j

v—1
1 |[©F Bl
—0,k#j

< o1 (€ o)
ez

n
i
L | (Y
k=0
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since ; f—i— - ,s—i-g >0 =max(0,s+0)and s + % > %, which follows

from the condltlons s>Sand 0 <~ < S4_VS . We have

9 -1 -1
V(1—7)=g+TV>9+T—198;

hence s — % — (3 — 422) > 2. Also denoting

an (4,€y) = (&) an (1€ y) B (t,€) HE (t.yx)

we get

||N (¢0) ¢1a ¢)2)||Y>\ w

n

dyan 8§> H E (tv yk) ng (ta yk)

k=0

L2LY
n

dy |af‘ (t7£aY)] H E (t7yk) ;Z/)\k (tvyk)

k=0

)

L2LY

thus by using estimate

||/ dy ‘a§| an t 57 H¢k ayk

27 P
L2L
n

< Cllan (ta§7Y)||BZ’°°L;°Lt°° [ o (taf)”Lng kli[l | P (t,yk)“LzllkL{

s+%
) { Chugh

’<§ /\+" ¢0’

1
<O 0kl g e
1=0
we get

HN ((bOv ¢17 ¢2)HY)\,UJ

LiL}

9—1

< 0T (1190)° Edollzry + 1Bdollizwg ) TT 186511,

< CT7 [0 (€% E (1,€) 60 (¢, €)|

9—1 ,
g L 17 265
1l

L2L]
9—1 9—1
<01 Y lonlxone [I I65llxen
k=0 j=0,j#k

since £+ =1
P
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Proof of Theorem 2.49

We apply general local existence Theorems 1.9 and 1.11. Via the Green oper-
ator G (t) of the linear Cauchy problem (2.114) we write the nonlinear Cauchy
problem (2.109) as the integral equation

t
u(t) =g () Uo—/ G(t—7)N (u) (1) dr. (2.116)
0
By virtue of Lemma 2.50 and Lemma 2.51 we can estimate

t
T ——— H [et-nN@w@ar

< Clluollggeonmre + CIN (W)ly ooy
19—1)
?

< Clluollgsonmr e FCT [Jull xeomxne ([lullxoo + [Jull 320

Xs,OmXA,w

where

[0llx:0nxre = lvllxa0 + [10]lxr0 -
The norms ||v||y«0qys.w and |||/ gaoqga.o are defined similarly. Here s > S,
wel0l),y=1ifrv=0and v = min(l -7, SZVS) if v > 0. Similarly we
estimate the difference

/O G(t— 1) (N (1) - N (un)) dr
< C IV (1) = N (u2)llyorrysne

< OT" (Jlurllxeo + s 35

XS,OmXA,w

) ||U1 - u2||Xs,Dmx>\,w
1
S 5 ||’lL1 - UQHXS,()nX)\,UJ .

Consequently by virtue of Theorems 1.9 and 1.11 there exists a unique solution
u(t,z) € C([0,7]; H*® (R) NH** (R)) of the Cauchy problem (2.109), such
that

[ullxs0nxre < C lluollgs.onpmae -

By Remark 1.10 we see that the existence time T' = T (||ug||gs,0) is sufficiently
small if v > 0. In the case of v = 0 the norm ||ug||g..0 is sufficiently small and
the existence time 7' can be chosen such that T' > 1. By the definition of the
norm X*° we have the smoothing property for the case v > 0

sup o (Ollgo = sup (65 (1,6)|

te[To,T) te[Ty,T) L:
<C(kTo) || sup EEE 0Ol < Clvlxeo.
te[To,T]

2
L&
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for all k& > 0, where Ty € (0,T]. The derivatives with respect to time ¢ > 0
can be estimated directly from equation (2.109), since the symbols a,, (¢) are
t

continuous in time. Therefore in the case of v > 0 the solution u (t,z) €
C! ((0,7];H>*°(R)) . Theorem 2.49 is proved.

2.5.3 Small initial data

We now consider a rather general class of nonlinearities in equation (2.109),
however, we have to assume a smallness condition on the initial data in order
to be able to prove the global existence of solutions. Suppose that the symbols
of the nonlinear operator N are such that

|Okan (t,6.3)] < C ()7 {yo} ™~ [T {ws}™ (2.117)

j=1

forall{ e R,y € R", n=1,2,¢t > 0, where 0, o, > 0,1 =0,1, yo =
§ — >0, y;- Note that condition (2.117) is general enough. We can see that
the examples mentioned above satisfy this assumption if we take into account
the fact that the symbols a,, (¢,£,y) are defined not uniquely. For example, in
the case of nonlinearity N’ = auu,, with u real-valued, we have chosen above
the symbol ay (¢,£,y) = 2a&. Also in this case we can take a; (t,€,y) = iayo,
or ay (t,€,y) = i (£ —yo) a (in view of the symmetry of the integral). If we
make a combination

iayo if |yo| < 1or [§—yo| <1,
%a& otherwise,

o (t.63) - {

then the symbol a; (t,€,y) satisfies condition (2.117) since |yo| < C (€) {yo}
in the domain (Jyo] < 1 or [€ —yo| < 1) and |¢] < C (£) {yo} in the domain
(Iyo| = 1 and [§ — yo| = 1).

Remark 2.52. In the case of nonlinearity N (u) = a|ul® uy + ¢ <|u\2 u) we

can use more general conditions than (2.117)
o— ag,n—I Qjn
[Ogan (1,6, 3)] < €7 {3~ [T {ws3™ (wi)*
j=1

for n = 1,2. By the change of dependent variable v = ?5—% <§>C-7'—.7;_>5u
this case is reduced to (2.117), therefore all the results are true if we replace
the regularity condition s > S on the initial data by the following condition
s>85+¢C.

Let the linear operator L satisfy the dissipation condition

Re L (&) > p{e}’ (&) (2.118)
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for all £ € R, where p > 0, v >0 >0, > 0. To find the asymptotic formulas
for the solution we assume that the symbol L (£) has the following asymptotic
representation in the origin

L&) =ple’ +0 (|§|5+”) (2.119)

for all |{| < 1, where v > 0. Also we suppose that the symbol is smooth
L) eC'(R ( ) and has the estimate

1L/ (&) < C{ey’ M )" (2.120)

for all £ € R. We denote ¥ = 2 if the nonlinear operator A is quadratic:
as (t,&,y) =0 for all y € R? and let ¥ = 3 otherwise. Denote

v—1" 29
5c:min(1+|a1|72+|a2|)7

SS(J,I/,ﬁ);min(V_U 2y+1>,

where |a,| = Z?:o @jn, n =1,2. The constant J. denotes the critical order
with respect to the large time behavior.

Theorem 2.53. Let the linear operator L satisfy conditions (2.118) through
(2.120) with § < 8. Suppose that the nonlinear operator N satisfies es-
timates (2.117) with o € [0,v) if v > 0 or 0 = 0 = v. Let the ini-
tial data uy € H*° (R) N HM (R) be sufficiently small, where s > S,
w > %, A = min(s,—0). Then there exists a unique solution u(t,x) €
CO ([0, 00); H** (R) NH** (R)) of the Cauchy problem (2.109). In the case
of v > 0 we also have a smoothing property u (t,z) € C ((0,00) ; H* (R)).
Moreover, there exists a unique number U, such that the solution u (t,x) has
the following asymptotics

u(t,z) = Ut 3G (xt—%) +O( —3- ) (2.121)

for large time t > 0 uniformly with respect to © € R, where v > 0, G (z) =
Fege P’

Remark 2.54. Note that if the nonlinear term has a zero total mass

/R./\/(u)dac:

then the coefficient U = F fR ug (x) dz, that is the main term of the asymp-
totics is the same as for the linear case. We can guarantee that the coefficient
U in the asymptotic formula (2.121) does not vanish if the initial data are
small with nonzero total mass [ uo (z) dz # 0. If [ ug () dz = 0, the coef-
ficient U can vanish; in that case the solutions decay faster than described by
(2.121).
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As an example we apply Theorem 2.53 to the modified Korteweg-de Vries-
Burgers equation
Ut + u2um — Wlgg + Uggr = 0.
We have 0 = 1,v =2 =4, 6. = 3, x > 0 and S = 0. Therefore if the initial

data ug € H*¥ (R) are sufficiently small, where s > 0, w > %, then there

exists a unique solution u (t,z) € C* ((0,00) ; H** (R)), and asymptotics

1 22
w(t,x) = (drut)” 2 e 20t /

. ug (z) dx + O (t_%_“’)

is true for ¢ — oo, where v > 0. Before proving Theorem 2.53 we consider
some estimates.

Preliminary lemmas

In the next lemmas we give large time decay estimates for the Green function
G (t) in the norm

11l p0 = 1L+ 10¢[*) £:37 ()7 @ (F e »

where s € R, w > 0, p > 0. Denote A®”% = {(b cL?(R): el pw < oo}.
By the result of Lemma 1.38 we obtain the following.

Lemma 2.55. Let the linear operator L satisfy dissipation conditions (2.118)
and (2.120). Then the estimates are valid

16 (% (Dl g0 < € (6% {8}~ mim (16 (Dllg 0+ 6)F 14 (7)) -

1G (£) % (1)l gyper < C 48T 775 {63 10 (7l 0.0

for all0 < 7 <t, whereq >0, p >0, w € (%,1) is such that w < %—i—&if
p=0 and w < § +min (p,d) if p > 0.

By Lemma 1.38 in the next lemma we find the asymptotic formulas for
the linear Cauchy problem (2.114).

Lemma 2.56. Let the linear operator L satisfy dissipation conditions (2.118)
and (2.120) and asymptotic representation (2.119). Then for any ¢ (z) €
As00 N A0 gnd o) (t,z) € C((0,00); A0 N A0 where s > 1, w €
(%, % + 6) we have the asymptotic representation as t > 1 uniformly with
respect to x € R

G(1)6= 001736 (at74) +0 (7 (16l 00 + 19l00.) )

and
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/g (t—7)¢ )dT:téG(xti)/Omz/?(T)dT

0 (s () (10 0o + 19 Dl + T 19 o) ).

where G (x) = ?5_,956_“'5'5, 0 < v < min (%,9 - 1) ,0>1 pBe (O, %) )

Now we estimate the nonlinearity in the norms A®#“. Remind that ¢ = 2
if the nonlinear operator N is quadratic and let 9 = 3 otherwise.

Lemma 2.57. Let the nonlinear operator N satisfy condition (2.117). Then
the inequalities

IV (0, 1, b2) 50,0 < CZ I %0lls10jacn] 0 H 11,50

j 1
and
I—-1 n
H./\/‘(¢07¢17¢2)H50W < CZ Z (||¢O||ao kX0, n W + H¢0||oo kyQ0,n—wW— 70)
n
X H ||¢j||r+o'j,k,ﬁ+0‘j,"’0
j=1

are valid, provided that the right-hand sides are bounded, where w € (% 1)
SER,T>%,ﬁ< %,w<%+a0,n ifogn >0,n=1,2;0,,=s5+0ifj=
and 0; = 0 otherwise.

Proof. By virtue of condition (2.117) we obtain

v—1 n
IV (061,090 < C Y |©)" [ dyan T[ o)
n=1 " k=0 Lg
&t [ dy TT {wd™ |on (r)
/Rn kl;[() 1 k (Yk ’ y

<03 [ a],, TT )

<C Z ||¢0||9+0'7|an| 0 H ||¢J||rﬁ 0°

j=1

1
£

where 3 < % and r > % We now prove the second estimate. Denote

@ (1,6,3) = an (0.6,9) (07" {yo} ™ ] {ue) ™"

k=1
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for n = 1,2. Via condition (2.117) we get

191", an (8. € ¥)1 @ (£, 50, ¥) 2

H/ |<2ln) |77| e (an (€= ny)|+ [ (66 )) @ (630 = 0.Y)
lvo n

L?
dn —
+ 5 e (66— ny) —an (GEYIP (Lyo —n,y)||
lyol>2[n] || L2
hence
||[|af‘w 7214\7-; (tv Ea Y)] P (tv Yo, Y)HLE
dn oy
<C — U yo =} T @ (tyo —m,y)
lyol<2[n] || L2
d w Yo—n _
C / %{yo—n} / {¢}7tde
lyol>2In| [7] Yo
x{yo —n} "D (t,yo — 77»)’)‘ L2
3
w—1 d77
< C|{wo} 7 @ to, )|, ( 1+ (w0} R
L2 lyol>2ln 17
<C H{yo}_“’_vé(t,yo,y)‘ .
3

forall £ e R, yeR", n=12 >0, where w € (%,%—i—ao,n) if g, > 0,
n = 1,2. Therefore, by now taking

Gy, (g0, y) = ()7 H {y} ™" on ()

we get
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”N sOw—CZ

n=1

/ dya, (t,€,y) |0 §n (£, y0,y)

2
L£

Ly (6,6,5)] D (t,y0,y)

2
L&

HWG%I“”%

<cZZH\ag| {eron (¢

n=1 k=0

+e Z Z [y g

— n n
Z >~ (1600l 200 + 19000 —:0) T 19301, 5400
1=1 k=0 j=1

Lemma 2.57 is proved.

121 [ tema)

Proof of Theorem 2.53

By the regularizing effect described in the local existence Theorem 2.49 we
can consider the Cauchy problem (2.109) for ¢ > ¢; > 0 with initial data
Uy =u(t;) € H"O (R)NH** (R) with » > 1, w € (3,1) . Changing t — t; =
t > 0 via the Green operator G (t) of the linear Cauchy problem (2.114) we
write the nonlinear Cauchy problem (2.109) as the integral equation (tildes
are omitted)

u(t) =G (t)ug — /0 G@t—T1)N (u)(r)dr. (2.122)

We apply Theorem 1.17. Denote p,,, = max (3, |a1|, |az|) and define

24
5

lollx=sup sup sup {3 (D5 TF ) ()], gm0

t>0 g€[0,1) p€l0,pm]

p—w | 1
+sup sup  sup {B}() 7 (68,0
t>0 ¢€[0,1) p€l0,pm] :

with r > %, where the norm
1115 pe = 1L+ 106 *) {637 ()" & (#, )z -
Using Lemma 2.55 we get for ¢ € [0,1), p € [0, pim]

||g(t)u0‘|r+qy7p70 S C{t}_q HUOHT,O7w I

(t—7)N (u) (r)dr

7,0,0

<c / dr {t — 7}~ N (u) ()

r+qv,p,0
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for ¢ € [0, 1],
||g(t)u0||r+qy,p70 + <2‘:>_7 ||g(t)u0qu,p,w

~4—3 e
<C(t) {t} " lluoll, ..

/Qt—T v) (1) dr

—w
5

qv,p,w

(t—7)N (v) (1) dr

r+qv,p,0

t/2 o 1
< C/o dr (t —7)" 72 ||V (u) (T)||07O,w

dr{t—7)" 5 {t =1} IN (@) (D)]l,.00

+C )3 / dr (t — 1) F (L= 71N (@) (7)o

for t > 1. By Lemma 2.57 we have

HN( r007CZ”u”r+a|aﬂ\O” ||7“50

9—1
2 _a _lan|+Bn  ni41
SClulxd {r} v (n)” 5 T
n=1
and
9—1 n
HN( ) CZZ(|U||UO kyQ&0,n W ||uHU[),k7aoyn—w—’y,0)
n=1 k=0
= - ey lenlsn g
xHu”wom,mam,o—CHUHXZ{T} v(r)? 20
n=1
hence
t w
| 6t=nw w7y ar - /gt_T () (7) dr
0 rav.p; 0 qu,p,w
<O Y [ ey iy
=~ u X — T T _—
a1 {f—T}q{T}”
219_1 2 -z wty _ loanl+Bn  nt1
O Y [T b )
n=1 0
9—1 .
- @ wt ,M,L d
+C )2 S (1) / (= ) () 4 -
n=1 0 {t — 7} {r}"
<2 fulf (85 {1y
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since 0 < § < 8. = min (1 + |ai],2+ |az|) . Finally, by choosing 3 = 1 — 7,
w = 1+~ with sufficiently small v > 0 we get |a,| + Bn + 2L —w > 6, for
n=119—1.

In the same manner we estimate a difference

¢
| ot =n W @) ) =N ) ) ar

Therefore by virtue of general global existence Theorem 1.17 there exists

a unique solution u (t,z) € C ([t;,00), H" (R) N H** (R)). Now applying

Lemma 2.56 to integral equation (2.122) we can see that the conditions of

Theorem 2.4 are fulfilled. Hence we find the asymptotics (2.121) with coeffi-

cient U:\/%/Ruo (x)dx_\/%/OOOdT/RN(U) (7,2) de.

Note that in view of the estimates for the solution u (¢, ), the coefficient U
can be calculated approximately with any desired accuracy via the integral
equation (2.122). Theorem 2.53 is proved.

< Cllw —vlx ([wllx +[lvllx)-
X

2.5.4 Large initial data

Although Theorem 2.53 is general enough, however the application of Theorem
2.53 to the particular equations gives us rough results since we did not take
into account a special character of the nonlinearity. We now intend to remove
the smallness condition for the initial data. As we know the condition of
strong dissipation (2.118) prevents the effect of blow up for solutions to the
Whitham equation and the nonlinear Schrédinger equation. Therefore, the
classical solutions with any large initial data exist globally in time. Because
of some special symmetry of the nonlinearity of these equations which easily
allows us to estimate the L? norm of the solution. We express this symmetry
property in the following form

Re/BTpBN(w)dx =0 (2.123)

for any function ¢ € C° (R), where B is a pseudodifferential operator, such
that the norm ||Bu/||pz2 is equivalent to the norm of the Sobolev space ||u||gp.0
for some b > 0. The symmetry property (2.123) with B = 1 and b = 0
is fulfilled for the Whitham equation (2.110) and the derivative nonlinear
Schrédinger equation (2.111) if Rea = — Rec.

Now we can state the result analogous to Theorem 2.53 without any re-
striction on the size of the initial data; however the critical order with respect
to the large time behavior 6. = min (1 + |a1]|,2 + |az|) now must be shifted

by % Denote

1 _
S=5(o,v,0) = §—min (H,%?),
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where |a,| = Z;’L:O Qjn, n = 1,2, 9 = 2 if the nonlinear operator N is
quadratic and ¥ = 3 otherwise.

Theorem 2.58. Let the linear operator L satisfy conditions (2.118) through
(2.120) with 6 < 0. — % Suppose that the nonlinear operator N satis-
fies estimates (2.117) with o € [0,v), v > 0 and the symmetry property
(2.123) with b > 152 — ¥=2 Let the initial data uyp € H*® (R) N HM (R),
with s > S, w > %, A = min(s,—0). Then there exists a unique solution
u e C°(0,00); H*? (R) NHM (R)) NC* ((0,00)); H** (R)) of the Cauchy
problem (2.109). Moreover, the solution has asymptotics (2.121).

For example, let us apply Theorem 2.58 to the derivative nonlinear
Schrodinger  equation (2.111) with Rea = —Rec. In this case we have
v=2=194,0.=3,0=1=( and condition (2.123) is fulfilled with b = 0,
so if the initial data up € H>* (R), where s > 1, w > %, then there exists a
unique solution u € C* ((0,00) ; H>*? (R)) with asymptotics

22
u(t,r) = Ut 2 e % +0 <t7%77> ,
where v > 0.

Proof of Theorem 2.58

Since v > 0 because of the smoothing effect the solution u (¢, x) of the Cauchy
problem (2.109) belongs to the space H™ (R) for all ¢ > ¢; with r > 1.
Therefore, we consider Cauchy problem (2.109) for ¢ > ¢; > 0. Multiplying
equation (2.109) by BuB, then by integrating with respect to x € R, and by

using property (2.123), we get

d __ _

p |Bullz. = -2 Re/ (BuBN (u) + BuBLu) dx

R
2
= —2/ ReL (§) ‘Bu‘ d¢;
R

hence by integrating with respect to ¢t > t1, we obtain

sup [|Bu (£)]2. + 2u / 1Bu(8)]2 520 dt < C [1Bu (1) 22

t>t ty

Thus the norm |[Bu ()| is bounded, and there exists a time 7" > ¢; such
that the norms ||Bu (t)||y/2,6/270 are sufficiently small. Hence we can consider
the Cauchy problem (2.109) for ¢ > T > 0 with sufficiently small initial data
u(T) in Amvr0 rp = b+ g > S, p1 > 0 and apply the method of proof
of Theorem 2.53. Changing t — T = ¢ > 0 via the Green operator G (t) of
the linear Cauchy problem (2.114) we write the nonlinear Cauchy problem
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(2.109) as the integral equation (2.122) with initial data ug, which is small in
the norm A™00 ry =b+ % > S, p; > 0. We define a set

Y={¢cS :sup sup sup {t}2()% |u(t < 2
{ 150 ge[0.1) pE[O,pm]{ } < > || ( )||r1+¢]v,p1+p,0

pP—w 1
sup sup  sup T TS ||y (¢ <0
t>0 qe[o,l)pe[o,pm]{ } < > H ( )||T1+qlf,p1+p,w }

Using Lemma 2.55, we get for ¢ € [0,1), p € [0, pp]
L _
Hg (t) u0||r1+qy,p1+p70 S C <t> ° {t} ! ||u0||r17p1,0

and

/0 Gt—7)N () (7)dr

<c /O dr(t =) 5 =7} N @) (D), 0

r1+qv,p1+p,0

By Lemma 2.57 we have

v—1
||N (u)llrl,pl,o S C Z ||u||r1+g7‘an‘+p1,0 ||UHZ,BO

n=1

g—msy _lonl|+B8n n—1, npy
5 2

Jv—1
<O Y )T )RR

where s; = max (0, % - rl) . Hence

¥ {1} / G (t— )N (u) (r) dr

r1+qv,p1+p,0

9—1 t
g—ns |am | n_ n— n
<@ i [ T e
n=1 0

(t—7)% {t — 7}
<2

since by the condition b > 1’7" — =7 we have ="t < 1. Via the condition
O<5<5C—%Weget
n—1 np

5t >0

| + Bn +
forn=19-1if g = % — 7, p1 =7, and v > 0 is small. Similarly

w—p_ 1 —
G (£) ol 4qup < C T 2 {8} uoll,, 0.0
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and

/0 Gt —T1)N (u)(r)dr

’ r1+qu,p,w
t — 1
<c / dr (b — )T F L )N () ()] o
0
By Lemma 2.57 we have

+v _ lanl+Bn _ n

9—1
2 _a wity  Jon|+6n o 4 Py
”N(U)HTLOM SCHU”Y E {T} v <’7’> 3 5 256 775 ;
n=1
hence

)7 {1y

/0 Gt —7)N (u)(r)dr

ri+qv,p,w
9—1
2 ik e [ S
< Cllully Y- (1) {t} ; {t —)
n=1

wty _ lon|+B8n _ n

x{t—r} ) T T B g < o

since |a,| + fn+ & —w > 6, for n = 1,9 — 1, if we choose w = % + ~ with
small v > 0. Likewise we prove that

Therefore by the global existence Theorem 1.17 there exists a unique solu-
tion u (¢,2) € C([T,00),H" (R)). Applying Lemma 2.56 to integral equa-
tion (2.122) we find the asymptotics (2.121) of the solution. Theorem 2.58 is
proved.

< Cfw =vfly (Jwlly +llvlly) -
Y

/Og<t—T>N<w><T>—N<v><T>dT

2.6 Weak dissipation, strong dispersion

Consider the Cauchy problem

{ut+N(u)+£u0,z€R,t>0, (2.124)

U(O,.’E):UO(Z’), zeR;

here the linear part is a pseudodifferential operator defined by the Fourier
transformation Lu = Feop (L (€)W (§)), and the nonlinearity N (u) is a
quadratic pseudodifferential operator

N (w) :?M/Ra@,y)a(t,s—y)au,y)d%
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defined by the symbol a (§,y). We consider here the real-valued solutions
u (t,z) . We suppose that the operators A" and £ have a finite order, that is
the symbols a (§,y) and L (§) grow with respect to £ and y no faster than a
power:

ILEI<CE)" la&u)l<C{O"+ W),

where C' > 0.
Model equation (2.124) contains, for example, the Korteweg-de Vries equa-
tion with linear dissipation

Up + Uy + Ugee +Au =0, € R, t >0, (2.125)

if we take N (u) = iy, LU = Uypzs + Mu, that is a (&,y) = i&, L(£) = X —i&3.
Another example is the Benjamin-Ono equation with dissipation

Uy + Uty + Hge + Lu=0, z € R, t >0, (2.126)

which comes from (2.124) if we assume a (£,y) = i€, L (£) = \/|¢] +i&|€| . For
some other examples we refer to Naumkin and Shishmarev [1994b], Whitham
[1999].

Suppose that the linear operator £ satisfies the dissipation condition which
in terms of the symbol L (§) has the form

ReL (&) > uf{e}’ (&) (2.127)

for all £ € R, where x> 0, v > 0, § > 0. Thus we assume that Re L () does
not grow at all or grows slowly for £ — oco. This behavior of the real part of
the symbol L (§) we refer by the weak dissipation.

Also we suppose that the symbol is smooth L (¢) € C! (R) and has the
estimate

L (©)] < C{ey" ' ()" (2.128)

for all £ € R\ {0}, 1 = 0,1. We assume that the imaginary part |Im d¢L (§)|
of the symbol L (§) grows monotonically and satisfies the estimate

Im 0L ()] = C'(§)” (2.129)

for all £ € R, where p > max (3"2”’,0). This property we call by strong
dispersion.

To find the asymptotic formulas for the solution we assume that the symbol
L (£) has the following asymptotic representation in the origin

L (€)= Lo (&) +0 (I (2.130)

for all |¢| < 1, where Lo (€) = p1 |€]° +ipa [€]°7 €, p1 > 0, pg € R, v > 0.
We suppose that the symbols of the nonlinear operator N are such that

|9ha (& y)| < CLE—u} T (= 93" (€ =) +{u}" (W)) (2.131)
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forall (,y € R, ¢t >0,1=0,1, where a > 0. Without a loss of generality we
can assume the symmetry property a (§,y) = a(§,€ —y).
Denote

G (0) = T (e=14)
and define spaces

A0 — {qS cL?(R): [l 0. < OQ}’
B”' = {$ € L’ (R) : [[¢llg < o0},
D% = {$ € L2 (R) : ¢lpo. < o0}

with the following norms

lollaoe =18 Oz qei<ay» Nellses = " E O lLigez1)

and
lllpo.s = 110" 17 @ ()l
with some fixed v > 0.

Theorem 2.59. Let the linear operator L satisfy conditions (2.127) through
(2.150) with § < 6. = 1+«. Suppose that the nonlinear operator N satisfies es-
timates (2.131). Let the initial data ug € A>*°NB7'ND%? and be sufficiently
small. Then there exists a unique solution u € C° ([O, 00); A%>°nB7! N DO"’)
of the Cauchy problem (2.124). In the case of v > 0 we also have the smooth-
ing property u € C> ((0,00) x R). Moreover, there exists a unique number
A, such that the solution u has the following asymptotics

u(t,x) = At Gy (xt*%) +0 (t’%’71> (2.132)
for large time t > 0 uniformly with respect to x € R, with some 1 > 0.

Remark 2.60. The conditions of the theorem on the initial data ug can also
be expressed in terms of the usual weighted Sobolev spaces as follows

lluoll gotow <€,

where w > % However, the conditions on the initial data ug are described

more precisely in the norms A%*°NB%! N D%,

Remark 2.61. As an example we apply Theorem 2.59 to the Korteweg-de Vries
equation with linear dissipation (2.125). We have c = a =1, v =6 = 0, and
p = 2. Therefore if the initial data ug € H!*« (R) are sufficiently small,
where w > £, then there exists a unique solution u (¢, z) € C* ((0,00) x R),
and asymptotics

u(t,z) = e METEG, (xtf%) /uo (x)dz+ O (672/\15)

is true for t — oo uniformly with respect to x € R.
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To apply results of Section2.1 we obtain in the next subsection some pre-
liminary estimates for the linear and nonlinear operators of equation (2.124)
and give large time asymptotics formulas for the linearized Cauchy problem.
2.6.1 Preliminary Lemmas
First we collect some preliminary estimates for the Green operator G (t) ¢ =
Fen (e’L(g)thb (5)) in the norms

le Dllars = 11" @ Ollzger<ry » e Ollger = 1172 O llep (i1 -
le Ollpee = 10" {17 ()7 @ ()l -

where p,s € R, v € (0,1). The norm AP?P is responsible for the large time
asymptotic properties of solutions and the norm B*? describes the regularity
of solutions. Applying Lemma 1.38 we obtain

Lemma 2.62. Let the linear operator L satisfy dissipation conditions (2.127)
and (2.128). Then the estimates are valid for all t > 0

1G () @llare < C 3578 [|0]| yoa

forp>0,ifp=gq andp+%—%>0if1§p<q§oo,

1G (£) | {7V llellpo.s
where 1 < p < o0, s > 0; in the case of v = 0 we take s =0, and
_L _ s
G () ellpe.s < C(E) 7 {t} 7 [[@llpo.o
J—p _ s
+CO) 7 {t} ¥ (lellao + llellgo.)

where 1 <p<qg<o00,8>0,p>0,v€(0,1) is such that v < § if p=10 and
~v < min (p,d) if p> 0.

=3

Bow < Ce™ 2

Define Gy (t) ¢ = Fes (e‘LO(é)tQAS(f)), where the symbol Ly (§) =

11 |£\5—|—i,u2 |§|671 ¢ is homogeneous, i1, 12 € Rand Go (z) = Fe_y (e 209
By Lemma 1.39 in the next lemma we find the asymptotic formulas for the
Green operator G (t).

Lemma 2.63. Let the linear operator L satisfy dissipation conditions (2.127)
through (2.128) and asymptotic representation (2.130). Then the asymptotics
are true

GW)o=1t"4Gy (at™¥) 4 (0)
+0 (7% Ul6llaow + I9llgos + [@lpn0)
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and
/Ot G(t—7)¢(r)dr =t~ Gy (xt—%) /OOO & (r,0) dr

+0 <<t>lgv sup (r)° % (|4 (7)]] gos + 1Y (T)Iham))

7€(0,t)

+0 <<t>_1§7 sup (1)” (¢ (7)l| go.e + ||¢(T)|Do,o)>

7€(0,t)
as t > 0 uniformly with respect to x € R, where § > 1+ %, v > 0.
Now let us prove the following estimates.

Lemma 2.64. Let s € [0,v) if v > 0 and s = 0 if v = 0. The following
estimates are true for all t > 0

for0>1,p>—-1ifp=1and p >0 if p= o0,

< % sup sup (1) || (7) | aous
AP 1<q<p7>0

/ Gt—7)f(r)dr
0

‘/Otg(t—T)f(T)dT

0= gup (1)
<Oy T sup(r) 7 ([ (7)llgos
Bs:p >0

for 1 <p< oo, and

T

/ Gt —7)f(r)dr < C<t>¥ (Sup <T>07% 1f ()lIpo.o
o >0

De:s
0
+sup ()" (If (D)l av.e + ”f(T)HBOaOC))
for p = 0,a, and v € (0,1) such that v < § if « = 0 and v < min («,d) if
a > 0.

Proof. By virtue of the first estimate of Lemma 2.62 we obtain for p > —1 if
p=1land p>0if p=o0

<c /0 (t =85 () drsup (7)1 (Dllao

t 1 L
+C [ (t=7)7% (1) drsup (1) | £ (1) avs
7>0

t

Gt—7)f(r)dr

0

Ar:p

[MES

1
% sup sup (1)’ £ (7)]| po.s -
p<qg<oo 7>0
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Similarly by the second estimate of Lemma 2.62 we get

for all t > 0, where 1 < p < oo, s€[0,v)if v >0and s =0if v =0. Finally
by the third estimate of Lemma 2.62 we find

+C/ dr(t—7)"7 {t=7}7 (If (Dllaoe + If () go.)

t t X .
/ Gt —7)f (1) dr gc/ e B ()OS - ) R dr
0 Bs:p 0

o+ -L —9—-L o+ L
X sup (7) TS (7)llgos < C ()7 sup (7) T (Dlpos -

/ Gt—7)f(r)dr
0

t
Dp)g<c/0 dr(t—7) "5 {t =11 |1F (Tl poo

0
t
<C [ (=75t =7} drsup (1) |1f (1) lpouo
0 >0

' -7 =t N v dr
+c/o (t—m) () =7} Fd
X sup O (Dl a0 + 1 (D) lgose)

for s € [0,v), p =0, . Thus the third estimate of the lemma is true. Lemma
2.64 is proved.

In the next lemma we estimate the nonlinear terms

N3 (0) = P | a1 (€)3 (6= 9) 3 0)dy
and
No(6.0) = P | a2(€0.2) 36 = 1) 30 = )3 (2) dy.

Lemma 2.65. Suppose that
a1 (€, 9) < CH{E =y} (€ =) +{y}" )7)

for g <1,y € R and
a1 (§,9)| < C ({f — 9} {} + -y {y}ﬁ) €=
for |€] > 1, y € R. Also assume that
a2 (69,2 < CHe =y} ({e—y+ 21 +{e— =)
x ({e=0) +ly -2+ (2)°) - 27 (=)
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for €] > 1, y,z € R, where § > a > 0, A > —1, 0, 01, 03 > 0. Then the
estimates

[N (@)l aor < C(lle Ol aos + lle @)llgor) (e (D) aar + I O)llges)

V1 (@)llgo.r < C ([l (Dl ara + lle Bllge) (e Ol ase + e Ollgon)

and

N2 (6 0) g < C ([0l asira + 10llgos) (9]l acs + |0l ges.n)
X ([[ell ao.ee + llpllgo.e + llpllgest)

+C ([0l a0 + 19llgo.c + 8llgor) (1€l a5 + [|0llBors)

X (lell ao.ce + llellgo. + l[@llgra)

+C([[0llao + 18llgo. + I#llgor) (Il acr + I#lgo1.0)

X (lell as.ee + l#llBo.se + ll@llgesir)

are true, where 3 > a > 0.

Proof. By virtue of the Young inequality we obtain

IV ()]s < H [ leenliete - ne i

L2(jg[<1)

scH | €= =07+ )" ) B (6~ 0 B (el dy
R

L2(lg[<1)

Therefore,

NG (@llaos < €12 (¢l (K3 @ (¢ )z ey

107 2z ers)
< C(llp )l aon + e Ollgor) (e Ol acs + I (@) gar) -

In the same manner we have
NG @)llgor < C |7 LB, |7 1Y @)
3

< C(lle@lars + e Olpes) (e Ol ase + e (B)llgos) -

P
L&

Similarly, we obtain
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N2 (¢, ©)lIo.»

=¢ H/R e-uP (-y+ P +{e-21) w27 (2
x ({ﬁ—y}5+{y—z}ﬁ+{z}f’) ‘3(5—y)3(y—z)@(z))
()7 () L

)72 @ (L

L2(g[>1)

<oty e

1
LE

P
L£

H
—
<
Q
-
<)
—
< e

L

w0 (al,.+ 1

3 LE

my

<[y 20+ e 0 ) ;

hence, the last estimate of the lemma follows. Lemma 2.65 is proved.

Now we estimate the nonlinearity A (u) in the norm D%,
Lemma 2.66. Let condition (2.131) be fulfilled. Then the inequality
IV (@)oo < Clle (D)llpas (e @) aor + [l ()llgor)
+ Clle ®)llpo.o (e (Ol e + [l (D)lger)
+ C (e Ol aa— + e Ollger) Ul (Bl go.e + [l (Bl go.oe)
+C (e Olla-1 +lle ®llgos) (I )l acce + 1@ () lIgo.oe)
1s valid for 1 < p < oo, provided that the right-hand side is bounded.
Proof. Denote
~ @ o @ oy—1
a(§y)=a&y) (-} (€ - +{y}" ¥)")
and
O(t,6y) = - E€—v)" +{}" W) PEE-y 2(ty).
We have

IV @los =107 [ @)@ e

Le

<

~ dndy
[ [t —ng-o-plac-n S
RJ/R ul L

+ H/Rqs(t’.,y) 0:7 @ (-, ) dy (2.133)

Le
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By virtue of condition (2.131) we estimate the first summand as follows

~ dndy
//\95(?2-—n,:y)—‘15(15,-,.y)|a(-—n,y)f+7
R /R Ul

oo
LE

SCH/ (0" - = 9} (= 9)" B (- —9) B (L) dy
R

Lg
+cH/R<|awa< D)} W) (L y) dy

< OOl {17 ()7 @t ) e 12 (®)lly
+ O 10" @)l {37 ()7 @)y

<Clle®llpas (e @l aos + e (@)llgos)
+Clle®lpoo (e Ollaas + lle (D)lger) - (2.134)
Via (2.131) we obtain

Le

N N d
|6£‘7a(€,y):/\a(5—777y) a6l i |1n+”
dn
<C e <C g
temyy [ Ol i< i{e—y) W -

for all f, y € R. Therefore,

H/R@ (t:9) [0 @ (- y) dy

sc“A{-—y}“‘”<~—y>”¢<t,- b) B (ty) dy

oo
LE

+0H/R{-—y}%<t Dl )7 )|

<cfer e, 18 @
+C|tr e, 1078

< C(lle Ollaa—rs +lle Ollges) (e (Ol ao.ce + o Ollgo.oe)

+C(leOlla—s + e @®llgos) (e Ollaces + e Olpos) . (2.135)

In view of (2.133) through (2.135) we get the estimate of the lemma. Lemma
2.66 is finally proved.

2.6.2 Proof of Theorem 2.59

First we prove the existence of classical solutions for the Cauchy problem
(2.124) in the spaces A*? N B%P. Applying the Fourier transformation to



152 2 Weak Nonlinearity

equation (2.124) we transform equation (2.124) by the method similar to the
normal forms of Shatah (see Shatah [1985])

at<t,§>+L<s>a<t,§>=—/Ra@:ymu,g—y)au,y)dy.

We put v (t,&) = U (t,&) e (), then we get
00 (t.6) = [ a6y (t.g ) (ty)dy,
R

where Q (§,y) = L (§)—L (£ —y)— L (y) . Integrating by parts with respect to
time, and considering the symmetry property a (§,y) = a (£,£ — y) we obtain

t
o (t,€) =v(0,6) + / dr /R Dy (£,y) v (1.6 — ) v (r,y) dy
T=t

o [ 9t
R 7=0

t -
+ 2/ dT/ dye™ Q&) gy & y)v(r,€—y)
0 R

></Ra(y,z)v(T,y—z)v(T,z)dz, (2.136)

where

Q& y,2)=Q &y +Q(y,2),

_a&y)
ai (gvy) - Q (g’y)’l/}l (é.ay) )

a2 (5) y) =a (5’ y) ¢2 (ga y) ;

Yo (&,y) = 1 — 1 (§,y), and ¥ (§,y) is the characteristic function of the
domain

fiere << Bliaz1jofiar<ie-n< g =1},

We integrate again by parts in the last integral in (2.136) to get
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v(£6) = v(0.9) /dT/ AW 0y (€,y) v (7,€ — y) v (r.y) dy
" / dr [ a6y 2) 0 (1.6~ 9) v (riy = 2) v (7, 2) dyd
0 R?

T=t

+/ TV ay (€, y) v (1,6 —y) v (r,y) dy
R

7=0
T=t

+ / e REr2ay (€,,2) 0 (1.6 — y) v (ry — 2)v (7, 2) dydz
R2 7=0

t ~
+3 / dr / dydz REVay (€,y, 2) v (1,6 — y)v(r,y — 2)
0 R?2

< [ a) e D - g vinad (2.137)
R
where
wS (E Y,z ) a P
az (§,y,2) = 3 (E.v.2) 1(&y)aly 2),

a4 (55 Y, Z) = 21704 (Ea Y, Z) ai (67 y) a (y7 Z)

Yy (&,y,2) =1 — 3 (&,y,2), and 3 (€,y, 2) is the characteristic function of
the domain

{|§|"’§|§—y|g|§|,§|21} Y ({m P <le—y+il < '5'}

o{ie <te-x1< B1).

Returning to the solution u we write equation (2.137) in the following manner
(O + L) (u— Ny (u) — N3 (u,u)) = No (u) + Ny (1) +3N3 (u, N (u)), (2.138)
where we denote
N5 (@) = Feow [0y (€0 TnE =T rn)du i = 1.2,
Ni(0.6) = Femor [ a3(6.9.2)n€ = )Ty = 2) (7. 2) dy,
Ni(0) = Fems [ 0a692)0(m e = 9) iy = 2) i (r.) dud.
By the Duhamel formula we write (2.138) as the integral equation
u=Ni(u) + N5 (u,u) + G (t) (uo — N1 (uo) — N3 (uo, uo))
t
+ / Gt —7) (N (1) + N (1) + 3N (u, ' () dr- (2.139)
0
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Now we apply Theorem 1.17. Denote
X ={ueC((0,00); A" NB”") : [lul|x < Ce},

where

ptl

P
[6llx=sup sup () > [l¢ (t)l[apn + sup sup (£)? [[¢ ()] ppoe
pE[X,B] >0 p€[0,8] t>0

L4 1
+ sup sup ()77 (6 (1) gos
1<p<oo t>0

and 0 > 1, 8 > « are such that min (%, QTH) > > 1. By condition (2.129)
we have the estimate

Q€W = L&) = LE—y) — L] > C (&) min(yl,|¢ — y)
> (e min (yl' g~y 7)

in the domain
fiere << Bligr=af o i <ie- < Elig 21},

where v > 0 is small. Therefore, by condition (2.131) we get

o JE= 9} (€= )7 + (1) ©))
(€  min (Jy|' g~ 91" 7)
<c({e-w P + - v ) (-0 W)

(€7 lar (& y)l <

for |¢] > 1,y € R, with A=~ —1 > —1 since p > o. In the same manner we
find

()7 laz (&) < C ({6 =9} ¥ + {6~ W)*) (6 )" )°.
for €] > 1,y € R, and
(€7 laz (€ ) < C{E—y}" (€= )" +{y}" W)"),
for |¢] <1, y € R. Therefore,
[Ny ()| oo =0,
and by Lemma 2.65 we get

Ny (W)llgos + V2 (W)llgor < C (lullara + lullges) (lullas.e + llullgon)

_B6_ 1 2 —_p— L 2
<) lullx <C@) T lullx
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|Mémemgcuwum+wmmw>wwAw+wmmw>
_atl 1 _ 1
<O~ F 7% |lullx < C ()7 |lullk

since min (% i) > @ > 1. Thus

VL ()lx + IV (W)ly < C lull , (2.140)

where

1
lélly = sup sup (B ¢ ()]l g0 + sup sup ()75 (16 (1) |gev -
1<p<oo t>0 1<p<c0o t>0

Now we estimate a3 (¢,y,2) and a4 (€,y,2). By condition (2.129) we have
estimate

Q€. 2)| = L (§) —ImL(y—2)~ImL(E—y)—mL(:)
> € (&) min (I — y+ 2|, - 2]
> C () min (|6 —y+ 277 g - 2"

in the domain

{ler<te-v< 821}

({EIP<K y+zViK}U{M|”<M z<<K@)7

where > 0 is small. Therefore by condition (2.131) we obtain

aq (57 y) a (ya Z)

T ag (€, y,2)| < C (T =
()7 " as (&y,2) <C(E) O (E.2)

1/)3 (fa Y, Z)

o AT () ()
€~ y' " min (& —y+ 2", Jg - 2

<Cl{e—yP ({e-y+ a1 +{e-2) (ly— 21" + {1

for || > 1, y,z € R, since 30 — 2p + 2yp — 11 < 0. By an identical approach
we have

()7 lag (& . 2)| + (§)° laa (&,.2)]
<cfe-yP ({6-y+2P +{e-2p)
< ({y— 21" +{=}") (y—2)7 (2)°

for [¢€] > 1, y,z € R, since p > o. Thus by Lemma 2.65 we get
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NG (1, N (1)) g
< C ([lull oo + el goe + lellgor) ([ull gow + l[ullgo.n)
X (I ()| gooe + IV (@)[|go.ce + I (1) g30.)
< ()07 ull X N @)lly < ()77 ullx
hence .
NG (1, N (@) ly < C lullx

In the same manner

1N (v, w)llgos + Vs (u)llge.

< C([[ull asrrn + llullgos) (lull ao.s + llullgo.r)

X ([[ull o, + [[ullgo.ce + o)

+ C ([lull go.s + l[ullgo.e + llullgo.s) (ull ass + lullger)
X ([lull go.oe + l[ullgo.ce + llullgo.r)

+ C ([[ufl o + l[ullgo.e + [[ullo) ([l aos + llullgo.r)

—9— L 3
X ([lull asee + l[ullgoce + llullgos) < {67 flullx;

hence,
NG (u, ) lx + IV (@)ly < C llullx - (2.141)
Therefore applying Lemma 2.62 and Lemma 2.64 via (2.140) to (2.141) we
get the estimate
Ny (W)l x + 1V (u, w)l1x
+11G () (uo — N1 (uo) — N3 (uo, uo))llx

+\ / Gt — 1) (N () + N () + N (N () dr

X
2
S C ||u0||A0,ooﬂBa,lﬂD0,a + C Hu()HAOvOCﬁBU,lmDO,U
+ C |uo|| 0,00 Aot a0,
2 3 4
+C lullx + C|Julx + C |lullx < Ce.

Similarly we consider the differences

/0 G(t—7) Y (NG (w) =N (v)) + N (w, N (w)) = N5 (0,N (0))) dr

j=2,4 x

2 3 2 3
< Cllw =vlx ([wllx + lwlx + llwlx + vllx + lvlx + vlx)

to see that the conditions of Theorem 1.17 are valid. Hence there exists a
unique solution u (¢,z) € X.

To prove the estimate of the solution in the norm D*? we use the usual
integral representation for the Cauchy problem (2.124)
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u(t) =G (t)up — /0 Gt —1)N (u)(r)dr. (2.142)
We define two norms

p—
[6llx, = sup sup () ™ [|¢ ()lpe.o
p=0,a t>0

I8lly, = sup ()" |6 ()]l oo -
t>0

here v € (0, min (1, 4)) is such that v < « if & > 0. By employing Lemma 2.62
and Lemma 2.64 we have the estimate

t
lull, < 16 (8) wollx, + H [ou-nntm
< Ce+ CIN (W)lly, + C N (u)]ly < O,

X1

since by Lemma 2.65 and Lemma 2.66 we find

IV @)lly, + IV (@)lly < C (lullx + llulx, ).

Now applying Lemma 2.63 to integral equation (2.142) we find the asymptotics
(2.132) with the following coefficient

A

% <o>/0°°Nm>><o>dT¢12?/uO (2) dx

\/%/OoodT/N(u(T))(x)d:r.

Thus we see that the large time asymptotics has a quasi linear character,
that is the nonlinearity alters only the coefficient of the main term of the
asymptotic formula. Theorem 2.59 is proved.

2.7 A system of nonlinear equations

Consider a system of nonlinear nonlocal evolution equations
u +N () +Lu=0, xeR", t>0 (2.143)

with initial data v (0,z) = @ (x), € R™, where the unknown function u (¢, x)
is a vector u = {u;}|,_, . Thelinear part of system (2.143) is a pseudodif-
ferential operator defined by the Fourier transformation as follows

Lu=TFeyL (§) Fo_eu,

where the symbol L (§) is a matrix L = {L;x}| . The nonlinearity

N (u) is a quadratic pseudodifferential operator

Jk=1,....m
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N =Feer 3 [ oM (6 ) i (66— ) (t,0) d

k=1

here the symbols a* (t,&,y) are vectors a*! = {a?l}b:l

We suppose that the symbols a*! (t,&,y) are continuous vector-functions
with respect to time ¢ > 0 and the operators N and £ have a finite order, that
is the symbols a*' (¢,¢,y) and L (§) grow with respect to y and ¢ no faster
than a power of some order x

| (1,6, 9)| < C((E)" + W)"), [LEI<CE"

where C' > 0. The absolute value for vectors ’akl| and matrix |L| we un-
derstand as maximum of their components: ’akl’ = mMax;=1, m |a§?l| , L] =
max; k=1, ..m |Ljk| -

Model system (2.143) combines many famous equations. For example, let
the solution u (¢,z) be a real-valued vector-function, m = n, and the linear
part be a Laplacian Lu = —Au. Also consider the nonlinearity of the form

N(u) = (u . V) u+V (—A)_l Z ViViuguyg,

k=1

that is the symbols

G4

e

where 6;; = 1 and §;;, = 0 if j # [. Let the initial data obey the restriction
(V - @) = 0; then the solution w (¢, z) for all ¢ > 0 also satisfy this restriction
(V- u) = 0. Thus from (2.143) we obtain the famous Navier-Stokes system of
equations

af' (t,€,y) = i&d — i,

{ut+(u~V)u+VhAuO, (2.144)

(V-u)=0.

System (2.143) also contains the shallow water system of equations (see
Whitham [1999])

ne + (V-vn) =0,
v+ (v-V)v+Vn =0,

which contains the nonlinearity but does not take into account the dispersion;
here 7 (t,z) is the free surface of water, v (¢,2) is the velocity vector and the
spatial dimension n = 2. If attention is restricted to only the simplest disper-
sion term, then system (2.143) leads to the well-known Boussinesq equations
(see Whitham [1970])

ne+ (V-vn) +3A(V-v) =0,
ve+ (v-V)v+Vn=0.

System (2.143) goes over into the system of Dobrokhotov (see Dobrokhotov
[1987]), in the first approximation for the nonlinearity
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e+ (V- un) + Bv =0,
{vt+(v~V)v+V77=07
where the operator Bu = 77 | Bjv; has the symbols B; (§) = Zé—’l'tanh|§\
and corresponds to the exact potential theory of water waves. Note that the
Boussinesq system is a long wave approximation of the Dobrokhotov system.
Another particular case of system (2.143) is the one-dimensional in spatial
variable z system of equations proposed by Broer (see Broer [1975]), Kaup
(see Kaup [1975])

Nt + (M), — Pze — Waze = 0,
Vg + VUg + g + BUgy = 0

as well as others (see Naumkin and Shishmarev [1994b]). Note that in the
one dimensional case n = m = 1 system (2.143) contains in particular the
Whitham equation (see Whitham [1999])

Uy + uth, + Lu =0,

and thus many important one-dimensional equations, for example, the famous
Korteweg-de Vries equation, Burgers, Benjamin-Ono and others. Thus, the
system (2.143) deserves a serious study.

Suppose for simplicity that the eigenvalues A; () of the matrix L (&)
are distinct for £ € R™ \ {0} and order them according to the increase of
the real parts. We make this supposition to simplify the form of the fun-
damental Cauchy matrix only. For example, if L (£) has a diagonal form
L&) = 116xA; ()l =1, » then the eigenvalues A; () can be arbitrary. Let
the m x m matrix Q (£) = 1Qjk (O k=1, diagonalize the matrix L (),
that is Q71 (&) L (&) Q (&) = ||N; (&) Ojkll; k=1, m» Where §;, = 1if j =k and
01 = 0 otherwise. Consider the system of ordinary differential equations with
constant coefficients depending on a parameter £ € R"
%ﬂ(t,£)+L(§)ﬁ(t,§) =0. (2.145)
Multiplying system (2.145) by Q! (¢) from the left and changing 7 (¢,£) =
Q (&) v (t,&) we diagonalize system (2.145)

d

230 (6:8) = =i (©)v; (1,€);
hence, integrating with respect to time ¢ > 0 we find

vj (t,€) = e~ (0,€) .

Returning to the solution @ (¢, &) we get

m

U (66 =Y e™OY Qi (9 (Q7H(©) ;@ (0,6);
j=1 =1
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therefore
(&) = e 97U (0,9),

where the fundamental Cauchy matrix has the form (see Gelfand and Shilov
[1968])

et = i e MO P (€) (2.146)
j=1
with matrices
Py (&) =||Qu © @7 @), ., - (2.147)

We rewrite the Cauchy problem (2.143) in the form of the integral equation
t
u(t)=g(t) ﬂ*/ G(t—1)N (u)(r)dr, (2.148)
0
where the Green operator G (t) 1) = F¢_, (e*tL(E)Qﬁ (5)) )

2.7.1 Local existence and smoothing effect

Consider the fundamental Cauchy matrix

e~ tL(&) — Z e*”\j(ﬁ)pj (&)
j=1

for the system of ordinary differential equations with constant coefficients
depending on a parameter £ € R"

d

LA+ LEOT(E =0,

Here P; (§) are m x m matrices and \; (§) are eigenvalues of the matrix L (£) .
Let the linear operator L satisfy the dissipation condition expressed in
terms of the eigenvalues of the matrix L (&)

Re; () = plél” (2.149)

for all |£] > 1, where > 0, v > 0 and

007 (O] < C{ey’ ey, |oppg)| < ¢ (2.150)

for all £ € R™, |r| = 0,1, where § > 0. Suppose that the symbols of the
nonlinearity A/ are such that

1

D |oEa (1€ )| < ClE—y)T +C(y)° (2.151)

r|=0
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forall &,y e R", t >0, k,l =1,...,m, where o € [0,v]. Denote

sup H S+PE gp’

||<pHX1 - 1<p<oo LéLf7
= su 1+ [0e|*) (V-7 E(t,- AH ,
lolhe, = sup 410y ¢ F B2,

where E (t,£) = 249" vy =min(1,v), w € [0,1), s >S =3 (0 —v), s_ =
min (s,0), here LgLf = L (R™LP(0,7)), with T € (0,1], 1 < p,q < o0,
and we define the majorant of the fractional derivative of order w € (0, 1) as

0 0(©) = [ 1o(€= ) - 0@l dy

Theorem 2.67. Let the linear operator L satisfy the dissipation condition
(2.149), (2.150) with v > 0 and the nonlinear operator N satisfy estimates
(2.151) with o € [0,v]. We take the initial data & € H* (R™) NH*—+ (R"),
where s > § 45,8 > S, W > 5 +w Ifo = v >0 we suppose addi-
tionally that the norm [|i|l 2+ is small. Then for some time T > 0 there
exists a unique solution u (t,z) to the Cauchy problem (2.143) such that
u € C([0,7T];X1NXy). In the case of v > 0 we also have a smoothing
property u € C ((0,T]; H® (R")).

We can apply Theorem 2.67 to the Navier-Stokes system.

Preliminary lemmas
We define the Green operator G for the Cauchy problem for the linear system
of equations

{ut+£uf,t>0,:z:€R, (2.152)

u(0,x) =u, x € R™

Using the Fourier transformation we can formally represent the Green opera-
tor as

G =Fe (MO0 (©) = | Gltw—y)v()dy,

R'H.

where the kernel

=3 FeweMOP ().
j=1
Therefore the solution of problem (2.152) can be written by the Duhamel’s

integral .
t)ﬂ—F/ G@t—r1)f(r)dr
0

In the following lemma we prove the smoothing property for the Green
operator G (t) . By the result of Lemma 2.50 we have
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Lemma 2.68. Let the linear operator L satisfy dissipation conditions (2.149)
through (2.150) with v > 0. Then the following estimates

1G () dllx, <ClSllgeros 19 (1) Allx, <C [|0llggo_ v

are valid, provided that the right-hand sides are bounded, where s’ > & + s,

W' >w+F, s. =min(s,0).

and

/ Gt—7)Y(r)dr
0

<Cllly,. 5=1.2
X;

Now we estimate the nonlinearity in the norms

ey, = 16" B (4, Bllgar,
lelly, = 10+ 10€[*) ()~ B (t,) Bllgen,

where E (t,€) = 5™ v) = min(1,v), w € [0,1), s > S =
L{Ly =L (R™L"(0,7)), 1 < p,q < oo. Denote

1 (0 —v); here

N(eo)= Y Feew [ o™ (060) Bt~ 1) () dy.
k=1 R»

In the same way as in the proof of Lemma 2.51 we get

Lemma 2.69. Let the symbols a*' (t,£,y) of the nonlinear operator N (¢, @)
satisfy condition (2.151) with 0 < o < v, v > 0. Then the inequalities

IV (2.0l < CT? el 6]k, - 3= 1,2

are valid for any functions p,¢ € X1N Xg with s > S = %(O’ —v), where
U =1ifv=0and ¥ =min (1 - Z,5=5) if v > 0.

v

Proof of Theorem 2.67

Via the Green operator G (t) of the linear Cauchy problem (2.152) we write
the Cauchy problem for nonlinear system (2.143) in the form of the integral
equation

t
w(t) =G ()i — / G(t— )N () (7) dr. (2.153)
0
By virtue of Lemma 2.68 and Lemma 2.69 we get
19ullx,x, < C lullgoronpre—e

and
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/ Git—1)WN (v) =N (D)) dr
0 X1NX2

<CIN (@) =N @)y, qy, < CT [vlx, lv = ollx,x,

where we denote [[v|[x ~x, = [|lvlx, + [[v]x,- The norms [jv|y ~y, and
[Vl s 0mggs— o’ are defined similarly. Here s > S = t(o-v), s- =
min (0,s),w € [0,1),9=1ifv =0and ¥ = min (1 — Z, sl_js) if v > 0. Hence
because of Theorems 1.9 and 1.11 we see that there exists a sufficiently small
time T = T (||u]|gor0) if ¥ > 0; otherwise the norm |[|u]|g.r.0 is sufficiently
small, such that there exists a unique solution u (¢t,z) € C([0,7];X; N Xa3)
of the Cauchy problem (2.143). By the definition of the norm X; we have the
smoothing property for the case of v > 0

sup o Ol = sup[[©F 08,9
tE[T(],T] tE[T(),T]

2
LE

< C(k>TO) sup E(ﬁ,f) <£>S |@ <t75)|

< Clvllx,
te[To,T)

Le

for all k& > 0, where Ty € (0,T]. The derivatives with respect to time ¢ > 0
can be estimated directly from equation (2.143), since the symbols a*! (¢, &, y)
are continuous in time. Therefore, in the case of v > 0 the solution u (¢, x) €
C! ((0,7]; H>*?(R")) . Theorem 2.67 is proved.

2.7.2 Global existence and asymptotic behavior

In this section we consider a rather general class of nonlinearities in the Cauchy
problem (2.143); however, we have to assume the smallness condition on the
initial data to obtain the global existence of solutions. Suppose that the sym-
bols of the nonlinear operator A/ are such that

|0EaM (t,€,y)| < C e -y} e — )T+ O {y} I y)” (2.154)

for all £ € R", y € R", t > 0, where 0 > 0, a > 1, |r| = 0,1. Note that
condition (2.154) is general enough, and the examples mentioned above satisfy
this assumption.

Let the linear operator £ satisfy the dissipation condition which in terms
of the eigenvalues of the matrix L (£) has the form

Re); (€) > n{€}° (€)” (2.155)

for all £ € R™, where u > 0,v >0, > 0.

To find the asymptotic formulas for the solution we assume that the eigen-
values of the symbol L (§) has the following asymptotic representation in the
origin
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A (&) = ny |€\5+O(\5|‘5+W) (2.156)

for all |{] < 1, where p; > 0, v > 0. Also we suppose that the symbol is
smooth L (£) € C! (R™) and has the estimate

|96 (9] < ey’ (2.157)
for all € € R™ \ {0}, |r[ = 0,1 and

> lorp ) <cC (2.158)

|r|=0

for all £ € R™.
Denote S = %(0 —v) as the critical order for the local existence and
6. = n + « denotes the critical order related to the large time asymptotic

behavior. Let
le la,, = {37 ¢ Famegp Dllps

and
le s, . = I+ 10:%){-}* <~>sz—»gs0(t)lngo ;

where s > S, p >0, w > 0.

Theorem 2.70. Let the linear operator L satisfy conditions (2.155) to (2.158)
with & < n + «. Suppose that the nonlinear operator N satisfies estimates
(2.154) with ¢ € [0,v) if v > 0 or 0 = 0 = v. Let the initial data
u e HY (R")NH*—* (R") and be sufficiently small, where s' > 5+s,8>0,
W' > 4§ +w we (0,1), s- =min(s,0). Then there exists a unique solution
u(t,z) € CY([0,00); A=Y NBY0w) of the Cauchy problem (2.143). In the case
v > 0 we also have a smoothing property u (t,z) € C!((0,00); H™ (R")).
Moreover, there exists a unique constant vector A, such that the solution u
has the following asymptotics

u(te) =t5G (w7 ) A+ 0 (t7F7) (2.159)
for large time t > 0 uniformly with respect to x € R™, where v > 0,
G(a) =" P (0) Fepe 1P,
j=1

As an example we apply Theorem 2.70 to the system of equation for surface
waves with dissipation

nt+(V-vn)—An+%A(V-v)=0,
ve+(v-V)o+Vn—Av=0

and to the Dobrokhotov’s system of equations with dissipation
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e+ (V-vn) — An+ Bv =0,
ve+ (v-V)v+Vn—Av=0.

We see that for small initial data (7,0) € (H*?(R")nH" (R"))S, with
5> %, w > 1, there exists a unique solution
(n(t,z),v(t,2)) € (C ((0,00) ; H®? (R"))
NC° ([0, 00); H** (R™) NH™ (R™)))’

of the Cauchy problem satisfying the large time asymptotics (2.159) with the
heat kernel G (z).

Before proving Theorem 2.70 we state some estimates in the next subsec-
tion.

Preliminary lemmas

In the next lemma we give large time decay estimates for the Green function
G (t) in the norms

e ()]

ane = 1Y 07 B0y

and
lo Ollgene = 10 +10¢*) {37 7@ ()l

where s € R, p > 0, w > 0. By Lemma 1.38 we obtain

Lemma 2.71. Let the linear operator L satisfy dissipation conditions (2.155),
(2.157) and (2.158). Then the estimates are valid

1G ()% (Dl aeo <C &) {877 10 () oo

1G (8) % (P aew <C O F {837 6 (7) | oo

and

B SC {75 {877 [ (1)l g
+OM T {7 ¢ (7)o

for all0 < 7 <t, where s >0, p>0,0 >0, w e [0,1) is such that w < ¢ if
p =0 and w < min(p,d) if p> 0. In the case of v =0 we take s = 0.

1G ()% (7)]

By Lemma 1.39 in the next lemma we find the asymptotic formulas for
the linear Cauchy problem (2.152).
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Lemma 2.72. Let the linear operator L satisfy dissipation conditions (2.155)
and (2.158) and asymptotic representation (2.156). Then for any ¢ € A% N
B%%« and ¢ € C ((0,00);A5’0 ﬂBO’O""), where s > 5, w € (0,6) we have
the asymptotic representation as t > 1 uniformly with respect to x € R™

1

G(1)6=t"5G (st ) §(0) + 0 (7" (6]l 00 + [0lgoo.))

where 3 = min (vy,w) > 0, and

/0g(t—T)w(T)det—%G(mt—%)/o b (r,0)dr

+0<t"*a” sup (r)" (<T>?||w<f>||Ao,o+||w<7>||Bo,o,u)>,

T€(0,t)

where the matriz-function G (v) = 3771, fgﬂwe_“f‘f‘st (0),0€(1,2),7 =

In the same manner as in the proof of Lemma 2.57 we obtain estimates of
the nonlinearity in the norms A®* and B*#”%.

Lemma 2.73. Let the nonlinear operator N satisfy condition (2.154). Then
the inequalities

IV (: 9) avo < Cllllaoa |9l aoo + Cllellavo 1]l ace s
IV (¢, 9)llgo.oo < Cllgllgooo 6]l are + Clidllgooo ¢l aca

and

IN (¢, D)oo < Cligllgoaw [8lla0o + Cllellpoow 8]l ara
+ Cllellgoa-wio [0lla00 + Clleligooo [0l a

o,a—wq

are valid, provided that the right-hand sides are bounded, where w € (0,1),
a > wp > w.

Proof of Theorem 2.70

By virtue of the local existence Theorem 2.67 we can consider the Cauchy
problem (2.143) for all ¢ > t; > 0 taking the initial data at a time ¢; > 0
U= u(t) e H O (R") N H** (R") with s’ > 5+ s, w > § 4w, due to
the smoothing effect in the case of v > 0. Via the Green operator G (t) of the
linear Cauchy problem (2.152) we write the nonlinear Cauchy problem (2.143)
as the integral equation (changing ¢t — t; — ¢t if it is necessary)

w(t) = g(t)a—/o G(t— )N (u) (r) dr. (2.160)
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We apply Theorem 1.17. Denote

A L
[¢llx=sup sup sup{t}” (£) [ ()]l 5:.»
s€[0,0] p€[0,a] >0

s, P
+ sup sup sup{t}” (t) ° [[¢(t)|gspw -
s€[0,0] p€[0,a] >0

Using Lemma 2.71 for s € [0,0], p € [0, a] ,we get
1G @) ullasr < CLE} [lttll oo,

and

/0 Gt —71)N (u)(1)dr

for t € [0, 1],where N (v) = N (v,v) . Further we have

t .
<cC / dr {t — 717 |V () ()] o0 »
Asp 0

_ntp
A SC@) 7 ullgoo.

1G ()4l

/ G@t—7)N(u)(r)dr < C'_/§ dr (t — T>7P+Tn [NV () (7) [l go.0.0
0 Asip 0

LC / dr(t—7)"8 {t— 1} N () (7)] oo

2

and

w—p

Berew <O [[ullgoow

G () ul

/0 Gt —1)N (u)(r)dr

<c / dr (t— 1) {8 — 7} F IV (@) (") oo

Bs.ow

t
e / dr (t— )5 {t =717 IV (@) (1) o
for ¢ > 1. By Lemma 2.73 we obtain
IV (@) ()| aoco < C [[t (7| o 1t (7) | goro < CE2 {7} % (1) 3% Jlufl
IV () (M) l[gowo < C llu (7] ave 11 ()00
<O} ()T ulk

and
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IV (w) (T)llgo.o.w < Cllu(T)llgo.aw lu(r)] aco
+ Cllu()l[goa—wro [[4(T)l oo
+ Cllu(m)llgoow [[u ()l g +Cllu(T)lgooo lu (T)l gcia—en

<Ce{r} F (T

hence,

t
< Clull% / dr {t 7y {r)

< Ce{t} ™7 |lullk

/Og(t—T)N(u)(T)dT

Asp

for all t € [0,1]. In addition we have for all ¢ > 1

’ Aswp

< Jlull% ( / dr (t — 1)~ {7} E (1)

(t—7)N (u) (7)dr

ﬁ

+p

) <O lulx )

+/t dr (t—7>7§ {t_T}*ﬁ <T>*%727”

2

and

(t—71)N (u) (1)dr

Bs.o.w

< O lulk (/ dr (-7 (1) E () ()

nto
5

+/O dr{t—r) " {t =71} v {r} v (r) 7 )SCIIUIX<t>5

since 0 < § < n+ « and wy > w is taken sufficiently close to w. In the same
manner we estimate a difference

/0 G (t—7) W (wn) () — N (up) (7)) dr

< Cllur = ug|[x ([[uallx + [luzllx)-

X

Hence via Theorem 1.17 there exists a unique solution
u(t,z) € C ([tl, ), H* (R") N H' (R”)) .

Now applying Lemma 2.72 and Theorem2.4 we find the asymptotics (2.159)
with coefficient
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A= (271')_%/"&(1‘) do — (2m) "2 /000 dr RnN(u) (1,2) dz.

Note that in view of the estimates for the solution w (¢, z), the coefficient A
can be calculated approximately with any desired accuracy via the integral
equation (2.160). Theorem 2.70 is proved.

2.7.3 Large initial data

In Theorem 2.70 we did not take into account a special character of the non-
linearity and in fact we applied the methods of the linear theory, so its applica-
tions to particular systems gives us rough results. In this section we intend to
remove the smallness condition for the initial data. As we know the condition
of strong dissipation (2.155) prevents the effect of blow up for solutions (see,
e.g. Naumkin and Shishmarev [1994b], Naumkin and Shishmarev [1996]) so
that any large classical solutions can exist globally in time. In particular, this
fact is due to some special symmetry of the nonlinearity of these equations,
allowing us to easily estimate the L? norm of the solution. We now write this
symmetry property in the following form

Re/ ) (v-N())dz =0 (2.161)

for any vector-function v € Cg§° (R™). Note that the symmetry property
(2.161) is fulfilled for the Navier-Stokes system.

Now we can state the result analogous to Theorem 2.70 without any re-
striction on the size of the initial data; however, the critical value d. is now
shifted by the value 3.

We suppose that the symbol of the nonlinear operator A is such that

|0Ea* (8,6,9)| < C{&}* " () (2.162)
foral (¢ e R, y € R", t >0, where 0 >0, a > 1, |r| =0, 1.

Theorem 2.74. Let the linear operator L satisfy conditions (2.155) through
(2.158) with 6 < a + %. Suppose that the nonlinear operator N satisfies es-
timates (2.162) with o € [0,v), v > 0 and the symmetry property (2.161).
Let the initial data u € H° (R™) N Hs- ' (R"), with 8" > § +5, 5 > S,
Ww'> %, s =min(s,0), v > %—&—%“ Then there ezists a unique global solution
u(t,z) € C°([0,00); A50 N B%0+) NC! ((0,00)); H*Y (R™)) of the Cauchy
problem (2.1483). Moreover, the solution has asymptotics (2.159).

For example, we can apply Theorem 2.74 to the Navier-Stokes system with
large initial data in space dimension n = 2. The global existence of "large” so-
lutions to the Navier-Stokes system was studied extensively by many authors
(see Ladyzenskaja et al. [1967], Lions [1969], Temam [1979] and references
cited there in). Large time decay estimates of solutions in different norms were
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obtained in papers Ladyzhenskaya [1963], Giga and Kambe [1988], Schonbek
[1986], Schonbek [1991], Wiegner [1987]. Our Theorem 2.74 gives us the fol-
lowing asymptotics as ¢ — oo uniformly with respect to z € R"

uta) =G (o) [ G@dsr0 (1),

where v > 0, G (x) is the heat kernel. Note that the main term of the asymp-
totics has the same form as that of the linear case.
Before proving Theorem 2.74 we consider some estimates.

Preliminary lemmas
Suppose that the symbols of the nonlinear operator N are such that
|0EaM (1,6, )| < C 4 ()7 (2.163)
forall ¢ €e R", y € R", t > 0, where 0 > 0, a > 1, |r| = 0, 1. We use the norm
l Dllasow = 1377 @ ee -
Note that ||| s-p = [l as.e1 -

Lemma 2.75. Let the nonlinear operator N satisfy condition (2.163). Then
the estimate

IV (@, D)l asor < Cllell astopta 10 avor + Cllgll g00.0 19 astoprar

is true provided that the m’ght hand side is bounded, where s > —o, p > —a,

1Sp7Qar<OO757 +771

Proof. By virtue of condition (2.163) via the Young inequality we obtain
N (;8)l| ason

m

/ N kl( 7’7y)9/0\k (t,-—y)(gl (t,y)dy

P
Li
m
}p+a s+o

Bt —y) b (t.y)| dy

P
LE

Z (H{ P )07 )

3

L
+a s+o T
el )

= Cllgllastortaa 19l acor + Cllellavoa 19 actopsanr

-
Le

+ 18l

where % = % + % — 1. Lemma 2.75 is proved.
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Proof of Theorem 2.74

We can easily see that there exists a unique solution
u(t,z) € C ((o, o) ; H* 0 (R™) N HO' (R"))

to the Cauchy problem (2.143), where s" > % + s, w’ > § + w. If the initial
data U can be taken from L? (for example, when v > n — o), then the global
existence of solutions follows through a standard prolongation procedure, in
view of the estimate

) < )

(see (2.164) below). For the global existence of solutions to the Navier-Stokes
system in two dimensional case see Ladyzhenskaya [1963].

Multiplying equation (2.143) by u, then integrating with respect to x €
R™, using property (2.161), we get

d

<l = —2Re/ (u- N (u) + - Lu)do

_ / Re L (€) [a (1, )2 dé < 0; (2.164)

hence we see that the norm || (t)||;2 is bounded and monotonically decreases
for all t > 0. We now prove that

lu(®)]lL> — 0
as t — o0o. On the contrary we assume that there exists €1 > 0 such that
llu(t)|lp2 > €1 for all t > 0.

We take p € (0,1) and write the estimate

/n Re L (€) [ (t, &) d¢ > u/ {3 (&) [a(t, &) de

Rm:|¢|>e
2 ~ 2 2 2
> o’ |u (t)llge — pe®*" Sup @ (61" > pe® [lu ()lILe — we®™™ llu (@)l a0.0. -
<e
Since ||u (t)[|p2 = [Ju (t)|| s0.0.2 is bounded we get via Lemma 2.75

IV () (7| g-o-ame < Cllu(®)llfs < C

hence

ot (1)L v < 16 (8) Wl goow + H [et-nxwma

A0,0,00
t
<C+ c/ dr{t =1 (=) F N () ()| g
0

@

t
§C+C/ {t—7} P -7 Fdr<C{) 5.
0
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Therefore we obtain

| ReL©REOP > e’ (21— Co (0 F)

and p
_za
= lullfe < —pe” (21— Com (1> ). (2.165)
We now choose ¢ = ¢ (t) such that
202

o) =o (¥ )
as t — oo and -

/ 0° (t) dt = .

0
202 1

For example, we can take o (t) = (t)°" ™ (log (2+1t)) ° , sincenow § < a+4

by the condition of Theorem 2.74. Inequality (2.165) yields

d 2 o)
P ullg: < —50a

for all t > Ty > 0, where T} > 0 is sufficiently large. Integrating the last
estimate with respect to ¢ > T3 we see that the norm ||u(t)||i2 becomes
negative after some time. The contradiction obtained proves that ||u ()| . —
0 for t — oo. Integration of (2.164) with respect to t > 0 gives us

sup | ()|122 + 24 / dr / (O a1, )2 de < [l :
>0 0 Rn

hence we see that for any € > 0 there exists 7. > 0 such that the norm
[ (T) | g2 < e

We take T, > 0 as the initial time and consider the Cauchy problem (2.143)
with initial data @ = u (7%) such that the norm

[lla,, < Clltlg-

is sufficiently small, where we suppose that § > 5 + s and s > S =
3 (o —v).Via the Green operator G (¢) of the linear Cauchy problem (2.152)
we write the nonlinear Cauchy problem (2.143) as the integral equation (2.160)

with initial data @. Define a ball

S
)|
&
<
—
~
=
>
m
>
b
A\
Y

Y=<¢ecS: sup sup sup sup{t}” <t>§Jr
s€[0,0] p€[0,a] pe[1,2] >0

K3 L o
sup sup  sup sup {17 ()7 ¢ (1) g
s€[0,0] p€[0,0] p€[l,00] t>0

El p—w
+ sup  sup sup {t}* () 7 (|6 (¢)llge.r gC}.
s€[0,0] p€[0,a] >0
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We define the transformation for v € Y
t
M) (t) =G (t) ﬂ+/ G@t—71)N (v)(r)dr.
0

Now we prove that M is a contraction mapping in Y.
By Lemma 2.71 we have for s € [0,0], p € [0,0], p € [1,2]

M (v) @)

Aser <G () 4l

Asop T H/Otg (t—7)N (v) (r)dr

<ciy i F G ),

Asp:p

n n sto

+C/O§ dr (t—7) 7T I (1) N () (]| p-e-en

e / dr {t — 715 [N (©) (7) | gemors -

Since v € Y, by virtue of Lemma 2.73 we get

IV (0) (Dl a2 < Cllo(7)l| g0 [0(7)l| g0z < C&* (1)

and
IN () ()| as=eunr < Cllv ()] aspran [[0(T)]| a0
< O {r} 7 ()T
therefore,

In the same manner we obtain for s € [0,0], p € [0,a], p € [1, 0]

M ) Oll e < 16 (0l g + H [et-nnw@ar

_s —L_n
<SC{ty 7 () Jlull goo.es

As:p.p

t
fao

+C’/2d7<t77>*p7 Bt
0

s+

N () (7) ] p—ormanoe

+0/1 A7 {t =7} [N (0) (F)l] oo -
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Since v € Y and § < a + 5 in view of Lemma 2.73 we have

W (0) (D)l g-ar-ame < C [0 (7| p002 [0 ()| g0 < Ce ()75

and
[NV (0) (T)]| as—rore < C o (T)|| gssptant |0 (T) ]| g0,
< Celr) 8 (r)
hence
IM () ()| porpr < C {8} % ()57

oo+

o

+Ce/ (t— 7)o
0

t ag S n
+C€/ I e N e e

<C{ )

W {t—1}"

Finally for s € [0,0], p € [0, a] we get

[M (@) (O)llgspe < NG @) Ullps.rw +

/0 G(t— )N (v) () dr

Bs.pw
_s w_p
<C{t} {7 [[ullgoo.

t _, .
e R e G e O TC T
t
+C/ dr(t—71) 3 {t =7} " [N (v) (T) || go.o.w -
0
Estimating by Lemma 2.73

IV () (D)l aso < C
< CVE{r}) ¥ (r)F

(M)l as.e2 10 (7] a0.0.2

SIS

&l
L=

and

IV (v) ()| go.o.e
< Cllv(Mllgoaw [0 (1) aco + Cllo (Nlgea—wro [0 ()l oo
+ Ol (Mlgoow [[v (Tl aca +Cllv(T)llgooo [0 (T)]| gra-wn

w—a
8

S COVE{r}TE(n) T,
we find
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M () @)l gepe
' KR ' <58 = = @ _ 3n
<C{ty vty T JFC\E/ (t—7) 7 {t—7} P {r} V(1) T ® dr
0

w—a

+C\£/O -7V S {t—r} P 7} ()T Fdr
<C{t} v @%

In the same manner we estimate a difference
1
lur — UQHY < ) [lor — U2||Y~

Therefore the transformation M is a contraction mapping in Y; hence there
exists a unique solution u (¢,z) € C ([tl, o), H¥ (R™) N HO' (R")) . Apply-

ing Lemma 2.72 to integral equation (2.160) we find the asymptotics (2.159)
of the solution. Theorem 2.74 is proved.

2.8 Comments

Section 2.1.

Large time asymptotic behavior of solutions for the nonlinear heat equations
and convection-diffusion type equations was studied by many authors, see, e.g. pa-
pers Duro and Carpio [2001], Duro and Zuazua [2000], Kamin and Peletier [1986],
Zhang [2001], and others Dix [1992], Dix [1997], Giga and Kambe [1988], Gmira
and Véron [1984], I'in and Oleinik [1960], Kamin and Peletier [1985], Naumkin and
Shishmarev [1993b], Naumkin and Shishmarev [1993a], Naumkin and Shishmarev
[1994b], Naumkin and Shishmarev [1996], Zuazua [1995].

Section 2.2.

Equation (2.26) with « = 2, b = 0 is a nonlinear heat equation us — ugz +
alul”w =0 ; it was studied in paper Kamin and Peletier [1986] in the supercritical
case o > 2 . Nonlinear dissipative equations with a derivative of a fractional order
in the principal part were studied extensively (see, Bardos et al. [1979], Biler et al.
[1998], Hayashi et al. [2000], Hayashi et al. [2004a], Komatsu [1984] and references
cited therein). Blow-up in finite time of positive solutions to the Cauchy problem

{ut — Uy —u' T =0, u(0,2) =uo (z) >0 (2.166)

was proven in papers Fujita [1966], Weissler [1981] for the case 0 < 0 < 2, a = 2,
in papers Hayakawa [1973], Kobayashi et al. [1977] for the case 0 = 2, o =2, and in
paper Shlesinger et al. [1995] for the case 0 < 0 < o < 2. Global in time existence of
small solutions to (2.166) was proven in Fujita [1966] for the supercritical case o > 2
. In Escobedo and Zuazua [1991] large time behavior of solutions to the convection-
diffusion equation was studied for the case ¢ > 1 without smallness condition on
the data. They showed that when ug € L' | solutions of (2.26) behave like the heat
kernel if o > 1 and the corresponding self-similar solutions if ¢ = 1 . Large time
behavior of solutions to the problem (2.26) with L = —02 +9,|%, 1 < a <2, was
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studied in Biler et al. [2000], Biler et al. [2001a]. Similar results to those of paper
Escobedo and Zuazua [1997] were obtained in Biler et al. [2000] for the supercritical
case 0 > a—1 and in Biler et al. [2001a] for the critical case 0 = a—1 . Their method
is based on the L' (R) - contraction property of the semigroup exp (—t|0,|%) if
1< a <2 (see Bardos et al. [1979]). In paper Naumkin [1992], the asymptotics of
solutions to the Ott-Sudan-Ostrovsky equation for large t and x was considered
by application of the Fourier transformation and by use of the perturbation theory
with respect to the small parameter, characterizing smallness of the initial data. In
this section we developed another approach, based on the detailed investigation of
the Green function of the linear theory. Also we removed the restrictions on the size
of the initial data when considering the special form of the nonlinearity.

Section 2.3.

The power p > 1 + % is supercritical for large time since it is known that
solutions of (2.49) with nonlinearity N (u) = |u[”, 1 < p < 1+ 2, blow-up in a
finite time, when the initial data are positive. See Li and Zhou [1995], Nishihara
[2003], Zuazua [1993].

In papers Kawashima et al. [1995], Matsumura [1976/77] it was shown that under
the condition

(€)7o (€) ()" (¢) e L?
with 6 > %, the Fourier transform of a solution to the linearized problem corre-
sponding to the damped wave equation decays exponentially in time and behaves
like a solution of the linear wave equation in the high - frequency part |£| > % In the
low - frequency part |¢| < 3 the solution resembles that of the linear heat equation.
Therefore some regularity assumptions on the data are required to get L™ time
decay estimates of solutions in the high - frequency part for the case of higher space
dimensions. This fact is an obstacle for considering the problem with fractional or-
der nonlinearities in L°° function spaces in higher space dimensions n > 4 . In the
one dimensional case n = 1 , the global existence in time of small solutions can be
obtained by the method of paper Matsumura [1976/77].

When the initial data are in the Sobolev space ug € Wi (R") N WL (R"),
ur € L' (R") NL>® (R") and n = 3 , the Cauchy problem (2.49) for the damped
wave equation was considered in Nishihara [2003]. By making use of the fundamental
solution of the linear problem, the global existence of small solutions and large time

decay estimates |lul|,, < Ctiﬁ(li%) were proven for 1 < g < co and n = 3 .
Later these requirements on the initial data were relaxed in Ono [2003] as follows
uo € L' R™)NH' (R"), w1 € L' (R™)NL? (R™), under the additional assumptions
on p and ¢ such that p < 5, ¢ < 6 for the space dimension n = 3 and g < oo
for the two dimensional case n = 2. In the case of higher dimensions n = 4,5, the
global existence and L? (R™) - time decay estimates for p < ¢ < p—fl were obtained
via Fourier analysis in paper Narazaki [2004], when the power of the nonlinearity
p is such that 1 + % <p< Z—fg and the initial data are small enough and satisfy
w € WH(R)NW.,_(R")NH*(R"), w € L' (R") N L7 (R")NH' (R").
Applying energyp type estimates obtained in papers Matsumura [1976/77] and
Kawashima et al. [1995] it was proved in Karch [2000b] that solutions of the nonlinear
damped wave equation in the supercritical cases 1 + % <p< 5, ifn=3 and

14+ 2 <p<oo, ifn=1,2, with arbitrary initial data uo € H' (R*) N L' (R"),
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up € L2 (R™) NL'(R™) (that is without smallness assumption on the initial
data) have the same large time asymptotics as the linear heat equation £ = 9, — A:

llu(t) = 0Go ()|, =0 (tg(lzlﬂ))

ast— 00, where2<p< -2 forn=3, 2<p<oo forn=2 and2<p< 0

n—2

12
for n = 1. Here Gy (t,x) = (4mt)" % e is the heat kernel, 0 is a constant.

In the case of higher space dimensions the global existence and energy decay
estimates of solutions to the Cauchy problem for the damped wave equation were
proved in paper Todorova and Yordanov [2001] for p > 1 + % and for sufficiently
small initial data having a compact support. The material of this section was taken
from paper Hayashi et al. [2004d].

Section 2.4.

A wide spectrum of physical processes lead to the Sobolev type equations (see,
Gabov [1998], Gabov and Sveshnikov [1990], Korpusov et al. [1999], Korpusov et al.
[2000], Korpusov and Sveshnikov [2003], Naumkin and Shishmarev [1994b], Sobolev
[1954]). Application of semigroup approach to the general theory of singular Sobolev
type equations was developed in paper Sviridyuk and Fédorov [1995]. The Sobolev
type equation with undefined or uninvertable operator at the highest derivative with
respect to time was studied in Egorov et al. [2000]. The degenerate Sobolev type
equations were investigated from the abstract point of view in Favini and Yagi [1999].
Many results for systems of equations which are not resolved with respect to the
highest time derivative were obtained in Demidenko and Uspenskii [1998]. For the
local solvability of the Sobolev type equations see Gajewski et al. [1974]. Sobolev
type equations with two nonlinearities were considered in Stefanelli [2002]. Sobolev
type equations with monotone non linear terms were studied in Showalter [1997].
In papers Kozhanov [1994], Kozhanov [1999] the blow-up phenomena and global in
time existence of bounded solutions to Sobolev type equations were studied. For
investigation of the blow-up of solutions to various classes of nonlinear parabolic
equations we refer to Fujita [1966], Levine [1973], Mitidieri and Pokhozhaev [2001].
For the large time asymptotics we refer to [Shishmarev]. The results of this section
were published in Kaikina et al. [2005].

Section 2.5.

Last years the large time asymptotics of solutions to the Cauchy problems for
dissipative equations was extensively studied. For the sharp time decay estimates
for solutions see papers Amick et al. [1989], Biler [1984], Bona et al. [1999], Bona
and Luo [2001], Karch [2000a], Lax [1957], Liu [1985], Pego [1986], Schonbek [1986],
Schonbek [1991], Strauss [1981], Vishik [1992], Zhang [1995] and the literature cited
there in. Other works concerning specific equations and proving large time asymp-
totic representations of solutions include Dix [1992], Dix [1997], Giga and Kambe
[1988], Gmira and Véron [1984], Il'in and Oleinik [1960], Kamin and Peletier [1985],
Naumkin and Shishmarev [1993b], Naumkin and Shishmarev [1993a], Naumkin and
Shishmarev [1996], Naumkin and Shishmarev [1994b], Zuazua [1995]. This section
follows the method of paper Cardiel and Naumkin [2002].

Section 2.6.

The large time asymptotic formulas for solutions of dissipative nonlinear nonlocal
equations in the case of weak dissipation and strong dispersion were obtained in
Naumkin and Shishmarev [1993a] via the perturbation theory with respect to the
parameter, which characterizes the smallness of the initial data. In this section we
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develop another approach based on the construction of solutions by the contraction
mapping principle. Also we use a special transformation of the equation similar to
the Shatah (see Shatah [1985]) method of normal forms to consider the case of weak
dissipation and strong dispersion. The results of this section were taken from paper
Kaikina et al. [2003].

Section 2.7.

Some other functional-analytic methods were applied to dissipative equations in
Dix [1997], I'in and Olemik [1960], Kato [1984], Naumkin and Shishmarev [1991],
Naumkin and Shishmarev [1994b], Naumkin and Shishmarev [1995], Zuazua [1995].
The main results of this section were published in paper Kaikina et al. [2004a].



3

Critical Nonconvective Equations

In this chapter we study large time asymptotic behavior of solutions to the
Cauchy problem for different nonlinear dissipative equations in the critical
case: when the time decay rate of the nonlinear term is balanced with that
of the linear part of the equation. Here we consider the nonconvective type
of nonlinearities. The typical example of the nonconvective equation is the
cubic nonlinear heat equation u; + u® — uge = 0, € R, t > 0. The character
of the large time behavior of solutions for nonconvective equations is similar
to the linear case with logarithmic correction in the decay rate. Taking into
account some additional properties such as the maximum principle, positivity
of initial data or weighted energy type estimates we will remove the smallness
condition on the initial data.

3.1 General approach

Now we give a general approach for obtaining the large time asymptotic rep-
resentation of solutions to the Cauchy problem (1.7)

{utJrN(u)JrEuO, reR™, t>0,

u(0,7) = ug (z), r € R", (3.1)

in the case of critical nonlinearity NV (u) of nonconvective type. We fix a metric
space Z of functions defined on R™ and a complete metric space X of functions
defined on [0,00) x R™. We denote as above by Gy € X the asymptotic kernel
for the Green operator G in spaces X, Z with a continuous linear functional
f (see Definition 2.1.)

Definition 3.1. We call the nonlinearity N in equation (3.1) critical non-
convective if the estimate is true

/Ot Re f (N (0Gq (7)) dr > n0° T log (1 + 1) (3.2)

for allt >0, 8 > 0 with some positive constants n and o.
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Now we prove the global existence and obtain large time asymptotics of
small solutions to the Cauchy problem (3.1) with a critical nonlinearity of
nonconvective type. Define the function

g(t)=1+n01og(1+1)
with some positive constants 7, § and o.

Theorem 3.2. Assume that the linear operator L is such that f (L (u)) =
0 for any u € X. Let the nonlinearity N (u) in equation (3.1) be critical
nonconvective. Assume that

N (ue™?) = e RN (u) (3.3)
for any z € C and u € X, where o > 0. Suppose that the estimates are valid

v () f (N (v (1) =N (w(?)))]
<C{ (07 v (@) (v () = w ()llx (lol% + lel%), (3-4)

for allt > 0 and for any v,w € X, v (t) > 0, where a < 1, 0 > 0, and

Hg (0 / g™ (1) 16 (6 — 1) (K (w (1)) — K (w ()] dr

X

< Clo=ulbe (ol + b {14+ M) o)
for any v,w € X such that f (v) = f(w) =0 > 0, where 0 > 0 and K (v) =
N (v) = 5f (N (v)). Let the initial data ug € Z have a small norm |Jugl|, < €
and the mean value 6 = | f (ug)| > Ce > 0 with some C > 0. Then there exists
a unique global solution w € X to the Cauchy problem (3.1) satisfying the
time decay estimate

‘ Q%UHX < Ce.
Moreover if we assume that
t
147 [(Ref W00y () =90+ Ologg () (39)
0

for t — oo, then the asymptotics is true

where 1 (t) satisfies the asymptotic estimate

1+2
<C,

X

Qo z 9
(u Og e GO) loglog (4 + t)

Y (t) =nloglogt+ O (1)

for t — oo, with some constant 17 € R.
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Proof. We change the dependent variable u(t,z) = v (t,z)e #+%®) in
equation (3.1). Then in view of condition (3.3) we get the following equa-
tion for the new unknown function v (¢, x)

v + Lv+ e 7PN (v) — (¢ — i )v = 0.

We now choose the auxiliary functions ¢ (t) and ¢ (¢) by the following condi-
tion

F(e77PN (v) = (¢’ — i)' )v) =0

then in view of the condition f (£ (v)) =0 we obtain a conservation law

d
7 @) =f (v (t))=0.

Hence f (v (t)) = f (vo) for all ¢ > 0. We also choose ¢(0) = 0 and ¢ (0) =
arg f (up) so that

f @) = f(vo) =[f (uo)| =0 >0

and
¢ = 5 TP Ref (N (1), ' = —ge I (N (1),

Thus we obtain the Cauchy problem for the new dependent variable v (¢, x)

vt+£v:—e—0s0 (N(’U)—% (j\/(v)))7 t>0,$€Rn, (3 7)
v (Oa x) = Vo (73) = Ug (.13) e—iargf(uo), z € R™. .
We denote h, (t) = (), then we get

d

ik (t) = ERef(N(U)% ho(0) = 1;

integration with respect to time therefore yields
o [t
hy (t) =1+ 5/ Re f (N (v (7)) dr.
0

Now the integral equation associated with (3.7) can be written as

dr
v (T) 7

v =GWn- [ Ge-nKEE);

where the nonlinearity

and the functional



182 3 Critical Nonconvective Equations

hy (1) =1+ %/0 Re f (N (v (7)) dr.

We now prove the existence of the solution v (¢, z) for integral equation (3.8)
by the contraction mapping principle. We define the transformation M (w)
by the formulas

M (w) = G (t)vo — / G (t—)K (w(r) j (3.9)
and .
ha (1) :1+%/0 Re f (N (w (7)) dr

for any w € B, where

B={weX: f(w)=0, |w|x <C¢,

flog (2-+ &) (w = 0G0 (1) < C=, sup 2 “g)) < 3}.

First we check that the mapping M transforms the set B into itself. Since

FUC @) = F N ()~ 5 f (N () f () =0,

we see that

fM(w)) = f(G(#)vo) = [ (v0) =
By the definition of the asymptotic kernel (see (2.3)) we have
)
|

[log (2 +1) (G (t) vo — 0G0 (1))l x
<O (G () vo — 0Go ()llx < Cllvolly < Ce;

furthermore by the condition of the theorem we get

/Otg<tr>/c<w<7>>fj;)Hx

log (2 + 1) / gL 1) (G (- ) K (w ()| dr

v (Il
g (14 1) < ce

In particular, we see that

log (2 +t)

<3

X

dr
hay (T)

< Ce+Cet < Ce,
X

M@l < 16 @ olc+ | [ G- K ()

X

<C5+CH/ MGt — 1)K (w (7)) dr
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and

[log (2 + ) (M (w) = 0Go (1))l x
< |llog (2 +1) (G (£) vo — 0Go ())lIx

+ log(2—|—t)/0 Gt—7)K(w(r))

ha (7) b'e

It remains to prove the estimate

hastn (0 =1+ 5 [ Ref (W (M (@) dr > 59(0)

for all ¢ > 0. We have by condition (3.2)
t t
1+%/ Re f (N (M (w))) dr = 1+%/ Re f (N (6Gy (1)) dr
0

/ Re f (A N (0Gy (7)) dr > %g(t)—i—R(t), (3.10)

where
R(t) = Z/Ot Re f (N (M (w)) = N (0Go (7)) dr.
By estimate (3.4), we have
[R(8)] < Clllog (2 + 1) (M( ) = 0Go (1)) lIx (IM (w)[Ix + 16Goll%)
/ {r}=¢ log 2+ o@D < Ce” loglog (4 + 7).

Therefore by virtue of (3.10) we find that

1 1
I (8) = 59 () = C"“loglog(4+T)>39()

for all t > 0. Thus we see that M transforms B into itself. Now by virtue of
(3.5) let us estimate the difference

M (v) = M (w)llx

/gt”( D~ g ) o

TOIGE—T) (K (v(r) = K(w(T))
||hv(7

<C

B
\]

+0H/ )16 (=) K (w (7))

< Cllv—wllx <€ 9 H/ TG (¢ = 7) K (w(7))| dr

<0 (14 5) o - wlx < 5 o~ wllx.
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where in view of (3.4) with v (t) = 1 we used the estimate

ho (T) — he
g(7)
< Ce%log (1 + 1)
- 0g(t)
Therefore M is a contraction mapping in the closed set B of a complete

metric space X. Hence there exists a unique global solution v € B to the
Cauchy problem (3.7) such that

ol _ ¢ |t
<o / FN () =N (w(r))) dr

C
v — w”x =7 v — wHX'

1
lollx < Ce, flog (2+1) (v—0Go (t))llx < Ce, ho(t) 2 59(1).

. 1
Using the relation u (¢,2) = v (t,z)e¥®h, 7 (t) we obtain the existence of
the solution to the Cauchy problem (3.1), satisfying the following time decay
estimates ‘

We now prove the asymptotics for the solution. By condition (3.6) and
representation (3.10) we have

1
sul| < Ce.
s¥ull, <

hv(t):l—k%/o Re f (N (v))dr
:1+§/0 Re f (N (0Go (7))) dT
+%/) Ref(N(U) *N(QGO (T)))dT
=g(t)+ O (loglog (4 + 1))

Then via formulas u (t,z) = e~ #O+TW Oy (¢, 2) = hy (t) e Dy (t, ) we
find the estimate

(u — F)Goe*wgfi) <C,

bd
since

QHé —ip (1—=% -1
loglog (4 + ) <9G06 (hv "9 U))

gite A e
gl iy (17 —97F) | IGolx < €

X

< C'sup
>0

Also we have
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b (1) = arg f (o) / r)m f (N (v()) dr

— arg f (o) / ) Im f (N (6o (7)) dr

ol

=1nloglogt+ O (1)

for large ¢ — oo, with some constant 7 € R. This completes the proof of
Theorem 3.2.

Ezxample 3.3. Large time asymptotics for the critical nonlinear heat
equation

Consider the Cauchy problem

{utAu—A|u|Uu, xeR™ t>0,

w(0,2) =uo (z), z € R" (3.11)

for the nonlinear heat equation in the critical case o = %
Denote g (t) = 1+ 0nnlog (1+1t),n= 2‘:11 (1+2) 2,

9—‘/nuo(x)d:1:

Theorem 3.4. Let 0 = 2, X\ < 0. Let the initial data up € L% (R™) N
L? (R"™), a € (0,1], p > 2, have a small norm ||uo||p1.0 + [|uollp, < €, and the
mean value § > Ce > 0 with some C > 0. Then the Cauchy problem (3.11)
has a unique global solution

u(t,z) € C([0,00); L (R") NP (R™)) N C ((0,00) ; L= (R™))

satisfying the asymptotics

w(t)=0Gy () g~ (t)+ 0 ((t—% log~ 371 t) loglogt)
for large time t — oo, uniformly with respect to x € R".

The Green operator G (t) of the linear heat equation has the form
G o= | Gtx—y)o(y)dy,
R’Vl
where the heat kernel G (¢, ) is

z|2

G (t,2) = (4nt)"F e~
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By Lemma 1.28 we have the estimates

1G (1) ¢llpe < C oLy (3.12)

and

| @@ e—vGo ||, <cerlGvs

(3.13)

for all t > 0, where 1 < p < 00, 0 < b < qa, ¥ = fanb(x)dx and the
asymptotic kernel is

Go (t,2) = (4n (t + 1)) ¢~ 7.
To apply Theorem 3.2 we choose as above the space
Z={pel” R")NL"*R")}
with a € (0,1] and p > 1 and the space
X = {6 € C(10,50);2) N C((0,00): L= (R™) : [|6llx < o},
where the norm

I6llx = sup (7% 6 Dllgae + (2075 16 @l )
t>0
sup (1) (17 6 (1)

Definition 3.5. We say that the triad (X,Y,G) is concordant if for any ¢
such that f (¢) = 0 the following inequality

d
os(z+0) [ 6-ns ] <clely

1s valid, provided that the right-hand side is finite.

Define the norm
I9lly =sup {137 () (6% 10 ().
+ 0 6 Ol + {5 F 16 @) )

Let us prove that the triad (X,Y,G) is concordant. In view of the estimate
g~ (7) <1 and estimates of the local existence Theorem 1.13 we get

+

/0 gL TG (- 7) b (r)dr

Loe

/ gL ()G (E—T) b (r)dr
0 Ll.a

<Cloly <Cliglly 97" () (3.14)
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for all 0 < ¢t < 1. We now consider ¢ > 1. We have the estimate <t>_% <
Cg~'(t) and
-1
sup ¢t (r)<C (1 + G%nlog (1 + \/{5))
TE[V1,t]
0% -
<C (1 + ”2”7 log (1 +t)> <Cg(1); (3.15)

hence by virtue of (3.12), (3.13) we obtain

\/Z n(l a a_q _2 2 1—a
<o [ -t @i s (3 () 0 (0l

/0 G )Gt —7)6(r)dr

La

n

g (#) / PG sup =261 g (7)1

i T>1

1 n

<0t (7% 4 g7 ) olly < Co7t () 1* Y olly

for all ¢ > 4, where 1 < ¢ < oo. Similarly we have via (3.12) and (3.13)

/O LG (- 7) b (r)dr

\/E a 2 2 a
<O [ a0 0 0l

Ll,a

t 5 .

wog o) [ @ ey e 6 ()l
Vit T>1

<Ot +g7 (1) oy < Ca~t (1) €2 16l

for all ¢ > 1. Hence the triad (X,Y,§) is concordant.
By a direct computation we have

t t
/Ref(N(0G0 (T)))dT:waU“/ G (1, x) dadr
0 0 R”

t 2 2 n
=|A|9“+1(4w)‘%‘1// e () g (7 4+ 1) F L dr
O n

_ 2\ "% [t d
= [\ 67! (4m) ! (1 - > / T
n o 1+7

= gnQUH log (1 + 1)
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and

N (ue™?) = €* ’ueleg ue ¥ =e PN (u);

so conditions (3.2), (3.3) and (3.6) are fulfilled. Since by interpolation inequal-
ity (1.4)

log (2+1) [NV (v (8)) = N (w (1))
< Clog (2 +t) (v (DllL~ + llw ) T) [[v (£) = w ()]s
<C{t}F ) log 2+ 4) (v —w)llx (loll% + lwl%)
condition (3.4) is true. By estimates (1.24) we have
1K (v) = K (w)lly <[V (v) =N (w)lly
+ g (e + lwlh)sup (81 8) 1A (0 0) = A7 (10 ()

45 o= wlhsup {6} () (W (0 () s + IV (@ (O)lg)

- - 1 1
< Cllo = whe (ol + ) (14 3 ol + 5 ol )

Since the triad (X, Y, G) is concordant we see that condition (3.5) is fulfilled.
Now applying Theorem 3.2 we easily get the results of Theorem 3.4.

Ezample 3.6. The case of odd solutions to the nonlinear heat equation

Now let us consider problem (3.11) with some special initial data ug (),
which are odd functions in R"™, that is

Uo (T1y ey =Ty ooy Tpy) = —UQ (X1, ooy Tjy ony Ti)

for every 7 = 1,2,...,n. In this case the solutions u (¢,2) will also be odd
functions with respect to x € R™. Now the critical value is 0 = %
Define the space Z

Z={¢cL"(R")NL?(R"): ¢ is odd function in R"},
where now a € (n,n + 1], and p > 1 and the space

X ={¢ € C([0,00);Z) N C((0,00); L= (R")) :
¢ is odd function in R"™ and ||¢||x < oo},

where the norm
Ilx = sup ()7 116 (Bl + B F 16 )L
t>0

+sup {15 ()" [|op (1) |y, -
>0
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Also we define the norm to estimate the nonlinearity
1 _a=n
lolly = sup {837 (&) ()= llé (1) 0.
>0
(O™ 6 Bl + (T (0 16 (0)L)

Denote g (t) = 1+ 67T 1nlog (1 +1),

| 2

n= A (am)~F [ eSO [Ty e >0,
.
and

0= / U (ac)ijdx .
=

Theorem 3.7. Let ¢ = %, A < 0. Assume that the initial data ug are odd
functions in R™, and up € LY* (R") NL? (R"), with a € (n,n+1], p > 1.
Also suppose that the norm ||uol|p 1. + ||uolly, is sufficiently small and the
mean value > Ce > 0 with some C > 0. Then the Cauchy problem (3.11)
has a unique global solution

u(t,z) € C([0,00); LY (R") NL? (R™)) N C ((0,00); L™ (R™))
satisfying the asymptotics

n " Zj z|? n
u(t)=0g"2 (1) 71—[] e 540 ((f" log= 2" t) log log t) (3.16)
drm2te

for large time t — oo, uniformly with respect to x € R".

Remark 3.8. Note that in the domain z = O (\/f) the main term of the as-
ymptotics (3.16) behaves like O (t‘" log7% t), so the remainder term decays

faster. In the domains = o (\[ ) and % — 00 the main term of the asymp-

totic representation (3.16) decays faster than the remainder term. So formula
(3.16) gives only a decay estimate for these cases. Below in Section 3.3 we will
obtain uniform asymptotic representations for solutions.

The Green operator G (t) of the linear heat equation has now the asymp-

totic kernel
]2

1
Go (t,z) = ———¢e @D | |z,
gnrd (t+1)F H !
if we define the functional f : Z — R, by

(o) = H zjd.

th,
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Using Lemma 1.30 with § = v = 2 we get
n _a—b
[ @@ e -veo @), <or i ol @D

for all ¢ > 0, where

R

U= ¢ (x) Ha:jdx,
j=1

1<r<¢g<oo0,>0,0<b<a.

Now let us prove that the triad (X,Y,G) is concordant. In view of the
estimate g~1 (7) < 1 and estimates of the local existence Theorem 1.13 we
get (3.14) for all 0 < ¢ < 1. We now consider ¢ > 1. We have the estimate

a—n

(ty” % < Cg~'(t) and (3.15); hence by virtue of (3.17) we obtain

/0 g (PGt —7)6(r)dr

L4
\/Z n a—n a—n 1
<C || @t—7)""2" 7 ()7 My wdr
0
1 _a—n
xsup {32 (1) |6 (7)l|pre
7>0
+Cg™ (1) / () ETE ) T )
NG

1 _a—n
xsup {1} (1)~ 6 (1) e

e (1) /

t
2 _n-1 I4n—2
72 " ldrsup 7' T 2

T>1

19 (7)lq

t

2

<t (05 4 g7 (1) lelly < CoT T 6]y

for all t > 1, where 1 < ¢ < co. In the same manner we have via (3.12) and
(3.13)

/0 gL TG (t—T) b (r)dr

Lla
v asn 4 o 1, q_a=n
<o [T B draw (0 (01 90 s
0 T
t —n 1 a—n
+O @) [ T ot 6 ()
Vi T>1

<Ce (85 + g7 0T ) ey < Cg™ (O lolly

for all ¢ > 4. Thus the triad (X,Y,G) is concordant.
By a direct computation we have
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t

/ Re f (N (0Gq (1)) dT

0

t n
S\ / / |Go (1,2)|” Gy (¢, x) H zjdxdr
0 Rn j=1
= A 67F! (dm) / / e T ) T oy 172 da (7 + 1) 5% dr
o JRr i

¢
dr
=07t /72 0° 1 log (1 +1);
U R il og (1+1);
hence conditions (3.2), (3.3) and (3.6) are fulfilled. Since by interpolation
inequality (1.4)

log (2+1) [NV (v (8)) =N (w (1)1
<C{ty 5 ) log 2+ 1) (v —w)llx (loll% + lw]%) (3.18)

condition (3.4) is true. By estimates (1.24) as above we have

1K (v) = K (w)lly <Cllv—wlx (lvllx + llwlx) (1 + % (l[ollx + Ilex)> :

(3.19)
Since the triad (X,Y,G) is concordant we see that condition (3.5) is fulfilled.
Now applying Theorem 3.2 we readily obtain the results of Theorem 3.7.
Theorem 3.7 is proved.

Ezample 3.9. Burgers type equations with initial data having zero
mean value

Now we consider the Cauchy problem for the Burgers type equation (1.18)
with initial data having zero mean value [, uo (¢)dz = 0. Since the nonlin-
earity is a full derivative the solutions also have a zero mean value for all times.
Then we will show that the asymptotics is defined by the first moments of the
initial data. So the nonlinearity (A-V)|u|”"" of the Burgers type equation
(1.18) behaves for large times like a nonconvective one.

By the rotation in the x - plane we always can transform the Burgers type
equations (1.18) to the form, where the vector A = (—1,0,...,0). We now
consider the problem

up — Au — Oy, (|u|"+1) =0, zeR" t>0, (3.20)
U(O,SC) = Uo (x)a z € R",

where o > 0.
Define the space Z

Z={¢cL"(R")NL (R")},
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where now a € (1,2], and p > 1 and the space
X ={¢eC([0,00);Z)NC((0,00); W, (R")) : [l¢]lx < oo},

where the norm

n

Ilx = sup (77 116 (Dl + (0F 5 6 D)l )
t>0
sup ({5 (0°F o Ol + (FH0F V6 (1))

Also we consider the norm

I9lly = sup (115 () ()7 10 (D10

ntl_ n

n no o omdl
+{@) 7 o Ol +{tr> () 2 ||¢(t)||Loo)-
We choose the asymptotic kernel

21 ~ sy
Q 1+ €
(4m)> (t+1) >

Go (ﬁ, 3?) =

and the functional f (¢) = [g. ¢ (x) z1dz. Denote g (t) = 1407 'nlog (1 + 1),

2
=2 (14 25) |x1|%+1+1 dz > 0,

n= |/\|(47r)_%_2("n+1)/ e~

and

9:/ ug (x) z1dx.

Theorem 3.10. Let 0 = %4-1 Assume that the initial data ug € LP (R™) N
LY (R™), with a € (1,2] and p > 1. Let the mean value [g, uo (z)dx = 0
and the moments [g, xjuo(x)de = 0, j # 1, [g.z1uo (x)dz > 0. Sup-
pose that the norm ||uo|pia + ||uoll, = € is sufficiently small and the
mean value 8 > Ce > 0 with some C' > 0. Then the Cauchy problem
for the Burgers type equation (3.20) has a unique global solution u (t,x) €
C ([0,00) ;LY (R™) NL? (R™)) N C((0,00) ; L™ (R™)) satisfying the asymp-
totics
u(t) = 0Gq (¢) g (t)+ 0O (t_nTH log=2 't loglog t)

for large time t — oo, uniformly with respect to x € R™.

Using Lemma 1.30 with § = v = 2 we get
[P @ —veow)|  <cr#HE T oL, @2

for all t > 0, where
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9= ¢ (x) x1dz,

Rn
1<r<g<oo,1<b<a.

Let us prove that the triad (X,Y,G) is concordant. In view of the estimate
g~ (7) < 1 and estimates of the local existence Theorem 1.13 we get (3.14) for

a—1

all 0 <t < 1. We now consider ¢ > 1. We have the estimate (t)” 7 < Cg~! (¢)
and (3.15); thus by virtue of (3.21) we obtain

x sup {7} (1)1 T (|6 (7) |
>0

t

#Co ) [ T )T )

x sup {7} (1)1 (|6 (1) |
>0

#0@) [ oA ol
T

2
_ntly n _a-1 _ _ _ntln
<O (17 4 g7 (1) llly < CoT @ T ]y

for all ¢ > 1, where 1 < ¢ < oco. In the identical manner we have via (3.12)
and (3.13)

/0 G )G (E—T) b (r)dr

Ll.a

vi a—1 1 R _a-1
<c [T @ T B s ()F @O 6 ()

t L L e
Rl N e R T e T TS

<Ce (6T g7 08T ) Iolly <Cg™ (T dlly

for all ¢ > 4. Hence the triad (X,Y,G) is concordant.
By a direct computation we have
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t i
T T = otl r,z)7 ! T
| Rerwcoca =it [ Gy ) dad

t =2 "
= |\ gt (47r)_%(1+0) / / ¢~ Ty (1+0) 21|t da (7 + 1)_(1+")(1+5) dr
0 n

n

n n 1}2 t
— A6+ (zmrrm/ e~ (1+74) mﬁlﬂdm/ dr
o 14+71

todr
__ po+1 _ o+1
=0 77/0 1+T—n9 log (1+1),
so conditions (3.2), (3.3) and (3.6) are fulfilled. By interpolation inequality
(1.4) we have (3.18); hence condition (3.4) is true. By estimates (1.24) we
have (3.19). Since the triad (X,Y,G) is concordant we see that condition
(3.5) is also fulfilled. Now applying Theorem 3.2 we easily get the results of
Theorem 3.10 which is now proved.

3.2 Fractional equations

In this section we study nonlinear equations with fractional power of the
negative Laplacian

{atwa(A)5u+ﬂ|u|5u+ulul“u0, zERME>0, (399

u(0,2) =ug (z), z € R",

where a, 3,v € C, Rea >0, p >0, k > % > (. Furthermore we assume that
Re 36 (a, p) > 0 where

L
n

S(ap) = [ 16@IFGa)da,

and G (z) = Fey (e7€”) . The nonlinearity \u|% u is critical and |u|” u is
asymptotically weak. In this section we prove global in time existence of small
solutions to the Cauchy problem (3.22).

3.2.1 Small data
Denote g (t) =1+ 6nnlog (1+1t), n=pRefd (o, p), 0 = (277)% |t (0)].

We assume that Re 86 (o, p) > 0. Note that in the particular case of p = 2
the condition Re 3§ (a, p) > 0 takes the form

e (2 £) o - £02) ™ = 1| (2 2) o 2

sin (2 arg «) > 50

1+ 27" + cos (2arg «)

n
2

n
X COS <arg 08— 5 arctan

In this subsection we prove the following result.
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Theorem 3.11. Assume that Rea > 0, 0 < £ < xk and Re 30 (o, p) >
Furthermore let ug € L (R*)NLY* (R"), a € (0, min (1, p)) and |i(0)| >
Then there ezists a positive € such that if |||l + [|uollpie < €, |Go(0)

0.
0.
| >
Ce, then the Cauchy problem (3.22) has a unique global solution u(t,x) €
C ([0,00) ;L1 (R™)) N C ((0,00) ; L>° (R™)) satisfying the asymptotics
u(t,z) =0t »G (f%m) g (t)e?®
+0 (t_%g_l_% (t)loglogt )

for t — oo uniformly with respect to x € R™. Here 1 (t) satisfies the estimate

'¢ (t) — arg o (0) + 9%77/0 g (nQ+7) " dr

t
< Celtn / gV F (D)logg () (1 + 1) dr,
0
where 17 = Im 86 («, p) .

Proof of Theorem 3.11
The Green operator G (t) is given by
— —alélPt 2 _n _1
G(1)0=TFemse "5e) =173 [ G(67Hw-w) oty (329
with a kernel G (z) = Fe_, (e72I¢I").
Using result of Lemma 1.28 we have

Lemma 3.12. Suppose that the function ¢ € L= (R™) N LY (R™), where
a € (0,1). Then the estimates

1G (t) ¢l < CllllLs
and

< OG5 |6 g

1 (gwe vt 36 (7 ()]

Ly
are valid for all t > 0, where

1<p<o0, 0<w<a, ¥= ¢ () dx.
RTL

To apply Theorem 3.2 we choose the space

Z={¢cL>*R")NL" (R")}
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with a € (0, min(1, p)] and the space
X ={p€C([0,00):Z): [lpllx < oo},

with the norm
¢l =sup (07 16 Bllgoe + 116 Ol + 6% 16 Dl )
t>0

where a € (0,1) . Also we define the norm || f|ly = ||{t) f ()|x -
Denote

Go(t,x)=(t+1)FC ((t+ 1)—%:5) .

Using Lemma 3.12 we clearly see that according to Definition 2.1 the func-
tion Gy (¢, z) is the asymptotic kernel for the operator G in spaces X, Z with
continuous linear functional

and vy = 2.
P

We now prove that the triad (X,Y,G) is concordant. In view of the es-
timate ¢g~1 (1) < 1 and estimates of the local existence Theorem 1.13 we
get (3.14) for all 0 < ¢t < 1. We now consider ¢ > 1. We have the estimate

(t)”% < Cg~*(t) and (3.15). Hence by virtue of Lemma 3.12 we obtain

Vi n(1l a a _a
<c / (t—r)F G U sup (14 1) % (L4 7) £ (D)l

7>0

/0 g ()Gt~ 7)f (r)dr

LPr

+Og (1) / =G5 5 M sup (14 1) 5 |1+ 7) £ ()l|pee
Vit >0

Oy (1) / P3G "grsup (147G (14 7) £ () s

t >0
<c (G054 e G)) 0 +0 £ o)k
<Cg s G+ 1) £ (1 2)x

for 1 < p < o0, and
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|/ )G~ (7) dr
Vi

Ll.a

<C Pl drsup (L+7) 7% || f (7)o
>0

0 - )

+Cg" (t)/ Trldmg%(l +7) I (T)llpra
<Ce(t5 +g7 08 ) 11 +) £ (t.2)lx
<Cg () te |(L+1) f (ta)lx

for all ¢ > 1. Hence the triad (X,Y,§) is concordant.
By a direct computation we have

t t o
/ Re f (N (G (1)) dr = |B| 67! Re/ Ge 't (r,x) dwdr
0 0o JR™

t
+ vt Re/ / GEtY (7, x) dedr > 07 nlog (1+1),
O n

where n = pRe 36 (o, p) . Finally conditions (3.2) and (3.6) with g (t) =1+
07 nlog (1 + t) are fulfilled; therefore the nonlinearity is critical nonconvective.

Since we cannot directly apply Theorem 3.2 we need to carry out some
modifications. As in the proof of Theorem 3.2 we make a change of the depen-
dent variable u (t,z) = v (t,z) e~ #M+% ") Then for the new function v (¢, z)
we get the following equation

O+ (—A)g v+ Ben? |v|% v4+ve " || v — (¢ — iy )v=0.

Assume that

/n (ge—%w v

the mean value of the new function v (¢, x) then satisfies a conservation law:
d
dt RIL

Consequently v (¢,0) = vp (0) for all ¢ > 0. We can choose ¢(0) = 0 and ¢ (0)
such that

"o+ ve " o) v — (¢ — i@[/)v) dr = 0;

v(t,z)dx = 0.

_n
2

80 (0) = [0 (0)] = 8 (27) "% > 0.

Thus we consider the Cauchy problem for the new dependent variables
(v (t,z), 0 (1))
v +a(—A)fv=—Be ¥ (\v . 5 Jrn o[ vdx) v
—ve™ " (Jv]" = § [ga [v]" vda) v,
Dip (t) = e~ 5% (Re B [ [0] vde + (8= Re [ o] vdz),
v (0,z) = vo (x), ¢(0) =0.

(3.24)
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Denote h (t) = en?®) and write (3.24) as

8tv+a(—A)gv:F(v,h), v (0,2) = vy (),
Oth = £~ (ReﬁfRn |v|% vdz + b Rev [z, |v\'€vdx> , h(0) =1,

F(v,h) = —Bh~! (|v Q 1/ |v Q vdm) v
0 Jrn

sn 1
—vh™ 7 <|U|K - @/ |v|nvdx> v.
RTI,

—

Note that the mean value of the nonlinearity F' (v, h) (¢,0) = 0 for all £ > 0.
Denote by

where

N = ﬁ|u|%u7 No = v |ul® u.

Now let us check the conditions (3.4) and (3.5) of Theorem 3.2 for each non-
linearity N;. Since

v (1) NG (0 (6) = NG (w (0)].
< v (®) (o Olf= + o @) 1E= ) o (€)= w @l
<Oy @) 0 —w)lx (Iolg + lolg)

condition (3.4) is true. Also we have

15 (0) = K5 )y < IAG (0) = NG (w)]ly
+ g vl + ) sup () I (0 ) = 5 (w (6,

+ % lo = wlix sup ) (NG (0 @)l + IV (w () ll:)

2 ) 1 1
< o=l (1ol + oll§) (14 5 ol + 5 ol )

where [|w||y = ||(t) w||x . Therefore, since the triad (X,Y,§) is concordant
we see that condition (3.5) is fulfilled. Now applying Theorem 3.2 we easily
get the results of Theorem 3.11. This completes the proof of Theorem 3.11.

3.2.2 Large data

In this subsection we consider the Cauchy problem for the nonlinear heat
equations with fractional power of the negative Laplacian

£ = n
{ut—i-(—A)?u—Fqu:O,xER,t>0, (3.25)

U(O,CC) = Uo (1’), xean
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where p € (0,2]. In particular, when p = 2 equation (3.25) is the nonlinear
heat equation. Let up € L% (R™) NL> (R™), ug (z) > 0 almost everywhere
in R", § = fR" ug (z)dxr > 0. We are interested in the global existence of
solutions to the Cauchy problem (3.25) with critical power of the nonlinearity
when the initial data are not small.

Denote

g(t) =1+0%n(p)log (1 +1),
1) = [ (Ga)™
where G (z) = Fe_y (e71¥1") . We state the result of this subsection.
Theorem 3.13. Assume that ug € L (R")NL>® (R")NC (R"), ug (x) >0
in R", 0 =[5, uo(z)dr > 0,0 <a<min(l,p). Then the Cauchy problem
(8.25) has a unique global solution
u(t,z) € C([0,00); L™ (R") N C(R™) NL"* (R"))

satisfying the time decay estimate

u(t,z) =0t %G (t_%w> g v (t)

+0 (175717 (1)logg (1))

for t — oo uniformly with respect to x € R™.

Lemmas

In the following lemma we compare the solutions of the following two problems

wi+ (—A)? w+w'tE =0, z€ R, t>0, (3.26)
w(0,2) = wo (z), = € R” '
and o
v+ (—A) 2 v+ ettt =0, z €R", t >0, (3.27)
v(0,2) =vo (x), z € R™. .

Lemma 3.14. Let 0 < p < 2. Suppose that wo (x),vo (z) € L™ (R™) N
CR"), wo(z) < wvo(z) in R”, and 0 < € < 1. Then w(t,z) < v(t,x)
forallt >0 and z € R™.

Proof. For the difference r = v — w we get

L

r=@w-r)t" —e'tn, zeR", t >0, (3.28)

(M)

T¢ —+ (*A)

with initial condition r (0,2) = vg () — wp () > 0 in R™. Define
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R(t)= mlergn r(t, ).
We need to prove that R(t) > 0 for all ¢ > 0. On the contrary, suppose
that there exists a time T > 0 such that R(T) < 0. By the continuity of
the function R (f) we can find an interval [T1,T] such that R (¢) < 0 for all
t € [T1,T] and R (T1) = 0. By Theorem 2.1 from paper Constantin and Escher
[1998] there exists a point ¢ (t) € R™ such that R (t) = r (¢,¢ (t)); moreover
R/ (t) = &r(t,( (t)) almost everywhere on ¢ € [Ty, T]. We have

(v(t,C(t)) — R(#)" 7 — e % (¢,¢(£)) > 0 for all t € [Ty, T).

Representing the operator (—A)% in the point of maximum (¢ (¢) via the Riesz
potential (see Stein [1970], Yosida [1995]) we see that

(M)

(=) r(t,C(®)=Cp | €)=yl (r(t,y) — R(t)) dy <0,

R‘Il
where C, > 0 is a constant. Therefore by equation (3.28) we get
R'(t) >0 for all t € [Ty, T].

Integration with respect to time yields R (T') > 0, which gives a contradiction.
Lemma 3.14 is proved.

The next lemma will be used in the proof of Theorem 3.13 to evaluate the
large time behavior of the mean value of the nonlinearity in equation (3.25).
We use the notation

n)= [ G @) da
and g (t) =1+ 6071 (p)log (1 +1), G (v) = Fey (7).

Lemma 3.15. Assume that ug € L> (R") N LY (R"), and [g, uo (x)dx
= 6. Let function v (t,x) satisfy the estimates

o ()], < C @ 503)

and
[v (£) = G () uoll,: < C (log (2+1))™"

forallt >0,1<p<o0.
Then the inequality

’1 + % /Oldr/ i 't (rz) de — g (8)| < Clog (g (t)) (3.29)

is valid for all t > 0.
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Proof. We get

<Ct 7,
Ll

HQ (Hup — 0t » G (t‘% (-))‘

where 6 = [, uo () dz. We thus find
et st (2 )
<C (o0 =G Wuolly: +[¢ Wuo— o756 (177 ()]

x (el + 16 (2) uo i)
<t'Clog(2+1t) " +Ct7 %

o)

for all t > 0. Since

we get
‘/ o' (¢, @) do — 01+5n(p)‘
<C||ottE R G (175 )

<Ot '(log(2+1t) "+ Ot

Ll

for all t > 0. Therefore

’ /dT/ G dm—@nn()logt’

/ Cdr /
S P C
1 7(1+607n(p)log(l+7))

< Clog (1 + 0% (p)log (1 + t))
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(3.30)

for all ¢ > 0. Thus in view of (3.30) we obtain (3.29). Lemma 3.15 is proved.

Proof of Theorem 3.13

We take sufficiently small ¢ > 0 and consider the following two auxiliary

Cauchy problems

U+ (—A) U+ UME =0, € R", t >0,
U(0,z) =eup(z), z € R"

and

(3.31)
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L L £ n
{W+(—A)2V+65V1+5=07$€R7t>0’ (3.32)

V(0,z) =up (x), z € R™.

Note that problem (3.32) can be reduced to problem (3.31) by the change
V = e71U. In addition problem (3.31) has a sufficiently small initial data; so
for the functions U (t,z) and V (¢,x) the large time asymptotics are known
(see Section 3.2). Employing Lemma 3.14 we then get

U(t,z) <u(t,z) <V (ta)

for all t > 0 and z € R"™. In particular, using the results of Subsection 3.2.1
we have . . .
lu @l < Cemt ()7 5073) (log (2 4+1)) 7% (3.33)

and
lu(®)|pra < Ce™ ()7 (log (2+1)) 7 (3.34)

forallt > 0and 1 <p < oco.
As in the proof of Theorem 3.2 we change the dependent variable u (¢, z) =
v (t,z) e~ ?®). Then for the new function v (¢, ) we get the following equation

v+ (—A) vt uto — o =0.

We assume that ¢(0) = 0 and
£ i
(unv—gov) dr =0,
then the mean value of new function v (¢, z) satisfies a conservation law:

& v (t,z)dx = 0.

/nv(t,m)dxzez/nuo(x)dx

for all ¢ > 0. Now we consider the Cauchy problem for the new dependent
variables (v (¢, z), ¢ (t))

Hence

¢ (t) = § [gn urvdz, (3.35)
0 0

Let us prove the estimate
o @l < C (1) (3.36)

for all ¢ > 0. By estimate (3.33) we have
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u (1)[[fe < Ce=% (1)  (log 2+ 1)) 7",

then )
o () < 5/ urvdr < Cen ()" (log (2+1)) ",

and furthermore
@ (t) < Ce™ 7 log (log (4 +1)).

Therefore by (3.33) and (3.34) we get

o (®)llgae <@ lu()|p. < Ce™ ()% (log (2+1)° 7
<C(T) ()"
and

o (®)lls < €O [lu@)llp, < Ce= () 5(75) (log (24 1)) ° %
<C(e1)(t) + 0%

for all 0 < ¢t < 7T. Consider now t > T. We use the integral equation associated
with (3.35)

=g({t-T)v(T) (3.37)
/g (t—r) <u () (T)—”g)/nu% (T)v(T)dx> dr.

By virtue of estimate (3.34) we get

(t—7) <u (r)v(r) - 2 (97) /R us (r) v (7) dz) dr

U(GT) /nu% (r)v (7)dx

<o/’ log 2+ 7)) [0 (7) g dr

for all ¢ > T. Therefore in view of (3.37) we find
[o@)llpre < NG (E=T)v (T)lL1a

+Ce! / (1) (log (24 7)) v () lpre dr

T

sc@m@ﬁ+géverﬂmmm

for all ¢t > T. Here € > 0 is small enough, and 7" > 0 is sufficiently large.
Application of the Gronwall’s lemma yields the estimate
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lo @lgr. < C (1)

for all t > 0.
Likewise by virtue of estimates (3.33) we get

o (¢ HLP<HQ(t* T)v(T)| s

g t—7) ( OB Rnuﬁ(T)u(T)dx)v(T)dT

1

< C(E7T) (t)ff(l’i)

Nle+

et /T (=) 3055 (151 (log (2 4+ 7))L dr

+ et /L (1) (log 2+ 7)o (7) I dr

2
t

<Cl(e,T)(t)” (1“)+e/ (™) "o (7l dr

2

for all ¢ > T. The application of Gronwall’s lemma yields the estimate

o @)l < € )~ F17%)

for all ¢ > 0.
Using the integral equation (3.37) we obtain

[[o () = G () ol

t

s/j(t—r)‘z

< 0/05 (t=7)"% (r)? " (log 2+ 7)) dr

4 o/t (1)~ (log (2 + 7))L dr < Clog (2 + )" (3.38)

2

for all t > 0. Now we apply Lemma 3.15 to find for h (t) = en®®)

|h(t) =g (t)] < Clogg(t),

for all ¢ > 0. Then via formula
w(t,z) =e *Ou(t,z) =h™7 (t)v(t,z)

we find the estimates
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Hu(t) s P Cle! (f% (-)) H

LOO
< Hu(t) IO uoH
Jotre-ot e (),
B+ 0wl <OCRTED) (339)
for all ¢ > 0. We also have
Hﬁt’%G (t*? (-)) e (t) -6t G (t*z (-)) g7 (1)
<Ctog T ()R () - g (1),
and via (3.39) it follows that
foo- a3 (-4 0) 75
SCL+6)77 g7 7% (t)logg (t).
This completes the proof of Theorem 3.13.

I,

<Ct rg ™

o

3.3 Asymptotics for large x and ¢

We study fractional nonlinear equations

{ut—|—|8x|au+u|au:0, zeR,t>0,

u(0,2) = ug (z), z €R, (3.40)

where o > 0. For simplicity we consider the one dimensional case. Higher
dimensional problems also can be considered by our method.
In Section 3.2 for the solutions of the Cauchy problem (3.40) with initial

8
data wug such that (1 + xz) up € L' (R), B > 0 we obtained the following
asymptotics

u(t,z) = ta (log t)_% (G & +0 ((logt)_1 log logt>> (3.41)
for large time t — oo uniformly with respect to x € R, where £ = t*%x,
1 . «
G&)=— [ e "ap.

N V2m Jr

Observe that formula (3.41) does not explain the behavior of solution u (¢, z) ,
when t and z tend to infinity simultaneously, because the main term of as-
ymptotics (3.41) vanishes as || — oo. However, the dependence on & of the
remainder in the right-hand side of (3.41) is not evaluated explicitly.
In this section we fill this gap and calculate the asymptotics of solutions
u (t, ) to the Cauchy problem for equation (3.40) as t — oo and £ = xt~» —
0.
Denote the total mass of the initial data 6 = [ uo () dz.
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3.3.1 Small initial data
In this subsection we prove the following result

Theorem 3.16. Suppose that the initial data ug € Lt (R) N C(R) have
a sufficiently small norm |Jug||pe.osr and 0 = [gug (z)dz > 0. Then there
exists a unique solution u € C ([0, 00); L1 (R) N C(R)) to the Cauchy
problem (3.40). Moreover, the asymptotics

1 —a—1 loglogt
wt) =t o) * (GO0 (@ EEN)
logt
is true for t — oo wuniformly with respect to x € R, where G(§) =
?n—f (67“7'&) , &= t—ax.

Remark 3.17. Since the asymptotics of the function G (€) is (see Lemma 1.41)

G(¢) = :/gr (a+1) €] “sin % +0 (|§|‘1‘2“) (3.43)
for £ — oo, then we see that the second summand in the right-hand side of
(3.42) is a remainder, when simultaneously ¢ — oo and |{| — co. When the
parameter o = 2k, k € N, the main term in the asymptotics (3.43) vanishes.
Indeed for this case the function G (§) decays exponentially, so that formula
(3.42) gives only the estimate of the solution as t — oo, and £ = zt—% — oo.
Some additional decay conditions for the initial data ug (x) must be fulfilled
to attain the asymptotic representation for large ¢ and x (see Theorem 3.19

below).

Proof of Theorem 3.16

Define the Green operator

G (1) = Fpowe M () = 1% /

R

G(t% (=) oy)dy  (3.49)
with a kernel

G (€) = Fppe (e—lnl ): \/T?/Re“f"e_lnl dn.

Define our basic norm
[9lx = sup ({6)% 116 ()lgoe + ()" 19 ()l
t>0

and the norm || f|ly = [|{¢) f (¢)|lx - Then the L'¥ norm can be estimated as
follows
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~
a

b ) |[y1, = ()" )7 |6 (t, 2)| dz
7 16 (Ol = (6 /x|<<t>1<> 16 (t,2)]
t éx

+<t>_l/||><t>é @
<O 6@l +C B 16 )l poernns /

ly|>

‘1+a77 d
Xz

)'yfafl

(@) 1o (L)l |(t) % @

P dy < Clélx
(3.45)
where v € [0,1], v < . Define the function g (t)
g(t)=1+rlog(1+1)
with some x > 0. By1 the estimates olf Lemma 1.40 we can see that the function
Go(t,z) =1+t ~G (x 1+ t)73> is the asymptotic kernel for the Green

operator G in spaces X, Z. We choose the functional f (¢) = [g ¢ (t,z) dx.
Let us show that the triad (X,Y,G) is concordant. In view of the estimate
g 1 (1) < C and Lemma 3.12 we get

<c / 1f (P)llg dr + C / (t =) I (7)llgs dr + C / 1 (g o

< Cg™ (1) I6t) fllx
for all 0 < t < 4. We now consider ¢ > 4. Via the condition of the lemma
1
for the function g (t) we have the estimate (t)” 2= < Cg~! (¢) and estimate
(3.15); hence by virtue of (3.45) and the third estimate of Lemma 1.40 with
B=1+a,v€el0,1], v < a, we obtain

|/ T (G- D () dr

vi _ 1ty 2_q 1—2
<c [T =nTF 0F drsw ) F I (D)l
0 T

/ g ()Gt —7)f () dr / g )Gt -7V f (7)dr
0 0

"

Loo Loo,at+1

Leoe

Vit L1
+C | (t=7) = drsup | (7)[pe.cnr
0 7>0
%

_ 14y o _a
1y (1) / (t— 1)~ D E drsup (r)F | (7)llges
Vi >0
+Cg (1) / (t— )% drsup |f () ess
Vi 7>0

t 1
g7 0) [ 7 Fdrsup () FE 1 (D)~

2

<CI FWllx (575 + g ) CUO T Oy O
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Likewise

H«P*a/otg-l ()Gt —7)f () dr

Lee

Vit
< [ drsupf (7).
0 7>0
\/{ o o o
+0 [T =) @F arsup () F 1 (0l

t
g (1) / a7 5up |1 (7)ot
Vi o >0

20y @) [ -1 0 e 0 F I (0l
Vi >0

<O f @Ollx (82 + 177 +1971 1)
< Ctg™ (1) 114) £ (1)l

for all ¢t > 4. Thus the triad (X,Y,G) is concordant. By the proof of Theorem
3.11 we see that the nonlinearity is nonconvective critical, such that conditions
(3.2) and (3.4) are fulfilled.

We have for K (v) =N (v) — 5 f (N (v))

(&K (0(8) = K (w (1)) |
< O (v - wlx) (o + llwl%)

5 (el + [l sup & IV (0 1) = A w0 (6)
+ 5 10 = wlsup () (I (0 () s + IV (@ (O)ls)

(ol + ||wx>)

S

< Cllo - wlix ()% + lelS) (1 n

and in the same manner

1 (v (£)) = K (w ()| oe.ct1

« « 1
< Clo — wllg (% + ]l (1 2ol + ||wx>)

for all ¢ > 0. This yields the estimate

1K (v) = K (w)lly

2 2 1 1
< ol (1ol + oll§) (14 5 ol + 5 ol )

where ||w|ly = [|(t) w||x . Therefore since the triad (X,Y,G) is concordant
we see that condition (3.5) is fulfilled. Now applying Theorem 3.2 we obtain a
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unique solution u € C ([0, 00) ; L>**1 (R) N C (R)) to the Cauchy problem
(3.40) satisfying estimates

H<t—; OY ™ (w) - 04 (174 () gF)

< Ceo () Tw gmI7F (t)log g (t). (3.46)

Lo

This completes the proof of Theorem 3.16.

3.3.2 Large initial data

When the order of derivative o € (0,2], we can prove global existence of
solutions to the Cauchy problem (3.40) without any restriction on the size of
the initial data.

Theorem 3.18. Let 0 < a < 2. Suppose that the initial data ug > 0 in R
and ug € Lt (R) N C (R). Then there exists a unique solution

u € C([0,00); L™ (R) N C(R))

to the Cauchy problem for equation (3.40). Moreover the asymptotics (3.42)
18 true.

Proof of Theorem 3.18

Using the result of Theorem 3.16 as in the proof of estimates (3.33) and (3.34)
we have

Q=

()| e < Ce™t(8)™% (log (241))™ (3.47)

and

[t (Bl oot +a < Ce™t () (log (2+ 1)) =

for all ¢ > 0. Applying the method of the proof of estimate (3.36) because
of estimates (3.47), (3.48), Gronwall’s inequality and Lemma 1.40 we get the
estimates

(3.48)

_1
[0 (O)llgseiva < CGE), v (E)llpe < C(E) =
for all ¢ > 0. Then as in the proof of Theorem 3.16 we find the estimate

(2 0)™ (w0 -orte () o+ )

<Ct = (log t)_l_c% log log t.

T,

This completes the proof of Theorem 3.18.
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3.3.3 Nonlinear heat equation

In the case of the nonlinear heat equation o = 2 we put the initial time at
t = 1 for convenience.

Theorem 3.19. Suppose that the initial data uy () > 0 in R, and are such

that uy () 6%, (Ozuq () e (R)NC(R). Then there exists a unique
solution u € C([1,00) x R) to the Cauchy problem (3.40). Moreover there
exists a function A € L, such that the asymptotics

ulte)=tFe T a(2) (1+0(10gt) ™))

(H\/g(Az(zt) (log #) ™ / \/3t—276 i ) E

(3.49)

-

is true for t — oo uniformly with respect to x € R.

Remark 3.20. Note that

2

e 3 e log(1+ )—i—O()

3t — 271
for ¢ — oo uniformly with respect to z € R. In other words in the short-range
region |x| << t the asymptotics (3.49) describes a logarithmic correction com-
paring with the linear case. In the long-range region |x| > ¢ the asymptotics
(3.49) has a quasi-linear character.

Proof of Theorem 3.19

As in paper Hayashi and Ozawa [1988] we change the dependent and inde-
pendent variables u (t,2) =t~ 2e~ % v (£,£), and £ = 57. Then from (3.40) we
obtain
{u — e + Le 23 (1€) =0, t > 1, £ €R, (3.50)
(15):1}1(5))561:{'7 .

where vy (§) = e uy (2£) . Then changing the dependent variable v = we™9
we get
1 1 e

—2t
ap et e

3

wy — e 29w —wg,

o gewe — = (g¢) Wt — 0
w, w w =
g2 91 T g2 8 ap et =

We now choose a function g to satisfy the equation

— 2 2
{gt 170 + 5 (ge)” + gpgee, t> 1, EER, (3.51)
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then we obtain

Wy = % (96)27” - #gﬁwﬁ + ﬁwﬁﬁv t>1, £ eR, 3.52
(3.52)
’LU(l,g):Ul(f), fGR

We change h = €29 in (3.51), then

_ 2
{ht = 37w + qphee, t>1, EER, (3.53)

t

h(l,€) =1, £€R.

Proposition 3.21. Let the initial data vy, 0,v1 € L be small such that
[villpe + 10z01]l e <e.

Also we suppose that

0= é\njl Re*(gﬂ’)rzvl (n)dn > Ce > 0.

Then there exists a unique solution v € C ([1,00) x R) to the Cauchy problem
(8.50). Moreover, there exists a function A € L, such that the asymptotics

w(t,€)=A(€)+0 ( Qi;) (3.54)

and

are true for t — oo uniformly with respect to & € R, where Q(t) = 1+
e2log (1+41).

Proof. Denote the Green function

1 tT tT_¢2
G(t =—/ Trert
( 57—)6) ﬁ t_Te )

V(t,o:/RG@,l,g—n)m(n)dn,

then the Cauchy problems (3.51) and (3.52) can be written in the form of the
integral equation

and

0t.9= [ [ Gure—n (rn Gt G @50)

and
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wt9=veo+ [ 2 [ Gune-nremm @50

where
2
F(r,n) =3(gy (T,1))" w (7,n) = 29, (T,1) wy (7,7) .
We prove the following estimates

82
e ()l + llge (B)llm <+ Q(f (3.58)
and )
@l < Co, [l )] < o0 (3.59)

for all ¢ > 1. Note that estimates (3.58) and (3.59) are valid for ¢ = 1. On the
contrary we suppose that (3.58) and (3.59) are violated at some time ¢t = T,
then by the continuity with respect to ¢ > 1 we have estimates

Ce2\/t
4 4 < .
[we ()l g + llge (DL <&+ PIOR (3.60)
and o
hw @)l < Cey e n @0, | < 5o (3.61)
Q1)
for all t € [1,T]. First we estimate the derivative 0:V (t,€)

10V (D)l =

< illpe <e

5/ e" Ty (€ — ) d

% Hf"

Loo

To prove estimate (3.58) we differentiate equations (3.56) and (3.57) with
respect to &

|9¢ (£, €)] + fwe (¢, )| < [Ve (£,€)]

/ i [ 106Gt =l (2 )

gzt ()l (o)l + g o ol (o) ) . (32

Via (3.60) and (3.61) we obtain

1

77—2 —
—e TR () w? ()

Fagmn () g (7.m)| 4 g 0 () g (7))

Ce? 1 052\/2 o=
= ( o ) :

Loe

2_—2 Ce? .
Qm T S w
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therefore,

H [ 10:G 6. =) (1h (rm)w? (7,1)
R T

Lo

1 3 2
gzt () o ()| + 125 o (7o) o ) )

Ce?
<

VTQ ()
Then from (3.62) we have

bod
e (Dl + e Ol <2+ C2* [

Vi, Q) rdr Vi
Q(t)*g/l 10

=e+C

for all t € [1,T].
Now we consider the function V (t)

1% (n)dn

~—

3

—~
~

— vt /efﬁ(ﬁfn)%l
Vrt—1)Jr
1 )2

:ﬁ/Re (® ")”1(77)d’7

1 t ¢ 2

_ -1 — =7 (€=n) d
(5 e
1 2 1 2

4+ [ e (e—tj(ﬁ—n) _1) 1 (1) dn
7

1 2
_ —(&—n) -1
ﬁ/Re v () dn+ O (74 [Jor | )

3

for t > 2, and

%0 () dip = O (Jor | )

I U A
R

for t € [1,2]. In view of (3.60) we have

t
d
/ETQ/RdnG(t,T,ﬁ—n)F(T,n)

t ¢ 2
§C52/ d—z—sz‘L/ dr < Ce .
L T t
2 2

¢ 7(1+e2log(1+7)> ~ Q)

Denoting

213



214 3 Critical Nonconvective Equations

G (c0,7,€) = %ﬁe-ff?
and
:/1 472/d?7GOOT£ n F(r,m),
we get
5 d
/1 #/RdnG(t,T,ﬁ—n)F(T,n)
* d
_/; é/RdnG(OO,T,E—n)F(T’m
/ /dnGtTE n) - G (00, 7€ — ) F (r,1)
(@+O<Q@>’
since
ol
/;2 T; RdnG(oo,T,E n) F(,n)
9 ‘X’ﬂ P dr Ce?
SCE/; 72+C€ L T(1+5210g(1+7'))2§Q(75)
and

[ % [ (G —m -~ Goene-m) Firn
_\}/% E’dT/Rdn< t_t71>e—
et

- S (6-m)? _ —7(&—n)?
\f 1) e F (r,n)

<07/ dr _ &
Tt 1 (1+621og(1+7'))2_@(t)'

S ET R (1)

Note also that

for all £ € R. Denote a function

A@%=Af*&m%mmdn+3@%

then we see that A (§) > Ce > 0 for || < 1 and
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tdr
U)(t,f) :V(t,f)-F ﬁ dnG(t7Ta£_77)F(7—7n)
1 4T° Jr
2

—A@©)+0 <Q(t)> . (3.63)

Now we write the Cauchy problem (3.53) for h (¢,£) in the form of an integral

equation
2 ¢ 3t 2tr 2 dT
h(t, &) =1+ —=A? \/ “m-s — 2R
(75) + \/g (g)/l 3t—27’e T + 1

tdr 2
Rl = / - / dnG (t7 7, 5 - 77) 6_2Tn ’LU2 (T7 ’7)
1 T Jr

t
L e (5)/ [ 3t e*%ﬁdl.
V3 1 V3t—27 T

Using the identity

where

tT

(€ —n)” + 2 =

T(3t—27’)< £ >2 27t ¢,

-7 i—r \!"3-2z) T2

we represent the integral R; in the following manner:

1 t t _ 27t 2 d
m=2 [ e T (w2 (r,6) - A% (6) T

I t -t ¢ d
Vv3Ji V3t—2r 3t — 27 T

1 /t dr t __2Tt 52
_|_ _ _ e 3t—27
v VTV t=—T1

22 0w E5)” (w0 (ry ) — w0 (7, L) ) d
></Re w* (1,m) —w T or

Note that in view of (3.60), (3.61) and (3.63) we have the estimate

¢ dr
R < 053/ e~ 57E
=) e m

2,02 1 ¢ 22 1
=Ce® (e 5% 1o t——/ log Tde™ 57 )
(e o LT T Qm
1

_ oo [eaelost [ (2 g 1 e Q)
Ce (e 10) /llog 356 1) e Q(T)2 d

< 053 /te_gq—gsz
QM) T
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for ¢ — oo, uniformly with respect to £ € R. Thus we obtain

h(t7£):1+5§<A2(§) ( >)/ 3t—27- 32727“”. (3.64)

By virtue of (3.64) the estimate (3.59) follows

T

e t e
<o (et (1)) < gy

for all t € [1,T]. The contradiction obtained proves estimates (3.58), (3.59)
for all ¢t > 1. Formulas (3.63) and (3.64) yield the asymptotics (3.54) and
(3.55). Proposition 3.21 is proved.

" -1
‘ —21¢? ), ~1, €>’ < o216 <1+A2 (5)/ e—§r£2dT>
1

We take sufficiently small € > 0 and consider the following two auxiliary
Cauchy problems

U — g2Uce + Le €U (1,6) =0, €€R, t> 1, (3.65)
U1,€) =eeuy (26), €€ R ‘
and
Vi — 3 Vee + 1526—%5&1/3 (t.€) =0, £eR, t>1, (3.66)
(155) =€ U (2§) 5 f cR.

Note that problem (3.66) can be reduced to problem (3.65) by changing V' =
e71U. In addition the problem (3.65) has a sufficiently small initial data.
Therefore for the functions U and V the large time asymptotics are known by
virtue of Proposition 3.21. Then by Lemma 3.14 we get

U(t,§) <v(t,§) <V (tE)

for all t > 0 and £ € R. In particular, using the estimates (3.58) and (3.59)
of Proposition 3.21 we have for v = wh™?

Q0 RIS g(t) (3.67)

forallt > 1, ¢ € R, where Q (t) = 1+ €2log (1 +t). We rewrite (3.50) in the
form of the integral equation

0t =VO+ [ T [ Glane-ne e

and estimate the derivative
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¢ dr 7t§2 3
Joe (.l < O+ [ OGOl [l )

tdr t _3 -3
sc+/1 ﬁ\/:cz (1) SCVIQTE (1)

for all ¢ > 1. Now applying the maximum principle to equation (3.51) we get
for the function m (t) = maxecr |g¢ (¢,€)]

d C
am < %Q_l (t);

hence integrating with respect to time we obtain

CVit
”95 (t)”Loc < m

for all ¢ > 1. After that we apply the maximum principle to equation (3.52),
we get for n (t) = maxeer |w (¢, €)]

d C
—_n < — -2 .
dtn* tQ (t)n

Then integrating with respect to time we obtain
[w (Bl < C

for all t > 1. We apply the maximum principle to equation (3.53) and get for

k (t) = maxeer h (,€)
ik- < ge—f{z;
dt t

integrating with respect to time yields

¢ dT _ng
IOl <0 [ T <cQ
for all ¢ > 1. Now by the identity
we = veVh — wge
we have the estimate
Cvi

lwe O~ < 575

Q)

for all £ > 1. Consider two equations

2 —2te? 2 1
htzge v h+@h§€,

and
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2 o209 1
Ht = ;e te U H+ EHE&,
where v (¢,£) > U (t,€) for all £ € R, t > 0. Define

W (t,§) = U (t,€) vV H (&),

which gives us a decomposition U (¢,§) = \;V% similar to v (t,§) = “’}Eifé)

By a standard comparison principle for the heat equation we get

092 10 2 5 (1442 @ (14 1))
for all £ € R, t > 0. Therefore we obtain the estimate
w(t,€) = vt Vh(t,€) > U (t,€) VH (t,€)
=W (t¢&) > %tlirgoW(t,g) > 0.
As in (3.63) we state that there exists a function A (§) € L* such that
w(t,€) = A +0(Q (1)

and
Jim w(t,€) = A() > 0.

Using these estimates we have the asymptotics as in Proposition 3.21. Theo-
rem 3.19 is proved.

3.4 Complex Landau-Ginzburg equation

In this section we consider the Cauchy problem for the complex Landau-
Ginzburg equation

2 J— n
{8tuaAu+6|u ru=0, xze€R" t>0, (3.68)

w(0,z) =up (x), =R,

where a, 8 € C. We are interested in the dissipative case Rea > 0. Suppose
that Red(a, B) > 0, 6 = | [z, uo () dz| # 0, where
Blal~tn

o) = e Dlal + o)

-
2

Our purpose is to study the global existence of small solutions and the large
time asymptotics of solutions to the Cauchy problem (3.68). Below we show
that the nonlinearity in equation (3.68) is critical from the point of view of
the large time asymptotic behavior of solutions. The nonlinearity of equation
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(3.68) does not have enough regularity to get smooth solutions in the higher
order Sobolev spaces. Here we are working in the Lebesgue spaces and so
by using smoothing properties of the linear evolution group we consider the
problem under the assumptions of rather small regularity on the initial data
up € L™ (R™), r > 1. Also to obtain the estimates of the remainder terms in
the large time asymptotic formulas we have to assume that the initial data
satisfy the decay condition at infinity, such that ug € L' (R™) with some
a€(0,1).

We define 0 = ‘fRn ug (x)dzx|, n= 2071';71 Red(w, B),

4

_on ) 1 1
w= W (Imd(c, 3))" Re ((1 + n) v — ny2> )
92
W= Elmé(aaﬁ)a
v = log - —1,<; +3 ; i : ((1 ) I 1) , (3.69)

for n = 2m, and

m

2 2 1
— 2] <1f 2_371)
Y Ogl+ﬂ+;2j—1 (1=

1

formn=2m+4+1,1=1,2,

(@+ a)?
(n+Da+a)?
~2]af+ (n+ D)@+ (1 -n)a?
B (n+1)a+al® '

The sums like ZT:Z in the case of m = 1 we assume to be absent.
We prove the following result.

Theorem 3.22. Assume that the initial data ug € L1 (R™)NL" (R"), where
r > 1,a € (0,1), have sufficiently small norm € = |lug|lp1.« + |JuollLr and
are such that 6 = fRn uo () da:‘ > Ce. Then there exists a unique solu-
tion u(t,z) € C([0,00); LY (R") NL" (R™)) N C((0,00);L>® (R")) of the
Cauchy problem (8.68), satisfying the following time decay estimates for all
t>0:

u (#) [loe < Cet™3 (1+nlog ()" %,

ifn >0, .
[u (@) e < Cet™= (1 + plog(t)) "+,

ifn=20, u>0, finally



220 3 Critical Nonconvective Equations
[ (t) |l < Cet™% (14 wlog (t)”F,

ifn=20,u=0, k>0, where K is a positive constant defined explicitly below
in (3.96). Furthermore the following asymptotic formulas of the solution are
valid

0 2 ~
u(t,z) = = o exp —ﬂ—gloglogt—i—iarguo(O)
(drat)? (14 nlogt)? 4ot 7

£5/2
+O0| —— |,
(tlogt)= logt
2

9
u(t,z) = 0 exp (—xl—wx/logt—&—iargﬂo(O))

dat  \/p
3
+O( |
t2 (logt)* (logt)?

ifn=0, up>0, and finally

0 \x|2 Jiw 3/ o ) ~
- l
u (t, x) exp ( ri X og”t+iargug(0)

(4mat)® (1 + Klogt)

3
+0 |~ p R
t2 (logt)® (logt)3

ifn=0,p=0,xk>0.

—
iy
)
Q
~

N

wl3

—
—

_|_

=
—
o

o
~

S~—

ISH

o3

Remark 3.23. In order to check the condition p > 0, that is to examine the
inequality Re ((1 + l) v — %l/g) > 0 for the values of a such that Rea > 0,
we substitute o = €', ¢ € (=%, %) into the functions k1 and rky. Then

( 14 ~2i¢ )2 2+ (n+1)e 2% 4 (1 —n) e
K1 = 1+ , Ko = .

(n+1)e-2%¢ In+ 1+ 2|
Hence
1 m
1 1 11—k Z 1
fn(¢)Re<<1+>V1V2>log21|+l . :
n n ‘1 _ :‘il| o = ] _

() o daer)

Jj=2

if n=2m and
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1 1 214 VT =" a2
(@) =Re( (14+=)wm— ) =21 E —
fn (9) e(< +n> 1 nl/z) 0og |1+ 177H1|1+ 12]_1

2 Waow)yp 7Lt

+;2j_1Re(<l+n>(l K1) — (1= r2) )

for the case n = 2m + 1. We have plotted the functions fy (¢) by using the
Maple program, taking the dimensions n = 0,1,2,...,10. The qualitative be-
havior of the function f, (¢) appears to be the same for any spacial dimension
n: the functions f, (¢) are odd, fn () =0 = fn (3). Moreover the function
fn (¢) is positive in (0,¢y,) and negative in (¢n,5), where the roots ¢, are
close to 1.

3.4.1 Preliminaries

The Green operator G of the problem (3.68) is given by
G(t)¢ =Femae ™ 9(6) = | Glt.z—y)o(y)dy,

and G (t,2) = (4mat)” 2 e l#1°/49t Denote ¥ = (27) 6 (0).
By Lemma 1.28 we get

Lemma 3.24. The following estimates are true, provided that the right-hand
sides are bounded:

1G () dllpps < CLBFOTH) (0¥ 2075) (6] 0 + 16]1p0)

and

[ @ @w6—sam)| <c(mro-H0-3
+{t}3) & T 3508 0l L.

for allt >0, where 1 <p<oo,be[0,a],0<a<]l, andr > 1.
Denote g (t) = 1 + (log (t) with some ¢ > 0 and

7y = sup sup {1y~ 1=+ 3011 )|
t>0 1<s<p

)

Ls

where 1 < p < o0, p >0, A > 0. Then using Lemma 3.24 we have

Lemma 3.25. Let the function f (t,z) have the zero mean value f(t,0) = 0
and the norm || f||g be bounded. Then the following inequality is valid

HII Gt —7) f(r)dr

n

<Cg ' (1) {t}f’tf-f“-%) £l »
forallt>0,0<b< A

Lr
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3.4.2 Proof of Theorem 3.22 in the case of Red(a,3) > 0
To apply Theorem 3.2 we choose the space
Z—{¢cL’ (R")NL" (R"))
with @ € (0,1) and r > 1 and the space
X = {p € C((0,00);L* (R") N W2 (B™) : [d]lxc < oo}
where the norm

1 n(1_1 _b
l6lx =sup sup sup {13073 1205 ()73 g (1) 1 (1) oo
t>0 1<p<oo b€[0,)]

Denote the Green operator G (t)
(o= [ Glta-y)o@)dy,

where the kernel G (¢,z) is

G(t,z) = (drat) ™2 ¢ ot .

Using Lemma 3.24 we clearly see that according to Definition 2.1 the function

=2

Go (t,2) = (4 (t + 1)) F ¢~ 75D

is the asymptotic kernel for operator G in spaces X, Z with continuous linear
functional

f(@)=| o¢dx

R

and v = §. Define |||y = |[{t) ¢ (¢)||x - Using Lemma 3.25 we easily see that
the triad (X,Y,G) is concordant.
By an easy computation we obtain

9F 2 Re [ B|Gol* Go (t,2) dx
R’VL

1+2
= 0 " Re (( ﬂ e_ftj(i_‘—;)_l;tjdm>

dmt Arat)? || Jre
oL Bla[" "t n¥ o1

= R = Red .
ar(t+1) " I Redl@hd)

(n+DlP+a2)* )

Therefore we have
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t t 914_%
R 0G dr = —_—
| rerwvociemar = [ =

=07 log (1+1),

Reé (a, B)dr

where n = 32~ Re§(a, 8) . Thus nonlinearity N = |u|% u is critical. Also it is

evident that
e*N (ue™?) = € ’ue_z’a ue ¥ =e PN (u);

hence conditions (3.2), (3.3) and (3.6) are fulfilled. Since
log (2 + £) IV (v (1) = N (w (1) 1
< Clog 2+ 1) (Jlo Ol e + 1w ()

£ ) I () = w (Bl

<C{t} () log 2+ 6) (v — w)x (Il &)

i+ llw
condition (3.4) is true. Also we have

1K (0) = K (w)lly < [N () = N (w) ]y

+ 5 ol + ) sup {8 (@) I (0 (6) = A (w0 @)y

+ 5l = wllsup EH () O (@ )l + 1A ()]
< Cllo = wle (It + ) (14 3 Bl + 5 Il )

where [[4]ly = [|(t) ¢[lx and

Since the triad (X, Y, G) is concordant we see that condition (3.5) is fulfilled.
Now applying Theorem 3.2 we easily get the results of Theorem 3.22 in the
case of n > 0.

3.4.3 Proof of Theorem 3.22 in the case of n =0, > 0

In this subsection we consider the case 7 = 0, > 0. We need to modify the
proof of Theorem 3.2. Note that system(3.7) for problem (3.68) has the form

vy — aAv + femn? (|v

B — 3 Jan |v%vd:v)v:07
¢ =Ltemnv (Re Jrn B |U\% vdm) , (3.70)
v(0,z) =wv (z), ¢(0)=0,
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where v (z) = u(0,z)exp (—iarg [z, u(0,z)dz). Multiplying the second
equation of system (3.70) by the factor g (t) = en?® and then integrating
with respect to time t > 0, we obtain

4 [f 2
t)y=1+ —/ \/g(T)Re/ ﬁ|v\i v (1, x) dedr.
nb 0 R"
Therefore we have the system of integral equations

{ v(t)= G(t Uo—ﬁfo )Gt —71) fi(r)dr

(3.71)
g (t) :1—|—@f0 Vg (T)Re || Rnﬁ|v|”v(7,x)dxd7,

where

Ao =vam (WF o) - 22 [ ol vnaa)

We find a solution v of system (3.71) in the neighborhood of the second
approximation of the perturbation theory & (¢) + ¥ (t), where @ (t) = G (¢) vg
and

1) = —ﬂ/OtG(t—T) (et e -2 [ e@it ee)a) gd;).

=

We put r =v — @ — ¥, then we get

{ (6= =B lia™ (G (=) [ (7)dr
t=1+2 fo‘/ RefRn/Bh) v (1, x) dedr,

(3.72)

where
F@) = Vo @) (Wl v () =@ ()" @ ()

v(eT)/n |v|3v(7-,gc)d:l:+(p((;)/nQ(T)ﬁ@(q’)dx)'

We define the mappings M(r, g) and R(r, g) by

M(r,g) —ﬁ/ G(t—7)f(r)dr,

R(r,g)zl—i-@/o \/g(T)Re/Rnﬁ|’U|%U(T,x)dIdT.

To show the existence of solutions to (3.72), we prove that the transformation
(M(r,g),R(r,g)) is the contraction mapping in the following set
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X={recC ((o, 00) s WO (R™) N WA (R")) ,g € C(0,00) :

sup sup sup {t}p(k%) t%(l_%) (t)fé g @) |l <~>br(t) lLr < C’eﬁ%;
t>0 1<p<oo b€[0,)]

1
5 (1+plog(t)) < g(t) <2(1+plog(t)),
lg/ (t)] < Cent™" forall t >0},
where p = % (1 - %) >0, € (0,a), and
0% (Im6)> 1 1
,u:(mQ)Re(<1+> l/1—V2) > 0.
(47r) n n

When (r,g) € X we get

sup sup {1}~ /0H) o8 s O5) P )| <o,
t>0 1<p<oo Lr

where b € [0, \] . We define ¥ as a solution to the Cauchy problem

2 1
3_,/ Fz
0 Jen

W — a AW + Be2¢ <|¢ i @dm) P =0,

¥ (0,2) =0,

where @ (t) = G (t) vo..
We use the following result.

Lemma 3.26. We assume that vo € L' (R™)NL" (R"), the norm |jvo ||y, +
llvoll 1. = € is sufficiently small, 09(0) = |io(0)] = 0(2m)"% > Ce > 0,
17 =0, u>0. Let the function v (t,x) satisfy the estimates

o (®)l|p, < e{ty ¢ 20-%)

and
lo(t)—@(t) =& ()|, < 1971 (¢) ~3(1-1)

forallt >0, ¢ < p < oo, where p > 0. We also assume that the function g (t)
is such that

%(1 +plog (1)) < g(t) < 2(1+ plog (t))

and |g' (t)] < Cent™' for all t > 0.
Then the following inequalities are valid

;'s/g(t) Re/ Blo|* v (t ) de| < Cent™ {£}° (3.73)
-

and
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t 2
o rutog () <1+ [ar/gimRe [ gl o(r.0)de
10 n9 0 R»

< 15 (14 plog 1) (3.74)

for all t > 0.

Applying Lemma 3.25 and Lemma 3.26 in the same way as in the proof of
Theorem 3.2 we can show that the mapping (M(r, g), R(r,g)) is the contrac-
tion mapping from the set X into itself and as above we get the asymptotic
formula for the solution for the case n =0, u > 0.

Now we turn to the proof of Lemma 3.26.

Proof. We need only to consider the case t > 1. First let us prove the repre-
sentation

046

U(t)=—F—=I({t)+R(¢), (3.75)
dm\/g (1)
where
n [t 1 e 2 dz
r (t) — _ (47T04t) 2 / e dat(l—oz) — e~ 4at —
0o \(1—-02)2 z
with o = % We prove that the remainder term R can be estimated as
follows

1

[P R, <cet 20705 )
forallt >0,0<b< A 1<p<oo, where 0 < A < min (a, p). We have

W:—ﬂ@q/otgé(T)g(t—T) (|qsi¢>(7)_ qjé” /R 5% @(T,a:)d:c) dr

:_geq/o (MGt —1) (|GnG(T)—G(T)/n G”G(T,a:)das) dr
+R1(t)7
where .
= (7 -7 7)dT
m(t)—/og ()G (t—7) f(r)d
and

10 =-0vat (el o) - S0 [ ot oo

091G G (1) + G (7) efZ/ G G (r ) dx) .

n

Via Lemma 3.24 we see that f (1) satisfies the estimate
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H|'|Af(T)H < Cetrai—1-3(1-3)
Lp

for all 7 > 0 and 1 < p < oo, where 0 < A < min (a, p) . Therefore by virtue
of Lemma 3.25 we get

(7R @) < cent=20-3)g1 )

LP

forallt > 0,0 <b <\ 1<p<oo. Then integrating by parts with respect
to time t we obtain

_ " - n(icFem-ar
vi) =~ [g0-n (16F 60 -G [ 167 Grajar)a
+R(t),
where we denote R (t) = Ry (t) + Rz (t) and
B . thgl(T) T B
Roy =00 [ S [Tg -0

0o g2 (7)

< (1660 -6© [ 16 o).

Then using the conditions on the function g (¢), estimates of Lemma 3.24, we
obtain

e mol, <o [t ot [ e 730

x [[12I° (|G|3G<<;>—G(<)/R |G|5G(<,x>dx) dc
n Ll
t 5 /2 ba
4+ Cet /t/29_2 (1) T_ldT/O t—¢7
x |12 <|G|5G<<>—G<<> / |G|5G<<,z>dx) ¢
n Ll
+C€q/t/2g_g (T)T_ldT/:2 (t—C)b_Ta
<o (et co-c© [ et ecaa)|

hence
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\/z 1
PR )| <cer | (t-m) TR s 1gn
Lp 0

3 t/2 —a_n({_1) a
+ Celg™>2 (t)/ (th)bT_f(l_E) 2 ldr
Vit
t b—a a n 1
+ Celg™> (t)/ (t—7)2 r5-1-5(1-5) gr
/2

1

< Ccet3—3(1-3) (t’% s (t)) < Cetg=3 ()5 3017

forallt >0,0<b< )\ 1<p<oo. We have by a direct calculation

mﬁG—G/ GI* G (r,z) dz

R’VL

I S G SRS
~ (4rm)3tlat |l PN T o

IR RN
(n+1)+2)% p( “”))

Using the formula

_ _n b |£ZZ|
t— blel® _ (1 4 dab (t — 2 R il I
Gt—1)e (1+4ab(t—17))" 2 exp T dab(i—7)
we then obtain

/w@ﬂ(WﬁGG/ mﬁaﬁ@m@
R'Vl

8

+

w\s

2|2 1 |2
— e T Za(t—oT) — Te 4ot ,
t— O'T t=

where o = :ﬁifl)f This implies

z|2 |2
W(t):— o~ Tl — 1”6 4af>dT

n+1 721\/7/ (tm' % tz T

+ R( ) ;
so (3.75) follows. Denote r = v — $ — ¥, then by (3.75) and the Taylor formula
we get
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2 2 1 2 1 ——1 2
v|"v|¢|"@<1+> |P|» & — —PP "~ |P|m ¥
n n

L1
<oz ol EQHU +Cetioft W2HL1 +C||7 " |2 vw| L
+C H|¢|% rH +C H@E’l @] % FH
L! L1
< CertRtTlgT (1) (3.76)

We next prove (3.73) and (3.74). By (3.76), Lemma 3.24 and the fact that
n =0, that is

Re Ié] |€15|% & (r,z)dx =0 (5q+%t_1g_1 (t)) )
Rn
we have

1
Re ﬁ|v|%v(7',x)dx: (1—1—) Re 6|¢\%W(T,x)dﬂc
R” n R

1 I 2
+-Re [ po& |O|F T (r,2)de+ O (eﬁ%flg*l (t)). (3.77)
n R”
We compute the right-hand side of (3.77). By Lemma 3.24 we have
@ (t) = 6G (1)lly,, < Cet™3™ %,

and by virtue of (3.75) we get

/ |B|* W (¢, 2) do

) _
=- g

1 2|2 2|2 /1
5 _ (t)/ %/ %e—m—h#(z*‘ )
(4m)” (dmrat) = |alt 0o 2 Jrn \(1—02)2

—e~ T ("21+;)) dx + O (aq+%t‘1g‘1 (t)) :

[N
Rll=

We have by a simple calculation
1 _ 1 n/ e_m_%(i*'%)dx—/ e (24 L) 40
(drat)? \ (1 —02)2 Jrn n

_ Ol T
B ((1—022')3 1>.

Thus we get

2 grt52 2.4 _
/ 2 0 (o) de =~ 0 (R ). (67)
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where

Accordingly for n = 2m we have

1 m o el
1 dy / s
vy = — -1 7:5 y 7dy
! /lnl (ym > 1_y . 1—r1
1 1 1—
) Sl (- ),
Og1—1€1+j: - (1—r1)

and for the case n =2m + 1

G
v = 1)
1—k1 ym+§ 1_y

m 1 ] 1 1
- “I=dy + —
0 A W (e

j=1
2 LN | L
2log +> 5 (a=m)*7 -1),
1+VI—ry ; i—3
where k1 = 02 = % We next compute the term

/ T ' |B|* T (1,2) dx.
Rn,
We have

/ 3 ' |B|* T (t,z)dx
1+4% 1
et [ e [
(4m) = T2 |a| (at)? n o 2 \(1—-02)
o |z|? |z|? 1—|—n+1—n
xp |- 2R 2T
P\ @ (1-7z) 4in ! a
|33|2 1+n 1 a+2,-1 —1
P ( 4tn o + o 0 (8 By (t))

O ]s2 2
Mw)2|6|tg ()2 +0 (€q+"t gt (ﬂ) ; (3.79)

N3
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where vp = | Y(—L1 1) <=, Therefore as above
0\ (1—k22)2 Z

1 m 1 L
—1 ) —(1— ’—1)
2] Ogl_@*‘- 1 (1 - kK2)

=J

for n = 2m, and

2 U |
vy = 2lo + -
2 g1+ /1_/452 Zj_

1
j=1 2
for n = 2m + 1, where
m+)a+(1-n)a_ 2a?+n+1)a+(1—-n)a?
Ko — g = .
2 (n+l)a+a |(n+1)a+al’

Then by (3.77), (3.78) and (3.79) we have

Re Ié; \v|% v (1, z)dr = e—ug_% t)+0 <€q+%t_1g_1 (t)) (3.80)
- Al

for all ¢ > 1. Via (3.80) we get (3.73) and

t 2
1+%/ Vg (T)Re Blv|™ v (7, z) dedr
0

R”

=1+ ulog(t)+ O (8% V/1og (t})

for all ¢ > 1; hence, we obtain estimates (3.74), and Lemma 3.26 is proved.

3.4.4 Proof of Theorem 3.22 in the case of n =0, u =0,k > 0

Multiplying the second equation of system (3.70) by the factor g (t) = ene(®)
and then integrating with respect to time ¢t > 0, we obtain

6 (" 2
sy =1+5 [aFmRe [ Bl

Therefore, we have the system of integral equations

{ v(t)=G () vo— B fy g7 (1) G (t—7) fo (7) dr,
gt)=1+ gfgg% (T)Re [gn Blv|™ v (7, ) dzdr,

o (1, x) dxdr.

(3.81)

where

f(r) = g} (7) (Ivzv(r) - JRCRCE d:c) |
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We find a solution v of system (3.81) in the neighborhood of the third approx-
imation of the perturbation theory @ (t) + W (t) +V (t), where @ (t) is defined
as above,

wt):—ﬂ/o oG (t—)

25(r) - q‘g) /n|¢(7) 5¢(T,x)dx> dr

< (1)

and

3o

vin=-8] ¢ (G(E-7) ((1 + i) 6] @ (7) + %@5*1 |@|" @ (r)

[ 1 | R— —
_ﬂ/ ((1+> B|% W (r,7) + — DD 1qs|3u7<7,x)) dwdr
0 n n
v
- éT)/ |¢|5¢(T7x)da:> dr.
Weput r=v— @ — ¥ —V, then we get

r(t)==BL g (NG(t—7)f(r)dr,
gt) =1+ Jo 95 (T)Re [g. B lv|? v (, x) dxdr,

where
7 ) =gt @) (oo () = 18 ()[F B ()
f (1 n le) B|* W (1) — %@5‘1 B|* T (7)

2 (1)

—#/n\v|zv(7',x)dx—|—7/n|43(7')\%¢(7')dx

+ ééﬂ /n <<1+711> @
+¥/ |¢3¢(T)dx).

We define the mappings M(r, g) and R(r, g) by

2 1 ——1, 2
nU(r,z)+ —PD " |P|" ¥ (T, x)) dx
n

M(r.g) = —B / g ()G (t—7) [ (7)dr,

t 2
R(r,g) =1+ E / g% (1) Re/ Blo|™ v (7, z)dxdr.
Hn 0 Rn

We prove that the transformation (M, R) is the contraction mapping in the
set
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X={recC ((O,oo);Ll’)‘ NW2) ., g€ C(0,00):

sup sup sup {1}/ 075 () 7E g () (0 r (0) o < CeT R
t>0 1<p<oo be(0,M]

1
5 (L plog(t)) < g(t) <2(1+ plog(h)).
lg' (t)] < Cent™" forall t >0},

where p =3 (1—-1) >0, € (0,a) and

O (Imé)° 1 1
,u(mz)Re(<1+> V11/2) > 0.
(471-) n n

When (r,g) € X we get

sup sup {t} ) mEr R0 1 p )| < e,
t>0 1<p<oo Lr

where b € [0, \]. We use the following lemma . We define ¥ as a solution to

the Cauchy problem
2 1 2
n— 7/ |Q5"q'5dx) d =0,
0 Jrn

¥ (0,2) =0,

Wt - awxz + ﬂgié <@

where @ = Gug. Let V be a solution to the Cauchy problem

o

1

3

1 2 1 —
Vi ave 4ot (14 7) @l 0 )+ 108 0P T

_ Qéﬂ / ((1 + i) B|% W (r,2) + %q@*l | gz/(f,x)> dx

; / |q53¢(7)dx)d7:0,1/(0,x):0,

thus we have

v)=5 [ @G- (et o -2 [ (of eraar)im

and

V()= —6/;9—% 06— ((1+5) 0w @)+ o 10F T )

=02

7¥/n |gzs|3q5(7,x)dx> dr.

1‘@%

2 1 _
"W (1,2) + ~ O v (r, x)) dx
n
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Lemma 3.27. We assume that vy € L+ (R")NL" (R™) , the norm |jvol|y,. +
llvollpi.e = € is sufficiently small, 0y(0) = 6 (27)7% > Ce > 0,7 =0, u=0.
Let the function v (t, ) satisfy the estimates

o ()|l <e{t}™” —30-3)
and 2 1
o (t) =S (E) =W (t) =V (1), <eTrg (1)t 2073)
for allt >0, ¢ < p < oo, where p > 0. We also assume that the function g (t)
is such that )
5 (L+rlog(t)) < g(t) <2(1+rlog (1))

and |g’ (t)] < Cent™L for all t > 0, where x> 0 is defined below in (3.96).
Then the following inequalities are valid

1]. 2 2
7 Vg2 (t) Re/ Blv|™ v (t,x)de| < Cent™ {t}” (3.82)
Rn
and
9 6 [ 2
— (1+rlog(t)) < 1—1——/ dTWRe/ Blv|™ v (7, z)dx
10 nb 0 R”
11
<70 (1+ klog (t)) (3.83)
for allt > 0.

As in the proof of Theorem 3.2, by applying Lemma 3.25 and Lemma 3.27
we can show that (M(r,g), R(r,g)) is the contraction mapping from the set
X into itself and as above we get the asymptotic formula

1 1
v =—go 0t [ gl

€2t_1g_2/3 (t)) :

2
m vdx

w
v o(
t/1+ klogt +

2
where w = 2% Im §(«, 3). Hence

v=- [ (= 0 () ) &

_ 3w 9 R
= 2us log t+0<ax/logt).

Therefore via formulas

u(t,z) = e POV Wy () = e $O+HVO (G L @ 4V 4 7)

and the estimates for @, ¥, V given in Lemma 3.24 and Lemma 3.26 we obtain
the result of Theorem 3.22 in the case n =0, u =0, Kk > 0.
Now we prove Lemma 3.27.



3.4 Complex Landau-Ginzburg equation 235

Proof. Consider the case of ¢ > 1. Similarly to formula (3.75) (see the proof
of Lemma 3.26) we obtain the representation

015 _.1
V=g SO0+ Ra(t), (3.84)
where
1 ! 1 |21 ot
F(t):_ Q/ ﬁ€7m—6_|40[t %7
(4rat)® Jo \ (1 —o02)2 >
as above, o = %, and the remainder term can be estimated as
[P R @), = cent=5 0671 )
P

forallt >0,b€[0,\],1<p<gq. Now let us prove the asymptotic formula
t)=——5g 3 () A(t)+ Ra (1), (3.85)

where Ro satisfies the estimate
2 1
[Re (t)]g,a < Ce®ntag™ (t)

and

1 1 12
At) (drat)? :”“/ dz 7/ g1 s
noJo z(1—022)2 Jo & \(1—h&)2
1 T

_ —e dat(1—o9)

(1—-0€)> )

1 1 o2
-+ n + 1 / 1 — — ]_ % g 1 nAe_ 4at‘(‘1‘—a§)
nJo \(1-02%2)2 z Jo &€ \(1-08)2

|z2> 1 /1 dz /1 d¢

—e dat | — — _— -
nJo z(1—kez)? Jo &

< 1 S 1 __l=i? )

X —=w € 4at(l—x§) — — e Zat(l—of)
(I-x¢§)* (1—-0§)?
1 1 2

B

nJo \(1—kez)? z Jo & \(1-0¢)

/1 dz /1 d¢ 1 L a2
— — — e 4at(l—oz8) — e dat s

o 2 Jo & \(1-02¢)

N[3

[NE
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a+(1—-n)a _ a+(l-n)a—

: _ O0O—K3z2 O—K4z — -
with h = o= arniDa % F4 = e 0

1—022" X = 1—koz’

‘We have

_ B607 ! -2 1 2 1 1 2=
v=-20 [otmea-n (((1e1)6f - e o T

ata S
at+(n+1l)a’ K3 =

1 2 | — 2 2
-G <<1+) |G|" ' — —=GG 1\G ’lF)dx—F/ |G| de) dr
R” n n rR"
+ Rs, (3.86)
with .
Re(t)= [ 610Gt -1)1 ()
0
where

2 1 ——1 2 —
Y4 —@p T |P|m P
n

1
f=—ﬁg§(<1+) [
n
1] 1 2 1 - 2 v 2
_7/ 1+ = )|@|* W+ -0F "o+ T)de—— | |B| bda
0 Jrn n n 0 Jrn
1 1 2 1 — 1 P
S (2 ot - S T
n n

1 2 1 —— 2 — 2
-G (<1+> G| I - ~GG 1|G|nr) d —r/ |G|"de)).
R” n n n

As in the proof of Lemma 3.26 by (3.84) and Lemma 3.24, we see that f (7)
satisfies the estimate

[P £, < cerrirtimzloh)
LP
for all 7 > 0 and 1 < p < g, where 0 < A < min (a, p) . Hence via Lemma 3.25

we get
2,1 _
1IR3 (t)lg,, < Cet™at™ag™" (t)

for all t > 0. As above we have

2 1)
/n|G G(T,x)dx—zm&_

/ <(1+1> G r-Ltag! |G|3r> do
n n n

— 5 1_|_l _l

T 4dmpr n) TR

Then integrating by parts as in the proof of Lemma 3.26 we get from (3.86)

and, similarly,
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Sy O e 1

V=-
(4m)”
.\ 2 _ B
3 (oi) i 1—|—n+17n T(r)
naz |al drn \ o a
1) 1 1 ) dr
- (14— - — G(r)—=I — + Ry, 3.87
(e 3)n ) o ro) T o2
where R, satisfy the estimate
2,1
|Rs (t)||pa < CeT it ag™ (1)
for all ¢ > 0. Therefore by (3.87) we obtain
A(t) (Ara)
B(n+1) 1 SN 1 B i G )
= | | 5 1+" —e Tar(i-o%) Irnaa
ajn (1-0z2)2
122 (a+(n+1)@)
— 4Taan
¢ |a|5n/
1 | _leP(Q+n)a+(-n)a) 212 (a4 (14n)7)
X g (t _ 7.) (1 )E e 4(17'(1 o'z) daarn —e Tros
_62/ 2
1 1 bodr _l=l?
! ((1+n> _n>/ Frgdt-mer
1 e |ﬂ>
e Tar(-02) — ¢~ dar

/ 1+,7/ Loi—r) ((l—az)

Next using the formula
1 B b|z|
1+4ab(t—71)

—r)e tlel” = ex
=) (1+4ab(t—7)% p(

we get
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A(t) (4mat)®

CES L S
n 0 z(1—022)% Jo £(1—he)
1 1 12
Ry e
0z l—mzz)2 0 E(1-x&)*
/ dz/ _lz?
’Le T Zat(l—cf)
0 fl—af
1 1 d
+((1+>u1—u2)/ Ko
n n 0 f
/1 dz /1 d¢ 1 =2 a2
— — — ——e¢ dat(l—0zf) — @ 4dat s
o zJo & \(1-026)2

thus obtaining (3.85). We put r = v — @ — ¥ — V, then by virtue of the Taylor
formula, estimates (3.84), (3.85) and the conditions of the lemma, we get

w3

2 2 1 2 1 — 1 2
|v|nv|¢|n¢(1+n)|¢|n(w+1/)nqﬁqs D™ (T +V)

1 /1 2 1 (1 _
——(=+1)o et — (= —1) 0o |0
2n \n 2n \n

1/1 P
—= <+1>q5 o)t ww
n n

3o

@2

L1

e H|¢|% 7“HL1 e H@E’l @] rHLl

72 _
a2

e H@ : qs-?wHLl

+C H|¢|% 5’2w@2HL1 +C H@ @

2 ——3-3 -1 4
o wHngca Tgl().  (3.89)

We next prove (3.82) and (3.83). By a direct calculation we get
1/1 — 2
- <+1> / GG |2 da
n\n n

2 —n z|? z|2
_ n1+1 / dz/ dg d:17< Lol (1 iony Iz el
n? (4nt)' 2 % | R»

2 2
141 n.) |z Ed]
4tn a a Tat(I—0z)  4at(1—o€)

+ [ w €
(1—-02)2 (1—05)2
22 — T 12 12
_ %ei — (é*%)*m*‘@‘t
(1-02)2

x —-n 2 x|2
_# - |4t|n (éJr 1E ) ‘40|¢t m .
(1-5¢)2
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thus, by using the identity fR" e~tlel’ gy = (%) 2 , we obtain
1/1 s
1 < +1) / a6 | da
n n R"
B (n+1)n% |a|"” dz df 1
o (1— 0'22)%

4mtn? (oz2 +(n+1) |a\

1 1
+(1 — 02z — /ﬁ2£+01~€425)% - (1- 52§)g>

(15 [Tdz V(i“iiia”;‘z)

drtn2p )y =z (1—022)% —vis) |, (3.89)

where v ( f —1) % In the same manner we have
0 \a- y&) 3 §

1 /1 2
( + 1) G7|G|" IMdw
27’l Rn

 (L+n)s [tdz V<Ki:g§§z)

= — — — 3.90
8rtn23 J, = 1- o2 )2 V(H5) ( )
and
1 /1 __ 2
- ( - 1) GG |G|* T dx
2n \n R"
1—n)6 [Ydz (Y (7“2_’575)
= % = 172& —v(k2) |, (3.91)
8mtn?B Jo z \ (1 — ko2)?
a(l—n)+a(l+n 1—-n)+a 1—-2n)4+a(l+n) —
where Ry = %U, Re = m027 Ry = WO’Q Then

by an easy calculation we obtain
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/ |G|% Adz

/ dz / df \w\f(jﬁ)
47r |a| t(drat)? R"
- . 2
x nt1 _ _e W _ ée m
n(1-022)f \(1- hf) (1-06)?
. 2
+n+1 1 n_]_ #e M—e ‘40‘5
n (1—-022)2 (1-0¢)2
1 ( 1 o =? 1 r)
— o e 4at(l-x§ — — —¢ T dat(l-of)
n(l—r22)2 \ (1 -x§) (1-06)2
1 1 1 =2 |2
S ————— ¢ =08 — ¢ Aot
(1 —ko2)2 (1-08)2
1 || ik
—_ e 40¢t(1 oz€) — e dat ;
((1 — 02§) >>

which implies

w3

N3

N3

/|G%Ad:v
2 [ (n+1)(v(ch) —v(o? v(ox) — v (o2 9
47rtﬁ/ : ( b ) _wlod v )v(az)>

n(l—o2z)2 n (1 — koz)

v (o®) (n+1)v(0%) —v (k). (3.92)

+ 47rtnﬁ

In a similar manner we acquire

GG |G| Adx
R’n
dz ((n+1) (v (ksh) — V(Hz)) _ (v(ksX) v (k2) i
477756 / ( n(l- 02z) n(l—%zz)? (2 )>
+ gmmp? () (0 D)v (@) —v (R2) (3.93)

where kg = 2. Since 7 = 0 and p = 0, that is
2 1,-1
Re/ B1@|" @ (r,2)dx =0 (% g~ " (1))
R’n

and
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1 2 1 ——1 2 —
Re Bl{1+—=]|2|" ¥ (r,2)+ —PP ~|P|™ ¥ (T,2) |dx
n n n
=0 (=7 Hg ().

by using the asymptotics & = 6G + O (st_%_)‘) and formula (3.88) we obtain

Re B\v%vdx
R
grtn o2, n+1 4 2 n4lo-1, 2 o
= g3 “Ha|rr? - WL
retone [ s(%eel oo i
1-— J— — 1 1 —— _
g TP M et A —taE eE ) de
2n? n n

+0(Celt™ g7 (1))

Substituting formulas (3.89) to (3.93) into the above identity we then gain

Re Bl ® vdz
R’IL

ataisd 1 v ( Barez
-9 32(S g3 () Im / g (1 2—’/(“5)
(4m)° tn 0 % 2n (1—02z)2

n+l (V(W) —V(m)) +1—n (V(m) —V(’€2))

n (1- 022)%

. ntl ((n—i—l) (v(oh) —v (0?)) - v(ox) —v(c?) . (02z)>

n (1—022)% (1_@2)%
1) (v () — v (n2)) | (v (ssX) v (m2) W))
n(1—o2z)? n(l—Fkaz)?
L otl, (@) ((n+ 1) v (0%) — v (k2))

1
v (k2) (n+1)v (7°) — v (112))) +0 (Cett™ g7t (1)) (3.94)
Via (3.94) we get (3.82) and the following asymptotics
t
1+ g/ Vg% (7) Re/ Blv|™ v (1) dzdr (3.95)
0 R"

=1+klogt+ O <5q v/log? <t>> ,

where
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o 6%639% 1 dZ n —|— 1 v (”15::2622)
o SO ([ ) ()
(4m)°n 0o % n (1—022)2
Ko—0Ok4z Ko—K72
n+1 V(l—O'QZ) 1—-n V(l—nz)
- = —v(k2) | + i — v (k2)

n (1—022)2 2n (1 —ko2)2

+n+1 <(n+1) (z/(oh)—y(UQ)) B V(UX)—V(UQ) oy (022)>

n (1-022)2 (1— kp2)®

D) (o) v () | (D) —vlna) <mz>)

n(l—EQz)% n(l—rgzz)?

n+1
+

v (02) ((n +1)v (02) 2 (/{2))
7%1/(1432) (n+1)v (72 l/(lig))) . (3.96)

Note that x is an odd function of §. From the condition p = 0 we have two
possibilities for the value of 8 with different signs. Therefore we can choose
a pure imaginary value of § with a different sign. Thus there exist a, 3 such
that 4 =0, v =0 and x > 0. Now asymptotics (3.95) yields estimates (3.83).
Lemma 3.27 is proved.

3.4.5 Asymptotic expansion

In this subsection we obtain the asymptotic expansion of small solutions to
the Cauchy problem for the complex Landau - Ginzburg equation (3.68). For
simplicity we consider here the one dimensional case. The case of higher dimen-
sions also can be considered by this method. We suppose that Re s

- >
V2o a2 T
0.

In the previous subsection, we obtained a precise leading term of the large
time asymptotics for small solutions to the Cauchy problem (3.68) with com-
plex numbers «, 3, such that Rea > 0 and Re ——) Roughly speak-

V2a|?+a2 T

ing, our purpose in the present subsection is to show that there exist functions
I'; (€) such that the asymptotic expansion

w(t,e) =t T; (€)% (logt)” = +0 (e2m+3t*% (log t)—2’5§3)
7=0

is valid for ¢ — oo, where m € N, the value € > 0 bounds the size of the
initial data, £ = it, k = 1,2, or 3 depending on the values of a and 3. In the
previous subsections we considered the particular case of m = 0.

Denote
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92 16}

n = Q—Reé with 0= ———,
T \/2a)? + a2

9* (Im §)? .
Ny = (72) Re (2v (1) — v (p2)), with
(4m)
v(z)=2lo (2>
T \irvica)
(o + ) jof* +a
M1 =S5 M2 = 41— ——5)
(a + 2a) la + 2@
and
[1.2(17%2) o(o—bz
s | pra (2 () (522)
ny = 0V L R N A (D P i
(4m) 0 2 1—-02z 1—-02z
6 (v (ch) — v (o2 3 (v(oa) — v (o?
(o) B =0 () | 3o~ (02)
1—02z VI—jz
+3v (022) — 3v (0?) (2v (0®) — v (p2))) > 0, (3.97)
with
a+a
T ot ’ Rn¢(x) >0
b o—bz e 9T U*“f;Z.
1—o02z a+ 2a 1— poz

Depending on the complex parameters «, (3, we denote kK = 1 if 17 > 0,
k=2ifm =0m >0, and k =3 it g =72 = 0, 3 > 0. We write
a=lale, B =|f|eX, v = arga, x = arg 3, then equation (3.68) is written
as
(8 — || €902) u+ || e |u]*u =0, x € R,t >0,
u(0,z) =¢(z), z € R,

where Rea > 0 and Re ——2—— > 0. The condition Re a > 0 implies |y| < 5

V2|a|?4-a2
RN ‘
and Re T 2 0 means
1 ¢ sin 2 <7
— —arctan —— —
X 2 24cos2y| ™ 2
since )
5 5] eix3)

V2laP+a2 19 /(2 4 cos29)? + (sin27)?
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___sin2y
where tan¢ = 555 5y
Note that the case of x = 1 is fulfilled for all & € C such that |y| < § and
B € C and such that

1 + sin 2 < T
— —arctan —————| < —.
X 2 2 + cos 2y 2
If g € C is such that
() 1 ¢ sin 2y 0
= = —arctan —— + —
X=X =5 2+cos2y 2’

then n; = 0; namely, we see that n; = 0 on the two lines in (v, x) plane.
In order to study the case of k = 2, which requires the condition n; = 0
and 72 > 0, we consider the function

f(y) = Re 2v (p1) — v (p2))
2||2+ 2] + V3T 27

’2 + €27 + /3 + 2217

2+

= log

2

for the values of & such that v = arga € (—%, g) . Note that

7(0) =1ogﬁ >0, f(ig) >0,
f (ii”) <0 and f(ig) —0.

Plotting numerically via the “Maple” program we see that the function f(v) is
positive for all v € (—v0,70) and is negative for all v € (f%, f’yo) U (’yo, g) ,
where 79 ~ 1.146035015. Thus the case of k = 2 is fulfilled on the parts of
two lines

sin 2y 0

arctan ——— + —

= xe () =3
X=X =5 24 cos2y 2

in (v, x) plane, where v € (—v0,70) - Note that by numeric computations we
have

(70, X+ (70)) = (1.146,1.826) , (=70, x+ (70)) = (—1.146,1.315),
(70, x= (70)) = (1.146, =1.315) , (=70, X~ (70)) = (—1.146, —1.826) .
Now we consider the case of kK = 3. When 1, = 0 = 12 we have v = £

and x = x4 (y) = 1 arctan 2?::102&7 + 7; therefore, we must consider four
points in (7, x) plane:

(Y0: x+ (70)) s (=70, x+ (=70)) s (70, X= (70)) and (=70, x- (—70)) -

In the first two points, we find
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_ 18l i

§=3 00 () = oy 2 = ils
\/(2 + cos 27)” + (sin 27)
for —y9 < v < and in the last two points
Jé] i .
5= (x- () = -1 = i3

o \/(2 + c0s27)” + (sin 27)

for —y9 < v < 7. In order to consider the sign of 13 we need to compute the
integral

v (42)

v 7“2(1_2%)
ma (7) = Im /Oldz 2(1_“>—2V(u2)— Wi

z V1—o02z

+v (02) —

6 (v (oh) — v (0?)) n 3(v(oa) —v (‘72))>
1—022 VI =2z
+3v (0%2) = 3v (%) (2v (%) — v (112)))

which depends on 7. Numerically we see that 4 () > 0 for 0 <y < 7 and
N4 (7) <0 for =% <~ <0 and 74 (0) = 0. Therefore,

_ 616 (70, X+ (’YO))|3 ¥°
3

13 (Y0, X+ (70)) = (4m) 1 (0) > 0,

n3 (=70, X+ (—70)) = 66(_%’&;)(3_%)”3196174(—vo) <0
s (ros x— (0)) = == 9 ”0’(%1;)(30))3 - m (y0) <0,

s (=70, X (—70)) = —° 2 (%’a;)(gw)'gﬁ(j ma (—70) >0,

which implies that in the third case of K = 3 we consider the range of values
«, 3 such that

(v, x) = (Y0s x4+ (70)) s or (7,x) = (=70, x= (=) -

Define Iy (§) = G (1,€) with the Green function G (¢, z) = \/%645”‘2/40“

Tat
and the functions I'; (£) we define by the recurrent relations

BO=[F [ G-t At =12 (398)

and
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Ry, = Z ;0T — Z Fj/ IO Tnde, n=0,1,2, ...
jak+l=n jrkd+ltm=n Rn

Below we show that I'j (§) are well-defined and ||Ij||;,. < oo for all j =
0,1,2,..., where a € (0,1), 1 < p < 0.
We prove the following result.

Theorem 3.28. Let k = 1,2 or 3. Assume that the initial data ¢ € L1 (R)N
L"(R), r > 1, a € (0,1) have a sufficiently small norm ||¢||p. + [|¢llp1a =
€ and the mean value ¥ = !quS(x) dx’ > Ce. Then there exists a unique
solutionu € C ([0,00); L™ (R) NL" (R)) N C ((0,0); L= (R)) of the Cauchy
problem (3.68), which can be represented as the uniformly convergent series

u=e"g Zvj. (3.99)
=0

Formula (3.99) gives us the asymptotic expansion of solution u (t,z) for large
values of time t, since the functions v; (t, ) have asymptotics

92+1 ; a1 o
v () = =T <j%> g O (M)

where g (t) has the asymptotic representation

g(t) =1+mnlogt+O (¢*log (1 +n logt))
if k=1,
1
gt)=1+nslogt+0 (62 (1+ s logt)?>
if kK = 2,3. In addition ¢ has the asymptotic behavior for large time t — oo

W (t) —niloglogt+arg$(0)+0(62)
1
ifr=1,
¥ (1) Ead Vlogt w? loglogt + a g(?s(o)Jro(g?)
= T = I I
V2 2
if k =2, and
3w 2 3w? 1 w3
t) = — logs t — ——1log3t — — loglogt
¥ (t) 5o/ 08 Nl . logloe

+arg ¢ (0) + O (?)

if Kk = 3, where w = %Imé,
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Before proving Theorem 3.28 we prepare some preliminary estimates. In
Lemma 3.29 we prove that the functions I'j (£) (see formulas (3.98)) belong to
the space LP® for any 1 < p < 0o, a € (0,1). The estimates and asymptotic
formulas of the functions v; from the series (3.99) are obtained in Lemma
3.30. Finally in Lemma 3.31 we give the estimates of some integrals which are
necessary to find the large time asymptotics of the function g (t) .

Preliminaries

Denote £ = %, Iv (§) = G(1,€), and the functions I (£) we define by the
recurrent relations (3.98

Lemma 3.29. The estimates || I |lppa < C are valid for all 1 < p < oo,
a€(0,1).

Proof. For the case of m = 0 we have

1ol < €| <0

Lr

by induction we then get
[Am-1llpra < C.

Since the mean value [p hy—1 (y) dy = 0 we write for b € [0,a], a > 0
€1 [ GO =26 = Do () dy

- e
VAra (1 —=2) Jr lyl*
yvVz

Changing ¢ = \/% and n = A we obtain as in the proof of Lemma 3.24

P [ _wvm? e
| |a e da(l—2) — g da(l-2)
Yy

_ (e-yvE)? ___ ¢ a
<€ da(l=2) — ¢ 4a(l—z)> ‘y| hm,—l (y) dy (3100)

sup

LP

1
W pb P P
=232 (1- Z)Tlf’erT sup / K'pa e d¢
neR R |77|

<Cz2(1- z)%“%& sup (/ (e—C(C—n)2 + e_CCQ) d() ’
R

neRrR

_ -2 ¢2
da — e

e

L

<23 (1— 2t (3.101)

for all z € (0,1), where p € [1,00). (The case of p = oo is considered in the
same way). The substitution of (3.101) into (3.100) yields
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1
dz
JieP i@, = ieP [ % [ 6026 =i )y
Lr 0o < R LP
1 b 2
d 7(£7yﬁ) o 2
<C ||||a hm71||L1 / 7’2 sup |£‘a (6 Ta(l-z) — ¢ 4a(£12)>
0 2V1—2zyer||[Yl Ly

b—

2adz§C’

1
< C’/ 2871 (1 - z)%_%+
0
forall0 < b<a,1<p<oo. Lemma 3.29 is proved.

Consider the Green operator
Gt)p= /RG(t,x—y)so(y)dy,

with kernel G (t,z) = (47rat)7% e~7*/4at Denote 9 = 275 (0) .
We denote vy (t) = G (t) ¢ and define v, by the recurrent relations

U (t)=/0 G(t = 7)g"F o1 (7)dr, (3.102)

for m=1,2,3, ..., where k =1,2,3 and

_ 1 __
fn= Z VVET — Z vj VRV Oy de,
R

Jj+k+l=n Jjt+k+l4+m=n

53

for n = 0,1,2,..., where 9 = fR ¢o () dz. Denote ¢ (t) = 1 + (log (t) with
some ¢ > 0.

Lemma 3.30. Assume that ¢g € L (R)NL" (R), r > 1, a € (0,1), have a

NI

sufficiently small norm ||¢o|lr + ||¢ollp1.. = € and $o (0) =9 (2m) "2 > Ce.
Then the estimate is true
HI'Ibvm (t)HL < Ce2mHg= % (1) {1y (175) 433 (1-3) (3.103)
P

for allt > 0, where 1 < p < o0, b € [0,a]. Moreover, the asymptotics

m

o (1) = 92 Y=g E (1) T (€) + O (527n+1t—% —2-1 (t)) (3.104)

Z_

is valid for t — oo uniformly with respect to x € R where £ = N

Proof. Via Lemma 3.24 we have

1

o (B)llpo < Ce {ty2r(5) 1573073

for all ¢ > 0, where 1 < p < 00, b € [0,a]. Then by induction we get
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[ 6™ ) fma )] < 0 iy 12 0)

and functions f,,,—1 satisfy the condition an: (t,0) = 0, therefore by virtue
of Lemma 3.25 we obtain

i em @, < |1 [ ot =977 (57 s ar

< Ol % (1) 1y r 32 (0-3)

Lp

for all ¢ > 0, where b € [0, a] . Thus estimate (3.103) is true for all m > 0.
Now we prove asymptotics (3.104). Since G (t,x) = t~2 I}, (€) , by applying
Lemma 3.24 we find

oo ®) =02 rp 9)]| < 730D (go . + o)

Lp

for any 1 < p < co. Hence asymptotics (3.104) with m = 0 is valid. Turning
to m > 1 and integrating by parts with respect to time 7 we get

om (8) = —Bg~ % (t /g t=7) (47 fmr) (1) dr + R().

0/ djﬂ /gt—z ) (2) dz.

By using the conditions on the function g (¢), we have

where

t/2 d T _a_1(;_1 o
||R<t>||Lpsc/0 +()/ (t—2) " F2078) 149 f gl de

Tgw
t /2
dr —2-1(1-1) [ ja
+0/ S A R 2 [P A M
172 79~ T (7) Jo L
t T
dT _a
e ® / (t—=2)" 2 [ fn-llps d2;
t/2 Tg”+ ( ) T/2 L
hence

< Ce2mt1p=3(1-3) (=% + g F11))
< Ce?mHlg= R (1) —3(-3),

Then we write the representation
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v 5””/“”/(:(15 z—y)h Y \dy+ Ry (), (3.105)

m = = " —3 - T, - m— e ) .

g 0 T% R Yy 1 \/F Yy 1
where
o t
Ri(®)=R(0) -89 % (1) [ dr [ G(t=ra—u)g7 () M (ry)dy
0 R

and

m—1

M (1,y) = g5 (1) fno1 (1yy) = 0278 g (7) hins <\yﬁ> '
By induction we see that M (7) satisfies the estimate

000,

< C€2m+1Tg—1_%(1_§)
LS

forall 7 > 0 and 1 < p < oo, where 0 < b < a. Therefore by virtue of Lemma
3.25 we get

”Rl (t)”Lp é 052m+1‘g*%71 (t) t—%(l—%)

for all ¢ > 0 and 1 < p < oo. Now changing the variables of integration
y = y'v/7 and 7 = zt in the integral (3.105) and taking into account the
identity

\/iG(t(l—z),\/i(é—y’\/E)) =G(1-2z¢-yVz),

we get asymptotics (3.104). Lemma 3.30 is then proved.

In the next lemma we sum the results of Lemmas 3.25 through 3.26. Denote
Tm = v (t) — U, (t), where u,, = Z;":_Ol ).

Lemma 3.31. Assume that ¢ € L' (R)NL"(R), r > 1, a € (0,1), the

norm ||@|lrr + ||@llpr.e = € is sufficiently small, $(0) =9 (2r)" % > Ce. Let
the function ry, (t,x) satisfy the estimates

-

I (D)l < 2™ g% () {63t 2073) m >k

for allt >0, 3 < p < oo, where p > 0. Also assume that the function g (t) is
such that

%(1+Clog<t>) <g(t) <2(1+Clog (1))

with some ¢ > 0 and |¢’' (t)| < Ce?t=! for all t > 0.
Then the following inequalities are valid

1
5 <cet

gl_% (t) Re/ 6|v\2v(t,x)dx
R
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and

9 2
1—0(1+nnlog(t>)§1+—/ drg* F(T)Re/RﬂM v (7, x)dz

é 0 (1+mlog< )

for all t > 0, where 0, are defined above.
Proof of Theorem 3.28

As in the proof of Theorem3.2 we change the dependent variable u (¢, x) =
e~ #W+W(0y (¢, x) | then we get system (3.70) from the Landau - Ginzburg
equation (3.68). Multiplying the second equation of system (3.70) by the factor
g(t) =M (= 1,2 or 3 is defined after (3.97)), and then integrating with
respect to time ¢ > 0, we obtain

v(t) = atﬁo —ﬂfo 7)G(t — 7)Fydr,
gt)y=1+42 2” 1_’ (r )RefRﬂ|v|2 (1, 2) dxdr.

We find a solution v of the above system of equations in the neighborhood of

=

v; (t)
§j=0
where vy (t) = G (t) ¢o and v; are defined by the recurrent relations (3.102).
We set r = v — u,,, m > K, then we acquire

(t)=-8J, g—fgih> m (7) dr,
g()—1+2*‘ g' =% (1) Re [g B|v[*v (7, z) dadr,

where )
Fn=F—-Y f
3=0
for m > 2. We define the mappings M(r, g) and R(r, g) by
R(r, g) = 1 —|— = C Re fRﬁ |v| (T, x) dxdr.

We prove that (M, R) is the contraction mapping in the set
X = {r € C((0,00);L"* (R) N L>* (R)) g€ C(0,00):

sup sup sup {t}_pt’%+%(1 H|| r H < Qg?mtl,
>0 1<p<oo be[0,)] Lr

% (1+n.log(t)) <g(t) <2(1+mnglog(t)), forallt >0,
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where p= 3 (1= 1) >0, A € (0,a). The values 7, were defined after (3.97).
First we prove that the mapping (M, R) transforms the set X into itself.
When (7, g) € X by virtue of Lemma 3.30 we get

b
10
LP
we then have by a direct calculation

11 (101 0 = fgn 1 e )|

b

<C’5{t}p( -3) 13~ %(1_%);

1

< = () {tyreEima0en))

Lp

SO

pyl-+3(1- =2 (4) F (t)’ < Cerml

sup sup {t}~

t>0 1<p<oo Lp

where b € [0,A]. We also see that F,, (t,0) = 0 since v; (¢,0) = 0 if j # 0.
Therefore, by applying Lemma 3.25 we get the estimates

sup sup gx (¢){t} " 5 t3(1-3) HHbM (r,g) (t)H < Cemtl,
t>0 1<p<oo Lp

Furthermore Lemma 3.31 yields

5 (14 mlog (1) < R(r.g) (#) < 2(1 + n,log 1)

for all t > 0, where 7,, > 0. Thus the transformations M(r,g) and R(r,g)
are the contraction mappings from the set X into itself. We have by the
L? (R) —L? (R) estimates of the heat kernel and by the fact that (r;, g;) € X,
for j =1,2

sup (t)”° [M(r1, 91) (t) = M(r2, g2) (¢) [|2

t>0

e [ 5 (SUp () Ira (1) = 72 (1)

t>0 t>0

+sup (t) " |g1 (£) — g2 (¢) |)
t>0
< (sup (07 I 0 = 12 (0 e + 50 ) o ()~ 2 1))

t>0

with some small € > 0 and

sup )" |R(r1,91) (t) = R(r2,92) (t) |

<supce (7 [ ST (sup @) I (0 = a0 e

t>0 o Ti€

+sup () “[g1 (t) — g2 (t) |)
t>0
<e (sup (07 lira (8) =72 (£) e +sup ()~ g (1) — 92 (1) |> '

t>0
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Thus we see that (M,R) is the contraction mapping. Therefore there exists a
unique solution (r, g) of the system of integral equations (3.106) in the set X.

Now in the case of k = 1 from Lemma 3.31 we have g (t) = n logt +
O (eloglogt) as t — oo and by (3.70) we obtain

V() = 5o (O [ glfods

2

= 9?97 (1) Im/RB|G\2de + O <<€t>g_2 (t)>

e
~ T ® O (<t>g (t)) ’

where w = % Imd(a, B). Hence we get

0O =00~ [ (155 HO M) 5
= arglp (0) — % log (1 + 1 log (t)) + O (£%) .

Therefore via formulas
w(t,z) = e POFTO Y (¢ 1) = e~ POFO (4 4 ),

estimates of v; given in Lemma 3.30 and the estimate of the remainder r, we
obtain the asymptotics (3.99) of the solution to the Cauchy problem (3.68).
Theorem 3.28 is proved for the case of k = 1.

In the case of Kk = 2 as above we get

1 3

"t)=—=g 2 ()1 2vd

V) = —5o O [ oPuds

1. (t)Im g /\v 2vg + 201 |vo|® + v2vrdz | + O ° —%(t)
199 - 0| Vo 1Yo oV1 (t)g

w w2

6 3
- 1+ n9log (t)((t)) B (14 n2log {t)) ((t)) +0 (t)g 2 (t)> )

where we also denote w = % Im (e, B). Hence we get

t w w?
v =20 _/0 ( 1+ o log (1) * (14 n2log (7))
+0 (6697% (T))) <d;;
=4 (0) — angl/gs/logt —wny'/logt + O(£?).

Thus Theorem 3.28 is proved in the case of kK = 2.
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In the case of kK = 3 we have

1
W (t)=—=g"5(t) Imﬁ/ |v|*vda
v R
1
= —59*% (t)Im 3 (/ [vo|?vo + 201 |vo|® + V30T + 25 vo|?
R

8
+02T3 + dwg |v1|* + QU%%CL’E) +0 <<t)g§ (t))

2

T Y Tamslog (D) (1+mslog (1)F 1)

w3 5

8 _ 4
T T mioe@) (@) " ° <<t>g 3 (”> '

Therefore

¢(t):¢(0)_/0 <3 1+ n3log (7) * (1+77310g<t>)%

) < o (i)

2 3
=1 (0) — 36‘1 log% t— 3(2 log% t— 3w loglogt + O (52) .
203 n3 15

Thus we obtain the result of Theorem 3.28 in the case of kK = 3. Theorem 3.28
is proved.

3.5 Damped wave equation

3.5.1 Small initial data
This section is devoted to the study of the nonlinear damped wave equation

Lu+ N (u)=0, z€R", t>0

{u (O, l’) = €U (l‘) s oiu (O7 aj) =cuq (33’) , x€R™, (3107)

where £ = 07 + 9, — A, £ > 0, the critical nonlinearity N (u) is defined by
N (u) = u 5.

Denote

n

Qz/n (up () + uq (z)) dz, mz%(s@)% (n12>2.

Define g (t) = 1 + klog (t) and let
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G(t,x) = (47?15)7% e_%

be the heat kernel. The result of this section is the following.

Theorem 3.32. Let the initial data ug, uy be such that

up € H*? (R") NnH>’ (R"), wy e 7YY (R") NH M’ (R"),

where § > 5. Also we assume

/\9%>0,/ ug (z) dx > 0.

255

Then there exists €9 > 0 such that for any 0 < € < gg the Cauchy problem
(5.107) has a unique global solution u € C ([0, 00); H*® (R™)) satisfying the

following asymptotic property

<CetRgTTE (1) ()78

Hu (t) — e0G (t,x) e~ ™ .

where the function o (t) satisfy the estimate

e2e) _ g (t)’ < Cen log g (t)

for allt > 0.

Remark 3.33. The nonlinearity u!T% can be replaced by \u|% u or |u|1+% if
we assume A > 0 or A0 > 0 instead of A0 > 0, respectively. In these cases

n
k=2 (€|9|)% <HL+2) * for \u|% wand kK = ﬁe%

n+2
that our conditions always keep x > 0.

Preliminary Lemmas
The solution of the linear Cauchy problem

Lu=f, zeR" t>0,
w(0,2) = ug (2), Ou(0,2) = s (z), @€ R”

where £ = 07 + 9, — A, £ > 0; we write by the Duhamel formula
t
u(®) =GO u+GOu+ [ G- f(r)dr
0

where

G(t)= (0 +1)G(t) = e 2 FeuLo (,€) Fure,
Gg(t) = 6_%?5—”@1 (t,8) Foe,

0|1+% o1 (L)E We note

(3.108)

(3.109)
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with

4 2
sin <t,/|§|2 - }1>
V-1

LO (t,f) = CO8 <t |£‘2 - 1) + 1Ll (tag) ’

Ly (t,¢) =

Also we define the operators
— 0 ¢
/ _ . -3 i
G (6) = Femugy (¢75L; (1.6)) Fume

Jj = 0,1. Note that the symbols Ly (¢,£) and L; (¢, &) are smooth and bounded:
L;(t,&) e C*(R"), j =0,1. Moreover the symbol L; (¢,£) decays as % for

|€] — oo which means the gain of regularity concerning the initial datum w;.
Using Lemma 1.35 we get the following result

Lemma 3.34. The estimates

[argme| , <=2 6.,

I=2)" G 0 8lle < C [[(=2)" (2)"* 9|

L2’

[ar @y g me| oo™ |2

L2’
and

G @ ¢||, < ClH" ol +COF Ile

IHG ()8l < ©| (@)t

are true for all t > 0, where o > 0, provided that the right-hand sides are
finite.

Ay || +om?

The following lemma says that the asymptotic behavior of solutions to the
linear Cauchy problem (3.108) is similar to that of the heat equation. (For
the proof see Lemma 1.37.)

Lemma 3.35. Let Gy = C7 and G1 = G. The estimates

L2
<o ()T g
_ety_n izt ||z _izt gi-z
+ o) T o @ ||
ety _n 5 I IP TN E
o) e T e T
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=% Q)72 (g 0o - AG (12) 6 0)))]

L2
<o AT g
ety _n_ 5 izl ||25 _izt ql-zs
+ ot 2T 6| )T g
et il s it B i p1-mg
+or 00T 6 T[T
and
s ~
|17 (900 -cma)|
F) i1
el ORIt I
-1 [ (38 = ol|F [y gl P
+ ()° () o=,
— 5 izl || o1
2 T a4 . 2 2
ot TN T e @ g
are true for all t > 1, j = 0,1, where § > §, @ > 0 and 0 < v <
min (1, 0 — %) , provided that the right-hand sides are finite.
We let
g(t) =1+ klog(t)
with some x > 0, and we define two norms
lollx =sup sup (5 |(~2)F o)
t>0 0<a<s L
+sup sup ()T (—2)2(2) 2 a0 (1)
t>0 0<a<s L2
+sup ()5 |17 (1))
>0 L2
and
nya o _1
lolly =sup sup (0 FFE[(—2)F (4) F o)
t>0 0<a<s L2
+sup () T5E 117 o) -
t>0 L2

Now we prove that the triad (X,Y,G) is concordant.

Lemma 3.36. Let the function f (t,x) have a zero mean value f(t,O) = 0.
Then the following inequality

<C|flly
X

o [ 16 a-n i oyar

is valid, provided that the right-hand side is finite.
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Proof. By Lemma 3.34 we get

<o [ oot @), i<l

(—2)3 / GGt —7) f (7)dr

L2

[t o G- f () dr

L2

- H(_A)‘5 (A= /Ot g ()G (t—7)f(r)dr

L2

<o [ oot @ o), ar< oy

o
<cfs

for all ¢ € [0,1], where a € [0,6]. We now consider ¢ > 1. In view of Lemma
3.35 we obtain

and

L2

(W) dr < Cliflly

) o
<(Jor @t ro)f @t o
et @ e H<A>_§f(T)H1L2n¥7)dT
vo [ oot @ e,
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hence,

L2
< o/ g7 () (b =) T i

X 31;13 <t>1+ (<t>% H(_A)i <A>_7 f(t)Hm
Hlart o], + o7 e @t o)

<Ot E g @) [ flly -

Similarly by virtue of the second estimate of Lemma 3.35 we have

H(Aﬁ @ta | G f () dr

L2

thus
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(-A)% 5, / g ()Gt —7) (1) dr

L2

< 0/2 g7 () (¢ >* 14r
0

xsup (8% ({0 H HL
()72 H + WI r0,,)

+C/ 1 (t —7) It 7

+

xsup (1)1 THE H(—Aﬁ (A r o)

t>0

n_ofl
SOt g () I flly -
Finally for all ¢ > 1 applying the third estimate of Lemma 3.35 we get

5 [f —7)f(r)dr
[t g s

sc[for@]of @), o
+C/O§ g (- TE
X(H<->5 ML R

L2

ot W**H sl )
ve i oot @l
+(t—r)t <A>—%f T)HLQ)dT.

Therefore,

OO

t i m .
< (/ gt (T)T%_%_ldT—l-/ g (1) (25—7)67_z 72_1d7>
0 0
s 1
Hirwrof,,)

X sup <t>1+% <H<A>_% f (t)HL2 + ()"

t>0
<CWF g 1) | flly -

This completes the proof of Lemma 3.36.
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Consider the following Cauchy problem
& (W () (' = B) = Zye' [gu N (v(t,2)) d

g2 (W (1) (¢ — B) — BH (1), (3.110)
h(0) = 1,1 (0) = 0.

Denote

and define

Lemma 3.37. Suppose that
lwllx < Ce, o () = vo Dllgs < CM+ 3970 (1) (17 2075)

forallt > 0,1 < p < oo, then there exists a unique solution h (t) € C* ((0,00))
of the Cauchy problem (3.110) such that

h(t) — g (t)] < Cewlogg (t), [ (1) < Ce™ (1)~ (3.111)
for all t > 0.

Proof. Integration of (3.110) with respect to time yields

"(t) = 2 t e v(1,z))dz
W (1) = 5 [are [ N

nef (et —

n+2 ' (e —B) 2, BL-h() B
+ 2(615_5)/0 dr h(r) (W' (7)) JFW, h(0)=1. (3.112)

Integration by parts gives us

/o dre” - N (v(r,x))dr = €' N (v(t,z))de — N (v(0,z)) dx

R'Vl Rn
t
—/ dTeT/ 0N (v (7, 2)) dx. (3.113)
0 R"
Therefore by virtue of (3.112) and (3.113) we have

{h/ () = 2 R,}L%)(v_(tix)) dz +Q (1), (3.114)

where
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Q0 =g (0] Nt [ Noo)d
—/ dre” 8 N (v (T, ))d:c)
n—|—2 /d W (r ))2+6(it__hg(t))'

We solve the Cauchy problem (3.114) by the successive approximations. De-
note hg (t) = g (¢) and define h,,11 (t), m > 0 as a solution of the linearized
Cauchy problem

h;n 1(02% nN(v(t»x))de'FQm(t)v
{ + o hl:m 0) =1, (3.115)
where
Qmm—mﬂ?_mQ3WN@w@MwWN@@mwx

t
f/dre 3./\/( (, ))dx)
n—|—2 2 ﬂ(l _hnL (t))
/ dr———= (h;, (7))" + T -5
We prove that for all m >0
b (£) — g (O] < CeP log g (1), [, (8)] < C=3 ()" (3.116)

For m = 0 estimates (3.116) are valid. By induction we suppose that (3.116)
is true for some m > 0. Then in view of the inequality ||v[|x < Ce, we see
that @, (t) has a better time decay

3

|Qu ()] < Ce™ ()2
for all t > 0. Hence in view of (3.115)

'hmﬂ (t)—l—— N (v (7,3)) dedr| < Cen,

6710 R

|Pliq (8)] < Cev (t) Pyt N (v (r,z))dzdr|. (3.117)
R

We write

/ Nt o) de — (03 [ N (G (ta)) de

R R~

= [ W) =N ) (3.118)

+
.
3
=
=
N
|
VR
(O]
>
Q
—
8
=4
|
N—
N—
N—
IS
&
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n x 2
where G (¢t,z) = (4nt)” = et By the condition
2 _ _n(1_1
o (t) = vo (1)l < Ce*2g 1 (1) (1) "33
we obtain

‘/n (N (v (t,2)) = N (o)) da| < CeMn (1YL g (1) (3.119)

and via Lemmas 3.34 and 3.35 we have

’/ (N (v9) = N (60G (t,2))) dx| < Ceta (1) 177 (3.120)

A direct calculation shows

22 2 (20)" / {1zl K
2 NG () de = 2D [ () g = B (3121
enb Jrn ( (t)) n (4nt) 5 g t ( )

n

where k = 32— (59)% (ﬁ) * . Therefore by virtue of (3.118) - (3.121) we get

N (v (t,z)) do = g (t) + Ce' 7 log g (1)
Rn

hence by (3.117) the estimates (3.116) follow with m replaced by m + 1. In
the same manner we estimate the differences

1
A1 () = han (8)] < ) |hum (¢) — hm—1 (t)| and
1
[Prr (&) = b (O] < 5 [ () = oy ()]
As a result there exists a unique solution h (t) € C* ((0,00)) of the Cauchy

problem (3.110) satisfying estimates (3.111) for all ¢ > 0. Lemma 3.37 is
proved.

Proof of Theorem 3.32

As in the proof of Theorem 3.2 by changing the dependent variable u (¢,z) =
e=#?Wy (t,z) in the damped wave equation (3.107) we get

Lv=f, (3.122)
where £ = 07 + 9, — A and
f=-2TRN @)+ 260+ (9" — (&) + o) v.

Now we assume that ¢ (¢) satisfies the condition [, f (t,z)dz = 0, that is
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P 120) N (v (t,z))dx + 2¢ (t)/ ve (¢, ) dx

R» n

(¢ 0 - @ WP+ ) / o (t,) di =0, (3.123)

n

and we also suppose that ¢ (0) = ¢’ (0) = 0. Integrating (3.122) with respect
to  and using (3.123) we obtain

G | s e =0
which implies
/n (v (4, 2) + v (£, 2)) dz = / (v (0,2) + v (0, 2)) dz (3.124)
- 5/ ot (&) 1 (@) dw = <6,
since u (0, ) = =%y (0, 2) and

u (0,2) = —¢' (0) e Do (0, ) + e ¥y, (0, ).

d
e o (e /nv(t,x) da:) €0,

v(t,x)dx = ef (1 — ﬂe*t) ,
RTI,

where 8 = § [g. u1 (z) dz. By virtue of (3.124) and (3.123) we get

By (3.124) we have

so it follows that

(PN (t) (1 — ﬁe—t) + (1 + ﬁe_t) QDI (t)
= E%ef%%@(t) - N (v(t,z))dz + (¢ (t))2 (1 B ﬂe—t) ) (3.125)

We put h(t) = en?(®) | then multiplying (3.125) by ett e we find

d ,, . C2x
p (h (t) (e —B)) = —ngee Rn./\/(v (t,x))dx
n+2 I 2/t I
B2 ) (¢ - )~ 5 0, (3.126)

with initial conditions h(0) = 1, A’ (0) = 0. Thus instead of system (3.7)
in the proof of Theorem 3.2 we obtain the following system of equations for

(v (t,2), (1))
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Lo=f,
000 (= 9) = e fn N (0 1) o

g <h'<t>>< )ﬂh%), (3.127)
x) =

[ V)

v (0,2) = eug (), v (0,2) = euy (),
h(0) = 1,4’ (0) = 0.
where
F =N @)+ v+ 26 B+ (6 () - (0 (1)) v
A nh’ (t e i3
:—E./\/'(U) 0 (9_ _tﬁv—kvt)
+ B N (v (t,x))dx.

eh(t) (6 — Be~*) Jrn

We find a solution (v (t,z),h(t)) of the Cauchy problem (3.127) using the
successive approximations method in the function space

X; = {(v,h) € X x C'[0,00); || (v, h)||z < 00},
where the norm

I, = llvllx +sup sup gt £) (0F 075 o (1) = vo ()

1<p<OO
+sup (log g (1)) " |A (£) — g (6)] +sup (&) [ (1),
t>0 t>0
I0lx = sup sup (¥ [[(~2)F o 1)
t>0 0<a<s L
n g oatl a _1
+sup sup (I (—2)2 )2 a0 |
>0 0<a<s L
n_ 3
+sup (1)1 [[1476. (1)
t>0 L

and

g(t) =1+ rlog (t), H_(so)5< n )

We now define for Gy = 5, G1=¢g
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and for (vpm41 (8),hmy1 (), m > 0, we consider the linearized system of
equations corresponding to (3.127)

‘Cvm-i-l fm7
3 (Wpr (1) (e = ) —ZHEOet Jon N )
+2hm+1(t) ( M (t)) (e' = B) — Bhi, 44 (t),
V41 (0,2) = eug (), Orvpm1 (0, x) = euy (z),
hons1 (0) = 1, K (0) =0,

) dx
(3.128)

where for m > 1

A v nhml(t)( et
I = N ) " ) 5= 15

- Vpn + 8tvm>
N (v, (t,x)) da.
R'Vl

n AUy,
hm1 (t) (0 — Be~?)

We now prove that for all m > 0

omlx < Ce, om (£) —vo (D] < Ce* g~ (1) (1)~ 2073) | (3.129)
and

i (1) — g ()] < Ce™ log g (t), |Oh ()] < Cew (1) (3.130)

for all t > 0, 1 < p < co. By Lemmas 3.34 and 3.35 we see that (3.129) and
(3.130) are valid for m = 0. We assume by induction that (3.129) and (3.130)

are true for some m. By the definition of h, (£) = e=¢m® it follows that

fm (t,2)dx =0
R'n,

and

/ U1 () do = €6 (1 — Be?)
RTL

for all ¢ > 0. We write equation Lv,,+1 = fp, in the integral form

t
Uma1 = Vg + Gt —7) fm (1)dr
0

and apply Lemma 3.36 to get

|(Wms1 = v0) gllx < Cllfmglly < Ce'F7, (3.131)

where

1+3+%

[ flly =sup sup (t)
t>0 0<a<s

n__ &
+sup (1) I3
t>0
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Hence in view of the Sobolev Imbedding Theorem
1.4 it follows

lome1 () = vo (Dl < C g1 (1) (1~ # (77| (3.132)
forall t > 0,1 < p < oo. We also find by Lemma 3.37 that
|Bmt1 () = g ()] < Ce™ logg (¢)

Therefore the estimates (3.129) and (3.130) are valid for any m.
For the difference w,, = vma1 — vy we get from (3.128)

Ewm = fm—i—l - fm
W, (0,2) =0, dyw,, (0,z) = 0.

By (0] < Cem ()" (3.133)

Since

/ . (fm+1 (tv‘r) - fm (t,JC)) dz = 07

by applying Lemma 3.36 we obtain

1
lmll < 5 lom-illx

and by Lemma 3.37

sup (g (0) ™" s () = B ()] < -

These estimates imply that there exists a unique solution (v,h) € Z of the
Cauchy problem (3.127) satisfying estimates

1

o (t) = vo (8) | < CeWEg (1) (1)~ 2(7%)

and ,
|h(t) —g(t)] < Cenlogg ()

forallt > 0,1 <p<oo. Since u =e %v and h = e>% we have

Hu (t)e*® —e0G (t, x)‘

Lp

<C u()) e v (), +C o (1) — <0G (t.2)]
<CetRgT 708

hence

< Ce Ry -3 (1) 1y ()

Hu (t) = £0G (t,x) 0|

for all t > 0, 1 < p < oo. This completes the proof of Theorem 3.32.
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3.5.2 Large initial data

This subsection is devoted to the study of the nonlinear damped wave equation

{ utt+ut—Au:—|u|‘7u,xER",t>O, (3134)

U(O7l’) = Uo (I), Ut (O,IE) =u (I)a T e Rn’
with a critical power o = % in any dimension n > 1. We will prove the large
time asymptotic formulas for the solutions of the Cauchy problem (3.134)
without any restriction on the size of the initial data.

Define

|=2

Go (t,2) = (4r (1 + 1)) e~ 71,
Denote n = (47) ™" (1+ %)7% . We define the space
X = {¢ € C([0,00); H'* (R")) : [ éllx < o0},

where the norm

n__k

[9llx = sup (1) 7% 16 () legos + 1) ¥ 10 (1)
>0
+ ()

[SE

l
2

Hv¢<mHOk+<>*%HV¢@NhJ

with & > 6 + 3n.
We will prove the following result.

Theorem 3.38. Let 0 = 2. We assume that the initial data ug € H** (R")N
C(R"), u; € HY* (R™), with k > 6+ 3n. Then the Cauchy problem (3.13/)
has a unique global solution

u € C([0,00) ; H"* (R™)) N C* ([0, 00) ; H** (R™)) .

Moreover the solution u has only one of the following asymptotics for large

time t — 00

where 0 < v < %, or

<C
X

log 2 (yutr)||, < .

X
Remark 3.39. In the one dimensional case the asymptotic formulas stated in
Theorem 3.38 are uniform with respect to x € R by virtue of the Sobolev
imbedding theorem. In the case of large initial data we can not give conditions
on the data under which only one of the asymptotics occurs. This is why the
result of Theorem 3.38 has the form of the alternative.
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Below we obtain the weighted energy type estimates. Then applying the
integral equation associated with Cauchy problem (3.134) we estimate the
second derivative uy. By the maximum principle we find the optimal time
decay estimates for the solutions. We describe the large time asymptotics of
solutions for the nonlinear heat equation with a source in the critical case
o= % Finally we then prove Theorem 3.38.

Preliminary estimates

‘We define the norm
n__k n
6lly = sup ({975 16 () lggoe + () 6 (D2
t>0

Note that .
sup ()2 [|¢ () [lg10 < [|9lly -
t>0

Define the Green operator Gy (t) of the linear heat equation
6o (0= [ Glta-y)o()dy,
where the heat kernel G (t, ) is

|z|2

G(t,x) = (4nt) 2 e o

Also we denote the asymptotic kernel

|z|2

Go (t,x) = (4m (t+ 1)) % e~ 7D,
Lemma 3.40. The triad (X,Y,Go) is concordant, that is for any ¢ such that
the mean value [, ¢ (x) dx =0 the inequality

oo [ Gt -y o dr]| < Closly

X

is wvalid, provided that the right-hand side is finite, where g (t) = log” (2 +¢)
for v > 0.

Proof. By virtue of Lemma 1.28 we obtain

HIVI”/Otgo (t—7)6 () dr

L2

SC/O (t—7) " F ) g () dr sup (1) g ()16 (1) e

< Clodly / (=) Fdr<Cg (1) (05 lgdlly
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forall0 <t <1 and

p_n

<Cg (M7 golly

forall t > 1, p =0, 1. In the same manner we have via Lemma 1.28

12l V)7 / Go (t — ) 6 (7) dr

L2

sc | -0 T g @ drsup ) g () 16 (Dl

¢ ) _1_n_k n_k
O [ =) (0T TR T () draup ()R g (1) 10 (e
0 TZ

< C<t>§—§—’z lgdlly <<t>_é /Ot (r)"% g7 () dr + (8) /Otgl (1) dT)

for all t > 0, p =0, 1. Hence the triad (X,Y,Gp) is concordant. Lemma 3.40
is proved.

Weighted energy type estimates

By applying a standard contraction mapping principle we have the following
result.

Proposition 3.41. Let 0 < 0 < % Suppose that the initial data ug €
H™HLERM), uy € H™H(R™) with k,m > 0. Then there exists a positive
time T and a unique solution uw € C ([0,T]; H™ k)0 C! ([0,T]; H™F) to
the Cauchy problem (3.134).

Using the idea of papers Ikehata et al. [2005] and Nishihara [2005] we
obtain the following weighted energy type estimates (see also papers Nishihara
and Zhao [2006], Tkehata and Tanizawa [2005], Ikehata et al. [2004], Todorova
and Yordanov [2001]).
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Lemma 3.42. Let 0 < 0 < % Suppose that the initial data uy € H>*(R"),

uy € HY¥(R™) with k > 6 (1+ 2 — 2). Then there exists a unique global
solution u € C ([0, 00); HZ*(R™)) N C! ([0,00); H"*(R™)) to the Cauchy
problem (3.134) which satisfies the a priori estimates

()12 + (&) [Ju (8|20 < C (1275
and
e ()] + (&) e ()2 + 1V ()]0
(0 IVU Ol + w325 <O @)~ FE>
for all t > 0.

Remark 3.43. The estimates of Lemma 3.42 are optimal in the subcritical
case 0 < o < % In the critical case o = % under study in the present section
the optimal time decay estimates contain logarithmic correction (see below
Lemma 3.4.6).

Proof. Let u be a solution constructed in Proposition 3.41. We multiply equa-
tion (3.134) by 29u; + ¢u with arbitrary weight functions ¢ (¢, x) and ¢ (¢, ) .
Then integrating over R™ we get

0= / (2¢uguy + 2pu? — 2upuy Au + 24 |[u|” wuy
+ouuy + duuy — puldu + @ |u|g+2) dx.

Then integrating by parts with respect to « we find

dE 1
— 4+ H=| —|$Vu—u,Vy|*daz, (3.135)
dt R” t
where
2 o
E= - (¢uf + puus + %uQ + ¢ |Vul® + 07_’1_#2 [ul +2) dx,

H= / <¢uf + ¢ |Vul’ — %uQ + Au|”" = gy + (Vo - V) u) dz,
RTL

@:wfwtwi\wfw
t

and

29
o+2

A=¢—

If the weight ¢ satisfies the inequality ¢y < 0, then equation (3.135) implies
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dE
— + H <0. 3.136
pras (3.136)
Multiplying inequality (3.136) by (¢ + to)6 with 8 = % — 5 +1, we get
d s B
t4+ty) " F) < —(t+1 H— E). 3.137
dt((+0) )* (+0)< t+to) (3.137)

We now choose ¢ = v, and consider the right-hand side of inequality (3.137)

B B B B
H*t+toE*/n <<¢t+to>u? <t+to+¢t>uut

<¢ - ti‘i) IVul? + (Vi - V) u

i) ) )

Applying the estimates

1
luug| < u? + 4u2

and

(V- V) u| < = [V [Vul” + th\u

\wl

we get

B
t+to

28y By 2
>/ﬂ((¢—m +bwt) ( i —Ww)w

w5 (=) (- o) M)

We choose the weight

H— E

2%k
a|z|
(t +to)"
with some a > 0, then for sufficiently large ¢ty we find

_ 2 +wt=( 26 >w+|w|

Y (t,x) =1+

t+to t+to
_(1_ 20 ) - alg|™ '\ 4dka |z
t+to t+t0) ) (t+t)"!
alz|* dka |z|*?
=1+ E k—1
(t—l—to) (t+t0)
DI S . W
>1—4a - > =
2(t+to)" 2
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since by the Young inequality

dka |z|*F 2

(t+ )"

2k
alzl

k—1
§4a(8(k‘—1)) +m

if a < Also we have

269
(t+1to) (e +2)

I R A R
_<1 (t+to)(a+2))¢ 0+2221/}'

Then by estimates

1
4(8(k—1)k

A=

By 2

and

0] — 98¢ _ (k=6p)ale™ 65
Tttt Tt 1 te)T t+to

B / ]- 2 2 o+2
— > —
H ; toE i Qw(ut + |Vu|” + |ul )

L ((k=6B)alel* 68\ ,
+§ x s dx (3.138)
(t+to) +to
if we choose k& > 60.

Now we estimate the second summand in the right-hand side of (3.138).
By the Holder and Young inequalities we obtain

1 _ 2k
_,/ (k 6ﬁ)¢2|$1| LCER
8 Jro \| (t+1to)*" t+to
B
t4to Jjz|<oviTio

we see that

< e < C(t+ 1) lulZen 12 o2

(lz|<oviFto)
_on____ n_1_2 1

< C(t+10) T [ul[fore < C(E+10)2 7177 + 3 ull 752
n_q_2 1

SC(t+t): ! §+§/ |u| 7+ pda,

where ¢ > 0 is sufficiently large. Thus

1 -
e (1= LoB) 2 v [ (Go (419l 4 ul?)

2k
N ((k—Gﬂ)alxl 63 >u2> s _C

8 (t + to)F t+to
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since f = § + 2 (% - g) + 1. Then we obtain

d s 1 6/ 2 2 o+2
—((t+ty) " E)+=(t+t Y luy + |Vu|” + |u dr < C.
g () B)+ 5 +u0)” [0 (uf+[9u+ jul™?)

Integration of this inequality with respect to time yields

(t+to)ﬁE(t)+;/tdt(ttho)ﬁ/

0 R”
< C(t+ty) (3.139)

(uz +|Vul? + |u|"+2) b

which imply the first estimate of the lemma.
Another estimate we obtain if we choose ¢ = 0 and multiply inequality
(3.136) by (¢ + to)" ™

% ((t +1t0)" ! Eo) < —(t+to)" T Ho+ (B+1)(t+ )" By, (3.140)

where )
E — 2 2 o+2 d
o= [ (0 19l gl ) v
HO = / (@O’LL% + A() \u|a+2) dLU,
1 2
Dy =2 — Yy + — |V
(o
and 2

Ay = ——L.
0 PR

As above we have the estimates &y > 0 and Ag > 0. Therefore by (3.139) the
integration of (3.140) with respect to time yields

t
(t+1t0) ™ By < C/ (t+to)" By (t)dt < C(t+1o).
0
Hence Eq (t) < C (t+to)".
To prove the last estimate we apply the operator V to equation (3.134)

and multiply the result by 2¢Vu; 4+ ¢Vu. Then integrating by parts with
respect to x in R™ we get

d 1
0= / 1/)% <|VU1‘,|2 + (Au)2 + 5 |Vu|2 + (Vu- Vut)> dx
[ (190l + Q0+ 4 1)l (T

+2 (0 + 1) |u|” (Vug - Vu)) pdz + / ((2Vuy + Vu) - V) Audz.

n
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Then we find IE
dTl + H, =0, (3.141)

where
B = / (|wt|2 + () + % IVl + (V- Vut)) vz
and
H, :/n (IVuel? + (B0 + (0 4+ 1) [ul” [Vuf®
42 (0 + 1) [ul” (Vg - Vui)) voda + / ((2Yue+ Vu) - Vi) Auda

1
—/ <|Vut|2+(Au)2+ 3 IVul® + (w-vw) Yydx.

Multiplying equation (3.141) by (¢ + to)ﬁJr1 we get

d B+1 _ B+1 p+1
= ((t+t0) E1> =~ (10 (= B ) (3.142)

By the Cauchy inequality we now estimate the right-hand side of (3.142)

B+1
1 — mEl
= / § (<¢ — - f:tiib) (IVutI2 + (Au)Q) + (o + 1) [ul” |[Vul?

+2 (0 + 1) |ul” (Vug - Vu)) dz
+ / (2 (Vug - V) Au+ (Vu - V) Au — (Vu - Vug) i) do

1 B+1 2 B+1
Lo (v gy 9o - e vu ) s
1

>
-2

/ <|Vut|2 + (AU)Q) Ydx — C (t + to)_l/ |Vul® ydz
n Rn
fc/ lul*” |[Vul? pdz. (3.143)

By the Holder inequality we have

2

[l (v v < s

V6 V|

L2+20 ’

By the Sobolev inequality

on

1—_on
Pl g2120 < C HV¢||E<21+”> (2 0ty
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Then o
a-n o2n
[ CIIVUIlﬁ lullga” T < o177 A
and
[vorvull,.., c|Voa;
+ CtT D
<Ct ﬁ+2(1+0‘) ‘fAU L;r' + Ot 2(1+0) ;3
Thus by the Young inequality
[l vl v
Rn
< OIS ‘fAu ' 7 4 Oprlote-
L
1
<3 HﬂAuHLQ oAt (3.144)

since

<a —(o+1)f- J;((10+aﬁ))> <1 +1U+—J>
o+1

S P

By (3.142), (3.143) and (3.144) we get

d Bt1 9

= ((t+t0) El) <O+ (t+1o) HIWH (3.145)
Therefore by (3.139) the integration of (3.145) with respect to time yields

t 2
(t+to)" T By gC(t+t0)+C/ (t+t0)ﬁH\/EVUHLZdtgcathO).
0

Hence F; (t) < C (t+to) ", which gives us the second estimate of the lemma.
Lemma 3.42 is proved.

Estimates for the second derivative us

Now we obtain the estimates for the second derivative us in the norm

Iy = s (8) (67 16 Ol + 05 16 Ol )
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Lemma 3.44. Suppose that the initial data ug € H>*(R"), u; € HVEF(R?)
with k > 6 + 3n. Let u be a global solution u € C ([0, 00) ; H**) N C* ([0, o0)
;Hl’k) to the Cauchy problem (3.134) with o = % and satisfy the estimate

o7l + 7l

i, <e

Then the estimate is true

1) ueelly < C,
where v > 0.

Proof. We have by the integral representation (3.109)
O2u (t) = (0p + 1) 02G (t) ug + 02G (t) uy

oo (b (0)- oo

_/1 0G (t — 1) 07 |u(7)|” u(r)dr.

By virtue of estimates of Lemma 3.34 we obtain

10:G (t) Bl < C ()" ||l e

and
107G (£) 6|2 < C (0% (1(V) Sl + IBllgxr)
for all t > 0. Therefore

lee (B)llge < € (07" % (lluollgga + llun lggn)
i C/o (t =) 7% Ju (r)Fesen [60V) 0 (7)l|san dr
+ C/O (t =7) 775 Ju ()| s 16V w (7 givm dr

t
e / = 1) (1) [Gavae 1t (7llgaseo dr.

By the Sobolev inequality we have

1—_on
H¢||L2+20 <C HVQ&HQ(H”) ||¢HL2 A+

Then

2

o2 1_ _o°n
lu () l|g2r2e < ClIVu(t )H:"“*”) lu(®)ligz 77 < (1)~ F T

w3

() Zzsen [1(6V) w()llparas < O ()77,
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et (DN 1V (D)l gan < C ()7

and

_3_n
274

lu )l L2+20 lue (B)l|p2eee < C ()

Hence
e Ollz <€ (072 € [Tt =n)F (1) ar
0
t 3 n n
+ c/ t—7)" (N2 dr <o) TITETY. (3.146)

To prove the weighted estimate we write by using Lemma 3.34

k

[HFag @ o, <c® " H ol + )| ¢

L2
and
[HF a2 |, <02 5169 dllga + € (072 ||)F iv) g| -
Hence
[F 2], < € ®F 7 Qluollgen + o)
0 [T = Ol 169 (7
0 [ = 0 @l [0 V) )|, ar

t
kE_q1_n o
*C/ =) ()Gl (Pllgrso dr
2

t
+C/; <t—T>_1 ||’U/(T)||E2+za

() ur (7))

L2420
By the Sobolev inequality we have
o k. kE_1_n
lu @5 [ ) u )], <C®iE
o _3
[ ()l Lo e (B)llpase < C ()2
and i W s
hu ()asae |V @], <C®F 3

Hence
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<c@E i (3.147)

Thus the estimate of the lemma follows from (3.146) and (3.147). Lemma 3.44
is proved.

Optimal time decay estimates

We first compare the solutions of the following two problems

{Ut : Ag(z)i lvu)| :uuj(f)’, p E %n: =0 (3.148)
" ve— Avf el = |, z €R", >0

{ v(0,x) = p Iuo(x)7| reRM, (3.149)
where o = 2

n"

Lemma 3.45. Suppose that ¥ € C((0,00) x R™). Let u and v be classical
solutions of (3.148) and (3.149) such that

u,v € C((0,00);C*)NC'((0,00);C).
Suppose that 0 < e <1 and up > 1. Then
lu(t,z)| <wv(t )
forallt >0, z € R™.

The proof of Lemma 3.45 is similar to that of Lemma 3.14 so we omit it.
In the next lemma we obtain optimal time decay estimates for problem
(3.148) with ¥ € C ([0, 00) ; L? (R™)) . We remind that

I9lly = sup (&) (07 19 O)llga + (O F % ¢ Ollgon ) -
t>0

Lemma 3.46. Suppose that the initial data ug € C(R™). Let the force ¥ €
C ([0,00); L? (R™)) satisfy the estimate

6 lly <C
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for some v > 0. Suppose that there exists a solution u € C ([0, ) ; L? (R"))
of problem (3.148) such that

ot <c

Then the optimal time decay estimate is valid

H(log(2+t))%uHX <C. (3.150)

Proof. Since the function ¥ € C ([0, 00);L? (R™)) we can not apply Lemma
3.45 directly. Denote ¥, = ¥ — 6y (t) Go (t), 01 (t) = [ga ¥ (¢, x) dz, vy (1) =
u (t) and

wl(t):/o go(th)Lfll(T)dT.

Also we define vy, and w, for m > 2 by the recurrent relations

m—1
U (8) = (t) = > w; (t)

j=1

and .
wp, (t) = / Go(t —7)¥,, (1)dr,
0
where
v, = |'Um—1|0 Um—1 — ‘Um|a U, — Om (t) Go (t) ;
O (£) = / ([0m1]” V1 — [m]” v d.

Then we get

Orvm — Avyy = — V1| Vme1 + 305" 0; (1) Go (), z € R™, >0,
Um(0,2) = ug (), z € R™.

First let us prove by induction that
18)" wjllx < C- (3.151)
By virtue of Lemma 3.40 we obtain
1) willx < ClET illy -
Since v; = vj_1 —wj—1 we have
[vj—11” vim1 = |vsl” vsl < C (Jvj—1] + lwj—1])” [wj—1].

Therefore
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15" #lly < C.

We now use the smoothing property of the heat kernel. We apply Lemma 3.35
to get the estimate

[0 (B)lle; < 190 (8) wolprs

+/0 Go(t—1) <|vj1"vj1 (T)Jr;@l (t) Go (@)

t _g(;_;)
T p 1
<Clluollges +C | (t=7) N7 " luj (7)o dT
0

dr
LPi

We choose § (L - i) <1, and vj_; € C([0,00);LPi~t (R"™)), then we get

Ti P
v; € C([0,00);LP7 (R")) with § (;i"l - ﬁ) < 1. Thus we choose p; = 2
J— J
and + < ife _ 2=e < _1__ l=¢ Therefore we arrive at pj = oo for some
pj Pj—1 n Pji—1 n

j. By the same considerations we obtain
vy, € C([0,00); C (R™)) N C ((0,00);C* (R™)) NC" ((0,00);C (R"))

for some m. Thus v, satisfy (3.148) with a force
_ m—1
U = [vm|” Vm = [Um—1]" o1+ Y 05 (£) Go (t).
j=1
By virtue of (3.151) we have the following time decay estimate

fore], <c:

We now take a sufficiently small ¢ > 0 and consider the following two
auxiliary Cauchy problems

_ 241 _ 2| n
U — AU+ U £ M zeR", >0, (3152)
U(O,ZC) =€ |u0(x)| , x € R",
and
— TVEH @ n
V,— AV 4 enV ‘W,meR,t>O, (3159)
V(0,z) = é luo(x)], x € R™

Note that problem (3.153) can be reduced to problem (3.152) by virtue of the
change V = ¢72U. And problem (3.152) has a sufficiently small initial data

¢ |uo(z)| and a small force &2 ‘@‘ Moreover, the mean value 6 = [, uo(z)dz

= O () . So that the term &2 ‘@‘ = O (e) is also small. Therefore we can apply

the results of Section 3.2 to calculate the large time asymptotic behavior of
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the functions U (¢, x) and V (¢, z). Hence by Lemma 3.45, we get |v,, (¢, 2)| <
V (t,x) = e72U (t,7). Then via Lemma 3.45 we arrive at the optimal time
decay estimate for the solution v,

w3

[om (#)llpe < ™2 (8) % (log (2+1))~

for all ¢ > 0. Using the integral equation for the heat equation we find

n

H(log(2+t))2 vaX <C. (3.154)

Now by estimates (3.151) and (3.154) we find estimate (3.150). Lemma 3.46
is proved.

Nonlinear heat equation with a source

We start this section with the following auxiliary result. Consider the following
equation
dy

L= -l + o), (3.155)

where o > 0. Denote 9 (t) = 4(1 —2_")_1sup72,5|¢>(7')|7 hence 1 (t) is
monotonous.

Lemma 3.47. Let ¢ € C([0,00)), and "' (t) € L2 (0,00), with 0 < v <
min (1, %) . Then the solutions of equation (3.155) has only one of the asymp-
totic behavior

ly ()] <9 (1) (3.156)

y(t)=1+0 () (3.157)

for allt > 0.

Proof. If |y (t)| < ¢ (¢t) for all ¢ > 0, then we get (3.156). Consider t > T > 0
such that ¢ (t) < % Now we suppose that

ly (to)| > ¥ (to)

for some to > T. First consider the simplest case y (tg) > % Then let us prove
that

y(t) > (3.158)
for all t > tg. By the contrary in view of the continuity of the solution y (t)
we can find a maximal time ¢; > ¢y such that inequality (3.158) is true for
all t € [to,t1) and y (t1) = 3. Since |¢ (¢)| < § (1 —277), then by equation
(3.155) we have

dy>

oy 1 o
Pzs-l)-70-27) >0,

N
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when ¢ € [tg, t1) is sufficiently close to ¢;. Hence we see that (3.158) is true for
all t € [to,t1]. The contradiction obtained proves that (3.158) is fulfilled for
all ¢ > to. Then changing the dependent variable y = 1 + w and multiplying
equation (3.155) by w we get

%w =2y (1 —(1+w))w+2wp < —2yw? + CyY?.

Therefore the integration with respect to time yields

w? (t) < e 27 ( (to) + C’/ Ty dT) .

Consequently w? (t) = O (e=*"") for t — co. Therefore asymptotics (3.157) is
true.
Consider now the rest case

Y (to) <yl(to) < 5

for some ¢y > 0. Then let us show that the solution y (f) grows in time and
there exists a finite time 1 > tg such that

(3.159)

N | =

y(t1) >

. . . 1
(that is we arrive to the previous case.) By the contrary suppose that y (t) < 5

for all ¢ > 0. In view of the continuity of y (¢) we find a maximal time interval
ty > tg, such that

(3.160)

l\D\»—t

P (t) <y(t) <

for all t € [to,t2), and if t2 < oo, then y(t2) = ¥ (t2). Then by equation
(3.155) we have

dy

L= -ly+ e > (1-27) -0 (1) >0 (3.161)

for all ¢ € [to,t2) . Thus the solution y (¢) grows on the interval [to, t2), hence
y (t) > ¢ (¢t) for all t > ty. Consequently inequality (3.160) is true for all ¢t >
to. However the integration of (3.161) shows that the solution y (t) becomes
greater than 1 3 after a finite time t; > to. The contradiction obtained proves
(3.159). The case of the negative solutions can be treated in the same way.
Lemma 3.47 is proved.

Now we consider the Cauchy problem for the nonlinear heat equation
(3.148) in the critical case o = 2 with a source ¥ € C ((0,00) ; H*¥ (R")).
The solutions to the Cauchy problem (3.134) satlsfy (3.148) if we take ¥ =

—uy. Denote n = (47)~ (1 + 5) 3 and 0 < v < g
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Theorem 3.48. Assume that the initial data ug € HY* (R™), with k > 6+3n.
Suppose that the source W € C ((0,00) ; H** (R™)) and the estimate

K" @lly <C (3.162)
is true. Assume that the Cauchy problem (3.148) has a solution
u(t,x) € C([0,00); HY¥ (R™)) N C' ([0, 00) ; H** (R™))
satisfying the a priori time decay estimate
H(logt)g u (t)HX <c. (3.163)

Then the solution u has only one of the following asymptotics

u(t) = <2T;7) Go(t)log 2t +0 (t*% log_%—"/t) 7

or

u(t)=0 (t*% log= 2! t)
for large time t — oo uniformly with respect to x € R™.
Proof. We make a change
u(t,x) =0(t)Go (t,z) + w(t,x).

Then from (3.148) we get for the new function w (¢.x)

wy — Aw = N (u) — 0'Gy, (3.164)
where N (u) = — |u|” u + ¥. We choose the function 6 (¢) by the following
equation

0 (t) = N (u(t,z)) dx (3.165)

RTL

with the initial condition 6 (0) = [, uo (x) dz. This implies that
w(t,x)de =0
R'Vl

for all t > 0. In view of (3.165) the integral equation associated with equation
(3.164) is

w (t) = Go (t) wo + /Ot Go(t—r) (N (u(r)) = Go (1) (u (7)) dm) dr.

R’n
(3.166)
We obtain the estimate
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. . 2 n
9" 5N ()| < Cllg¥ully ™+ [g 2, < C. (3.167)

and .
1972 Gowol| < C.

Since by Lemma 3.40 the triad (X,Y,Gp) is concordant, then by (3.167) we
get from (3.166) the estimates

t

gitE / Go (t — 7) N (u (7)) dr
0

<C+ C’HgH%N(u)HY <C,

lg™ Fwllx < [lg™"*Gowolx + ‘

X

which shows that w (¢) is a remainder term. Then since ||g%u||x < C we see
that

[NE

|0 (8)] < C(log (2+1))~
Now we turn to equation (3.165)
0 (t) = — N(u(t,:c))dx:—/ \u|gudx—|—/ v (t,r)dz
Rn n n

=—10()

5 (1) 5 G (4 2)de + O (+07 (og(2+) 7).

By a direct calculation we have

2 n n ||
/Gé*"(t,x)da;:(47r)’5’1(t+1)’5’1/ e~ (143) g

=nl+t)7",

n
2

where n = (47) " (1+ 2) 2. Therefore we get
0 ()=o) 0@ (1+t)"" +0 ((1 +4) " (log (2 + t))*%*2) . (3.168)

We now make a change 6 (t) = h (t) (log (2+t))” 2 , then

r_ n o a
W= (1+t)log(2+t)h(2n [h] )
+0 ((1 r)t (log(2+t))_2>. (3.169)

Changing the dependent and independent variables h (t) = (ﬂ) ? y(r), 7=
5 loglog (2 + t) , we obtain the following equation

d o
%y=(1—|y| Vy+ o (1),
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where ¢ (7) = O (e_%T) . So we can apply Lemma 3.47 to equation (3.169),
and arrive to the following possibilities for the function 6 (t)

n

()= (;) : (logt)™2 + O ((1ogt)*%*7) (3.170)

N 10 ()] < (logt)” 7 (3.171)

for all ¢ > 0, where 0 < v < . The first possibility (3.170) leads to the first
asymptotics formula of the theorem. In the case (3.171) we obtain a faster
time decay estimate

Joeor 3l <

for the solution. Theorem 3.48 is proved.

Proof of Theorem 3.38

Theorem 3.38 is now a consequence of Lemma 3.42, Lemma 3.44, Lemma 3.46
and Theorem 3.48.

3.6 Sobolev type equations

This section is devoted to the study of the Cauchy problem for the Sobolev
type equation in the critical case

(3.172)

O (u— Au) — alAu = A|u|”u, z € R", t >0,
u(0,2) =up (x), x € R,

where o > 0, 0 = %, A € R. As in the supercritical case (see Chapter 2 section
2.4) we rewrite the solution of problem (3.172) in the form

w(t) :g(t)u0+)\/0tg(t—r)8|u|gud7', (3.173)

where the Green operator G (t) is given by

G(t) ¢ = e Fepe T $(€)

and

Bo = B(r—y)¢(y)dy
R'n.

with the Bessel-Macdonald kernel

Bo)= ()% [ o (L+16f) " dg = [ol % Ky (Ja).
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Here - )
v T TP -l bl
K, (o) = K_, (ja]) = 27 |af / el ge
0

is the Macdonald function (or modified Bessel function) of order v € R.. Recall
that for any £ > 0
B¢, < Clléllgn (3.174)

for all 1 < p < 0o and
1Bl 1 < CllSllLe (3.175)

for any a > 0. Denote

n |m|2
Go (t,2) = (4ma (t+1))" 2 ¢ 0D,

We have the following result (see Lemma 1.31, and Lemma 1.33).

Lemma 3.49. Suppose that the function ¢ € L= (R™) N LY (R™), where
a € (0,1). Then the estimates

1 1

1G () dllpe < e gl + C &) EE3) o]l

n

G () ¢ — 9Go (t, @)l < Ct™ 272 (| @llp + [PllLra)
and

(117G @6 = 0G0 (@) | < C4'F* [dllgan

are valid for all t > 0, where 1 <p <00, 0<b<a and ¥ = [, ¢ (x)dx.

3.6.1 Small initial data

Define

2

n

Denote g (t) =1+ |0|% nlog (141), 0 = [g. uo(x)dz.
Now we state the results of this subsection.

Theorem 3.50. Assume that \0 < 0. Let the initial data ug € L (R™) N
LY (R"), a € (0,1] are small ||ug|y + ||wollpia <& A0 < —Ce < 0. Then

the Cauchy problem (3.172) has a unique global solution
u(t,z) € C([0,00); L (R") NL"* (R"))
satisfying the asymptotics
u(t) =0Gy (t) g~ % (t) + O (<t>‘% 921 (1) log logt) (3.176)

for t — oo uniformly in x € R".
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Proof of Theorem 3.50. We use Theorem 3.2 considering the integral for-
mula (3.173) the Green operator should be changed by G (¢ — 7) B. Define the
norms

18llz = [I¢ (O)llpe + ¢ O)llgra,
9llx = sup (0 16 ()l + (7% 16 (Bl )
>0
and

lolly = [I¢t) ¢ Dlix >
where a € (0,1). Note that the L' norm is estimated by the norm X

L= ’ d —« « ’ d
¢ ()l /w|<<t>% ¢ (¢, )| x+/w><t>é | [ | (£, )| dx

SOOI~ +CH 7 lo Ol <Cldllx-  (3.177)
n I
By Lemma 3.49 we see that Go (t,2) = (dra(t+ 1)) 2 ¢ TGFD is the as-
ymptotic kernel with a functional f (¢) = [z, ¢ (z)dz.
Now we prove that the triad (X,Y,GB) is concordant. In view of the
estimate g~! (1) < C and Lemma 3.49 we get

<Oty ollx < Clit) ollx 97 (1)

for all 0 <t < 4. We now consider ¢ > 4.aVia the condition of the lemma, for the
function g (t) we have the estimate ()" * < Cg~' () and sup, ¢,z 19" (7) <
Cg~! (t); hence, by virtue of Lemma 3.49 and (3.174) and (3.175), we obtain

\/E n a
<C | t—=7)2 2 (IBf (Dllgee + IBf (7)llLi.e) dr

/0 gt (1)G(t —7)Bp (1) dr

/o gt (1)G(t —7)Bo (1) dr

"

Loe Ll.a

/0 g ()G (t—7)Bf (r)dr

Loo

t
y

-1 ’ — ) TETE(|BS (1 o Bf (T)|ls1.)dr
+Cyg (t)/ﬂ(t ) UBf ()l + [1Bf (T)llg10) d

Lo (1) / 1BF (7)]| e dr.

Therefore, by using the definition of the norm X we get
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H/ Gt —7)Bf (r) dr

\/{ n a a 1
<C ) fllx / (-1 2 F ) dr

_1(t)|<t>f|x/; )t it ar

OISl [ 7E
L) 100 fllx < Comt (0% 1) Fllx

Lee

<C(t 2 i+g

and, similarly,

t

g_l( )Gt —7)f (7)dr

Ll.a

<c / NF g dr

Vi ¢
<Cl flix / 5 Ydr 1 O () 1) Fllx /ﬁledr
< Ce (11 + 97 (013) 1(8) fllx < Co™ (¢ I18) Fllx.

Thus the triad (X,Y,GB) is concordant.
Since by interpolation inequality (3.177)

log (2 +1) IV (v (1)) = N (w (£))[| s
< Clog (2+1) (o (DL + llw (B)lIgee) lv (£) = w (£)] s
< C () Jlog (24 1) (v — w)Ix (lvll% + [wli%)

condition (3.4) is true. Also we have
1K (v) = K (w)lly <IN (v) =N (w)lly

+ é (lvllx + llwllx) sup (&) IV (v (1)) = N (w (@)l

+ é o = wlix sup (&) (I (0 ) lga + IV (w (#))]s)

o o ]‘
< Cllo —wll (Iol% + %) <1 + 2 (il + |w||x>> |

Since the triad (X,Y,GB) is concordant we see that condition (3.5) is fulfilled
Now by applying Theorem 3.2 we easily get the results of Theorem 3.50 which

completes its proof.
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3.6.2 Large initial data

We now remove the smallness condition on the initial data ug («). Consider
the Cauchy problem for the Sobolev type equation

O (u— Au) — Au= —|u|”u, z € R, t >0,
{ w(0,z) =ug (z), z € R” (3.178)
in the critical case o = % (That is we choose « = 1 and A = —1 in equation

(3.172).)
Define the heat kernel

|2

Go (t,x) = (4w (1+ 1)) % " T050.

Denote n = (47) ™" (1+ %)75 .

We will prove the following result.
Theorem 3.51. Let 0 = 2. We assume that the initial data ug € W2 (R")N
W2HR™) NH2F (R") N C (R"), with k > 6+ 3n. Then the Cauchy problem
(3.178) has a unique global solution u € C ([0, 00); W2 (R™) N H2* (R™)).
Moreover the solution u has only one of the following asymptotics for large
time t — oo uniformly with respect to x € R"

n

u(t) = (27’) Go(t)log™ % t + O (ﬁ—%log*%*7 t)

where 0 < v < L or

u(t) =0 (t_% log= 27! t) .

Before proving Theorem 3.51 we obtain the weighted energy type estimates
and find the time decay estimates for the term Auw;.

Weighted energy type estimates

By applying a standard contraction mapping principle we have the following
result.

Proposition 3.52. Let 0 < 0 < % Suppose that the initial data ug €
H™FR") with k,m > 0. Then there erists a positive time T and a unique
solution u € C ([0, T]; H™*(R")) to the Cauchy problem (3.178).

Using the idea of paper Nishihara and Zhao [2006] we obtain the weighted
energy type estimates (see also papers Ikehata et al. [2004], Ikehata and
Tanizawa [2005], Todorova and Yordanov [2001]).
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Lemma 3.53. Let 0
with k > 6(1+ —
C ([O o0) ; H% k (R™) )
ort estzmates

§ . Suppose that the initial data ug € H>F(R")
en there exists a unique global solution u €

<o
3)-
ot he Cauchy problem (3.178) which satisfies the a pri-

-

o ()22 + (57 lu ()] 2or < C ()* " F

and
2

t
|0 B (190l + u@172) de < € 4 1)
for allt > 0.

Proof. Let u be a solution constructed in Proposition 3.52. We multiply equa-
tion (3.178) by 29u; + ¢u with arbitrary weight functions v (¢, x) and ¢ (¢, ) .
Then integrating over R™ we get

0= / (200} — 2¢up Auy — 20up Au + 29 |ul” wuy
+ouuy — duluy — puAu + ¢ |u|a+2) dzx.

Then integrating by parts with respect to z we find

dE
—+ H= 1
T H =0, (3.179)
where
E = (¢u2 + <¢ ) v "*2) dz,
e \ 2 A
H= <21/) (utz + |Vut\2) +&|Vul> + Alul”t? - ﬂuQ
Rn 2
+ (u+2u) (VY - Vug) +u (Vu - Vo) 4 2uy (Vu - Vip)) de
b= %y,
and 2
A=¢— L.
¢ o+2
Multiplying equality (3.179) by (¢t + to)ﬂ with 3 =2 — 2 +1, we get
d 8 B
t+t E)=—(t+t H-—F|. 1
dt((+o) ) (+o)( Hto) (3.180)

We now choose ¢ = a¢, and consider the right-hand side of equality (3.180)
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B / 2 2 B(l+2a)¢ 2
H— E= 2 ( \Y% ) —— ||V
t+t0 . O‘(b ut+| ut| + 2(t—|—t0) | U|

2B8a¢p o2 1 B 2
*(A‘<t+to><o+2>)'“' *2(‘¢t‘t+to>“

+a (u+ 2us) (Vue - Vo) + (u+ 2au;) (Vu - Vo)) de

Applying the estimates

IQU(VUt-V¢)\< ||V¢| Ve * + < |¢t|u

|

[u(Vu- Vo) < = IVo|* |Vul” + ¢ \¢t|u

|¢ |
2a|ug (Vug - Vo)| < a [V (u? + |Vut|2)

and

2 |ug (Vu - V)| < a [Vl (uf + |Vu|2)

we get

B
H— t+t0E2 - ((o«b ol |V¢| —3a|V¢|) (ut + [V )

B(1+2a)¢
(=S5 g 4 1V v

Bag o2 4B\ o
+<A_(t+to)(g+1)>|u| (|¢t t+t) )dx‘

We choose the weight

2k
alz|
(f—‘rto)k
with some a > 0, then for sufficiently large t; we find
B(1+2a)¢
- ——— —al|V
e et
1 +2a I6]
=¢ - — —al|V — |V

> (1_ <1+2a>(ﬁ+k) 20k )¢

o(t,x)=1+

| Vel®

2(t +to) Vit

B 8ka |z|** 2 S 1 8ka |z|** 2

(t+to) 1 T2 (b4t
1
2

> L a6 -1yt 4 ol
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since by the Young inequality
I 2k—2 - 2k
Skale < da(16(k—1))"" + _al=l™ _
(t+to) 4(t+t0)
ifa< W. In the same manner we have choosing a = %
___ Pap
(t+to) (% +1)
61— pa _ agy
(t+to)(5+1)) §+1
_ (Lo _eGrh 3,1
2 (t+t)(§+1) 4
Then by the estimates
202 «
a¢ — T |Ve|” —3a|Vg| > —¢
|1 8
and o
o 480 k=Dalaf™ o5
t+to = (¢4t t+to
we see that
__F E> }/ (o«;ﬁ (u2 + |V |* + | Vul* + |u|0+2)
t+to 8 Jgn t !
ke — 2k
+ <( : Gﬁ);zfl' - tiﬁt >u2> dz (3.181)
t+1o 0

if we choose k& > 60.

Now we estimate the second summand in the right-hand side of (3.181).
By the Hélder and Young inequalities we obtain taking sufficiently large o > 0

1 k—6 kg

_,/ ( 5)Z|ﬂ| L C
8 Jrn \ (t+10) t+to
5

ttto Jiz|<oviFio

udi < C ¢+ o) ullFora 1%
L

a 2
*+1)7
/g

_on ____ — (0% o
< C (84 10) T 7 ullgoin < O 1+ t0) ™7+ 1o T
_ [0
<C+t) P+ — [ |u™pde
16 Jg»
since 3 = % — 5 + 1. Thus

(l2|<oviFio)
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s B
(t+to) (H - t+toE)

(t+ to)ﬁ/ o (uf + V| + |Vul]® + |u|0+2) dx — C.
R'n.
Then we obtain from (3.180)

d B a B 2 2 2 o+2
—((t+ +—(t+ + |Vue|® + |Vul” + < C.
7 ((t to) E) 6 (t+to) / i 10) (ut |V [Vul | ) de <C

Integration of this inequality with respect to time yields
(t+to)" E (1)
+2 /Ot dt (t + to)” / o (42 + V) do
< C(t+to) (3.182)

which imply the estimate of the lemma. Lemma 3.53 is proved.

Estimates for Au,
We define the space

X ={¢€C(0,00);H"* (R")) : [|¢]x < o0},
where the norm

Ilx = sup ((1)*
t>0

k
2

16 Ol + 07 16 (Ol )

with £ > 6 + 3n. Also we define the norm |||y, = ||(t) ¢ (t)||x - Note that
sup ()2 [|¢ () |is < [l -
>0

By Lemma 3.49 it follows that

Lemma 3.54. The triad (X,Y,Go) is concordant, that is for any ¢ such that
the mean value [, ¢ (x) dx =0 the inequality

< Cllgslly
X

Hga)/otgo (t— 7)o (r)dr

is wvalid, provided that the right-hand side is finite, where g (t) = log” (2 +t)
with v > 0.

Now we obtain the estimates for the term Awu; in the norm Y.
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Lemma 3.55. Suppose that the initial data ug € W2 (R")NW2(R™). Let u
be a global solution u € C ([O, ) ; W2 N W?) N cCt ((O7 ); W2 n W%1>
to the Cauchy problem (3.178) and satisfy the estimate
n _1
@) flu (@2 + @) 2 u@)llg <C,

/0 (M7 | Vu (). dr < O (1) (3.183)

for allt > 0. Then the estimate
1) Awelly < C
1s true with some v > 0.

Proof. By the integral equation associated with the Cauchy problem (3.178)
in view of Lemma 3.49 we find for n =1

[|u (t)HLoo < C<t>_% +C/L | (7.)”51’)‘0<> dr
+c/of (t—7)"% (llu(T)lle Ju (7)]|72 + ||u(T)||im) dr.

1 1
Then by applying the Young inequality, the estimate ||u[/p . < [Jullf2 [|te|f2
and (3.183) we get

lu@l~ <y ecm [ (- + 0w @l)

+O() / (7 0 s (DI2:) dr < 0 ) log (1)

for all ¢ > 0 in the case n = 1.
Now let us consider the case n > 2. Suppose that

lu (@)l < € @30 108" (1) (3.184)

%—i. By the

for some r > 2 and let us estimate the norm LP with % > 5

Sobolev imbedding inequality we have
1+
1B ul” ully, < Clluflp”

and L "
2 |ul? < z.
Bl u < Ol

Hence by Lemma 3.49 we obtain
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|'/029(t—7)3(lul°u(r))df

gc/j (=) 2075 (Ju () ILE + ) dr

< C<t>_%(1—%) /O; <T>—1log2ﬂ <7_> dr < C<t>—%(l—p) 10g2ﬁ+1 <t>

and

Therefore from (3.184) it follows that

lu (@)l < C (1)~ F075) 1092041 1) (3.185)

for 1 5= 11 Qo starting from estimate (3.184) with r =2 and 8 = 0 by n

- r

iterations We can arrive to the estimate of the L*° norm
lu(t)||p < C ()% log>" (t) (3.186)
for all £ > 0 and n > 2.

Now we estimate the derivatives by the estimates (3.183), (3.186) and by
Lemma 3.49

/O T IVG (¢ — 1) Blul” u ()]l dr

<o 0D [T (g + ) dr
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t
L IVG (¢ — ) Blul” u (7) |y, dr

t
_1 1
<O [ (=772 [u()gmesy dr

< C(t)_%_%(l_%) /O (t — T>_1 log2n+1 (r)dr
{t).

2n+1

<o) #8075 10g

Hence we find

2n+1

IVu ()]l < C 5 5075) 1062" " () (3.187)

forallt > 0and 1 < p < oco.

Finally we estimate Aw, (t) by using the integral equation, estimates
(3.183), (3.186), (3.187) and Lemma 3.49

t

/ " ABG, (¢t — ) Jul” u (7).~ dr
0

—2-2 H o+1 o+1
<o [ (gt + i) ar

2n+2

<o /05 (M og® " (tydr < C ()T F 1o (1)

and

t
[ IVBG: (t — 7) |ul” Vau (7)o dr

t 3
<c / (=7 [ () 1V (7)o

t

<O Flog”” <t>/ {t—7) 2dr<C{t) * Flog

t

S0
2
for all t > 0. Thus B
[Aug (1) < ()72

for all t > 0. The weighted norms are estimated in the same manner. Lemma
3.55 is proved.

Proof of Theorem 3.51

As in the proof of Theorem 3.38 in Subsection 3.5.2 now Theorem 3.51 is a
consequence of Lemma 3.42, Lemma 3.55, Lemma 3.47 and Theorem 3.48.
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3.7 Whitham type equations

In this section we study large time asymptotics of solutions to the Cauchy
problem for dissipative equations

{ut+N(u)+£u=0,xeR,t>0a (3.188)

w(0,2) =up (z), = € R.

The linear part of equation (3.188) is a pseudodifferential operator defined by
the Fourier transformation

Lu=Feu(L(§)U(E)),

and the nonlinearity A (u) is a cubic pseudodifferential operator of noncon-
vective type

N (W) =Feor [ alt&cn) a6 =9)aty)dy
+ P [ D692 AUE )Ty —2)(02) dyd

defined by the symbols a (¢,£,y) and b (¢,€,y,z). We consider here the real
valued solutions u (¢, z) .

We suppose that the symbols a (¢, &, y) and b (¢, &, y, 2) are continuous func-
tions with respect to time ¢ > 0 and the operators A and £ have a finite order,
that is the symbols a (¢,£,y), b(t,£,y, 2z) and L (§) grow with respect to &,y
and z no faster than a power of some order

ILEOI<CE)", lat,&y)l < CHO" +m)"),
bt &y, 2)| < C (" + W)™ +()"),

where C' > 0.
The particular case of model equation (3.188) is, for example, the cubic
nonlinear heat equation

u+ud — Uy =0, z€R, t >0, (3.189)

when N (u) = u3, Lu = —ug,, that is a(t,&,y) = 0, b(t,&,y,2) = 1 and
L (&) = €2, Another example is the potential Ott-Sudan-Ostrovsky equation

U + (Uz)? + Ugge + Hilges =0, £ € R, >0, (3.190)

which follows from (3.188) if we take NV (u) = (uz)?, LU = Ugps + Higes,
that is a (tvfay) = - (f - y) Y, b (ta§7y7 Z) = 07 L (6) = |§|3 - 253 Here

Hg)=pve [ 20,
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is the Hilbert transformation. Equation (3.190) comes from the Whitham (see
Whitham [1999]) equation

VUt + W0z + Vpza + HUzze =0, x € R, t > 0, (3.191)

if we introduce a potential u = ffoo u (t, ) dz, which vanishes as x — oo if
we consider the initial data v (0,2) with zero total mass va (0,z)dx = 0.
Therefore [, v (t,x)dx =0 for all ¢ > 0 in view of equation (3.191).

Suppose that the linear operator £ satisfies the dissipation condition which
in terms of the symbol L (§) has the form

Re L (&) > pf{e}’ (&) (3.192)

for all £ € R, where > 0, v > 0, 6 > 0. Also we suppose that the symbol is
smooth L (£) € C! (R™) and has the estimate

OLL (&) < C{e} " (e)” (3.193)

forall £ e R\ {0},1=0,1.
To find the asymptotic formulas for the solution we assume that the symbol
L (£) has the following asymptotic representation in the origin

L) =Lo(§)+0 (\SI‘””) (3.194)

for all |¢] < 1, where Lo (&) = 1 [€]° +ipo [€]°1 €, > 0, py € R, v € (0,1).
We suppose that the symbols of the nonlinear operator N are such that

Oka(t,&,y) < C{E—y} T ({e— "€ — )" +{y}" ®)7)  (3.195)
forall ,y e R, t>0,l=0,1, and

ok (L&, 2| < Cle -y (- ) (e~ )"
+y =21y - 27+ {2} (2)7) (3.196)

for all £,y,z € R, t > 0,1 =0,1, where « > 0,6 >0, 0 =0if v =0 and
o € [0,v) if v > 0. We consider the case of nonlinearity of the nonconvective
type, that is we suppose that

a(t,0,y) #0or b(t,0,y,2) # 0.

Our aim is to obtain the large time asymptotic behavior of solutions to the
Cauchy problem for nonlinear evolution equation (3.188) in the critical case.
The critical case with respect to the large time asymptotic behavior of solu-
tions means that

d=14+a=24p.
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We assume that the symbols of the nonlinearity have the asymptotics

a(t,0,y) = a0 () + O ({37 )°) (3.197)
and
b(£,0,9,2) = bo (3,2) + O (({y} + =)™ () + (2))7) (3.198)

for all y,z € R, t > 0, where v € (0,1), ag (y) is homogeneous of order « and
bo (y, z) is homogeneous of order 3. For example, the equation

ot (i (-0 e (-09)F 0+ (-02)F )
+a [[Fm00u+ b [] 300w =0, (3.199)

where p1 > 0, p2,a1,01 ER, u3 > 0,0<d<v,a=a14as, 8=01+02+03
satisfies conditions (3.194)-(3.198). Also we suppose the total mass of the
initial data is not zero

1
0 =1 O:—/u x)dx # 0.
0( ) \/ﬁ R 0( ) ;A
Denote
o = 02/ ao (y) e~ Lo(=v)=Lo(y) gy
R

4w / b (5,2) e~ Lo(=v)=Lo(y=2)~Lo(2) gy 1,
R

where w = 0 if ag # 0 and w = 1 if ag = 0. To obtain asymptotics of
solutions in the critical case we assume below that « > 0. The condition
k > 0 implies the restriction on the nonlinearity and yields the positivity of
the value fRN (u1) dx > 0, where u; is the first approximation of the solution.
We easily see that, for example, the equation

wet (i (-02)% 4+ s (-02) %) w
ta H?zl (-02) ¥ u+ by H?Zl (-02) 7 u=0
satisfies the condition x > 0 if
p1, 13, a1,b1,0 >0, 6 <v, a1+ =06—1, B1+ B2+ P3=0—2.
Define the norms

ol a0, = H@(')”L?(mg) and [|¢llgon = ||@(')HL§(\5\21)
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and
lllpoo = 1110 & ()l -

Denote

Go (2) = Feen (efms)) )
We prove the following result.

Theorem 3.56. Assume that ug € A%°NB%' N D% with sufficiently small
norm
l[uoll a0 + l[uollgor + [[uollpo.o =&

Suppose that kK > 0 and
6 =g (0) > 0.

Then there exists a unique solution
u(t,z) € L™ ((0,00) x R) N C ([0, 00); A>>*nB%" N D?)
of the Cauchy problem (3.188) satisfying the following time decay estimate

g1

ol

[u(®)lloo <C ()7 (1+ rlog ()

Furthermore the following asymptotic formula

0t s 1 =%
ult,z) = 1+f<alothO (xt 6) +0 ((logt)loglogt>

is valid for t > 1 uniformly with respect to x € R if ag (y) # 0. In the case of
ag (y) = 0 the asymptotics

Sl

u(t x)*LG (xtf%)JrO T
T+ klogt 0 Vl1ogtloglogt
is true for t > 1 uniformly with respect to x € R.

Remark 3.57. The conditions of the theorem on the initial data ug can also
be expressed in terms of the usual weighted Sobolev spaces as follows

[wollgge.0 + lluollpo.r < e,

where p > % However, the conditions on the initial data ug are described

more precisely in the norm A%>°NB%! N DOO,

Remark 3.58. We give two examples of the application of Theorem 3.56: 1)
In the case of cubic nonlinear heat equation (3.189) we have a (¢,£,y) = 0,
b(t,&,y,2) = bo(y,2) = 1 and L(§) = Lo (§) = £2. The conditions (3.196)
and (3.198) are fulfilled with 0 = 8 = 0, § = v = 2. Then for small initial
data ug such that # > 0 and the norm
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1
Juollzges + 1o legor < 0> 5,

the asymptotics

&}

|

0 2 =z
u(t,x) = e 2 +0
(t) VAarty/1+ klogt <\/10gtloglogt>

is true for large t. 2) For the potential Whitham equation (3.190) we have
a(t,&y) = —(E—yy b(t,&y,2) =0, L(§) = |§]° — i€, ao(y) = y* and
Lo (€) = |¢]* — i€3. The conditions (3.195) and (3.197) are fulfilled with o =
a =2, = v = 3. Then for small initial data ug such that # > 0 and the norm

1
||u0||H010 + Hu0||H0>P S Sap > ia
the asymptotics

ot=s ) t=s
———Gp (at™3 Ol ——————
1+ klogt O(x 3)—’— <(logt)loglogt>

is valid. Note that there is no blow up for the Whitham equation (3.190), that
is all solutions exist globally in time (see Naumkin and Shishmarev [1994b])
even if 6 < 0. It is interesting to know the character of the large time asymp-
totic behavior of solutions in the case of # < 0. As far as we know this is an
open problem.

u(t,x) =

3.7.1 Preliminary Lemmas

The Green operator G of the problem (3.188) is given by
G(t)6=TFeo (e96(6)).

First we collect some preliminary estimates for the Green operator G (¢) in
the norms

leo Ollarr = IF” & )lleze<1)
l Dllgew = 1172 E e i1y »
lo ®llpoe = 1106l {37 ()7 @ )l

where p,s € R, v € (0,1). The norm APP is responsible for the large time
asymptotic properties of solutions, and the norm B#®? describes the regularity
of solutions. Using result of Lemma 1.38 and Lemma 1.39 we effortlessly have
the following result.
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Lemma 3.59. Let the linear operator L satisfy dissipation conditions (3.192)
and (8.193), and ¢ (0) = 0. Then the estimates are valid for allt > 0

1G () @llare < C &) 573) 0] o

where p >0, if p=gq andp+%—%>0ifl§p<q§oo,
_1 1
19(8) @llars < CO ) gl o,
where p+v >0, if p= 0 andp+”y—|—%>0if1§p<oo, and

IG (1) pllger < Ce™ 2" {t} 7 [l@llpo.

where 1 <p<oo,s>0,ifv>0and s=0 if v =0. In addition

_r _s
1G () @llpr. <C&) 2 {t} ¥ (ellpoo + [l ao + llellgo.o)
L _s 1 1
+C () {t}Y (ol aoe + llellgo.e)? 1l Doo

where 1 <p<qg<o0,5>0,p>0,v€]0,1) is such that v < d if p=10 and
~v < min(p,d) if p> 0.

Define Gy (t) by
Go (£)6 = Fer (e7@"6(9))

with the homogeneous symbol Lg (§) = p1 |§|6 +ipo |§|571 &, 1, po € R.Also
denote

Go (v) = Fema (e*LO(@) :
By Lemma 1.39 we have the estimates for a difference G (¢) — Gy (¢) .

Lemma 3.60. Suppose that the linear operator L satisfies conditions (3.192)
and (8.194). Then the estimates

ot

1S () = Go (1) Bllars < C T 5 [|6]] gorce

and

st

oy SO0 T D50

|90 te -6 o (75 ()

are valid for allt > 0, where 1 <p < oo, p > 0,7 € [0,1) is such that v < ¢
if p=20 and v < min (p,d) if p > 0.

In the next lemma we estimate the Green operator G (¢) in our basic norms
Ilx and |-y
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pt1 £
[éllx = sup  sup(t) * [|¢()[[apn + sup  sup(t)® [|& ()] ar.
pE[—7,a+7] t>0 pE€l0,a4n] t>0

2 it
+ sup sup sup {t}” ({) 7o (Dlge.r
5€[0,0] 1<p<oco t>0

s P—
+ sup sup sup{t}” (t) T [[¢(t)llps.s
p=0,c,8 s€[0,0] t>0

and

1
6y = sup_sup (0% 6 (1)]ne
P00

4L g
+ sup sup ()T {1} [ ()| o
1<p<o t>0

+sup (077 {37 116 (8) I powo »
t>0

where v € (0,min (1,4)) is such that vy < aif @ > 0 and v < 8 if 8 > 0. The
norms ||-||x and ||-|ly depend on the order of the symbol L (&) (see conditions
(3.192) to (3.194)) and on the symbols a and b (see (3.195) to (3.198)), that
is depend on the values 6, v, a, 3, 0, and . Define the function g (¢)

g(t) =1+ klog (t)
with some x > 0.
Lemma 3.61. Let the function f (t,x) have a zero mean value f (t,0) = 0.
Then the following inequality

<C|flly
X

v [ ()Gt — ) (7) dr

is valid, provided that the right-hand side is finite.
Proof. Via the condition of the lemma for the function ¢ (¢) we have the
estimate (t)_% < Cg~'(t) and
—1
sup g '(r)<C (1 + klog (1 + \/1?))
TEWVE,1]
K —1
<C (1 + S log (1+ t)) <Cg () (3.200)

hence, by virtue of the first two estimates of Lemma 3.59 and (3.200) we
obtain for p € [—y,a+7]ifp=1land p€ [0,a+7]if p=o00
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/0 g ()Gt — )] (r)dr

Pty 1

\/Z ey 1 21 —= 1—-2 EX
< [ (e=n)TFH @F ) drsup ()T 1 () oo

Ar:p

L S e R X R G ST

t 1 1
g7 0) [ =1 ) drsup () 1 (Do

L 1
5

<CwW T (07F 497 O) Ifly <CoTH O 07T | fly

Similarly by the third estimate of Lemma 3.59 we get for s € [0,0],1 < p < o0,
t>0

/0 g ()Gt —7)f (r)dr

Bs:p
t I ol 1 s a

< c/ e 2T TRt} T {1} dr
0

e AT L (O)llgor < CEHTTFTT LT || f|ly -

Finally by the fourth estimate of Lemma 3.59 we find for p = 0, , 3, s € [0, 0],
t>0

< c/o dr(t—7) 5 {t—7}77 g7 1 (1)

/0 gL ()Gt - )f (r)dr

De:s

x (ILf (Mllpo.o + [1f (T) | a0ee + I1f (T)]Igo.)
+ C’/O dr (t — T>7§+% {t— 7}75 g ' (1)

1 1
X (I (Dl ao.ce + 1 (Dllgoce)* 1F (M)l Boo -
Using (3.200) and the norm Y we have



306 3 Critical Nonconvective Equations

Vi 2 y_1 _s _o
scnfnY/O - I - )R ar

/0 gL (1) Gt - 7)f (r)dr

Dr:s

+Clflly g™ @) /ﬁ T R R (IRCL Pt
Vit Lo v . .
+CUfly [ t-n HE@F -t ) e

+C N fly g™ () /ﬁ () 5B (B ) (1) Far

Jy—p

<CIfly (87 @77 (07 +97' )

_ _s J—p
<Clflyg™ O )7 .
Hence, the results of the lemma follow, and Lemma 3.61 is proved.
Now we estimate the nonlinearity A (u) in the norms A%?, B%? and D%°.

Lemma 3.62. Let the nonlinear operator N satisfy conditions (3.195) and
(8.196). Then the inequalities

IV (©)ll a0.»
< Clle Ol aaa + o @)llgos) (le Ol aow + lle @)llgo.<)
+C (e Ollass + e @llgos) (e (Dl a0 + [l ()llo.)

X ([le Ol a0 + Il (D)l gose)

IV (©)llgo.»

< Clle Dl aatr + lle Ollger) Qe Ol aos + e (B)llpor)
+C (e Ol aaa +lle @llges) (e Ol av + o O)llgo.n)
+C (e Ollassra + e @llgos) (@ Dl a0s + e Ollgo.s)
X (le @llaoa + lle @®)lgon)

+Clle @l ans +lle Ollger) (le (Dl ovr + llo Ol os)

X (le Ol aor + e (Ollgos)

and
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IV (@)oo < Clle (O)lpas (¢ ()l aoa + lle ()llo.)

+Clle (Dllpoo (e Ol ac + [le ()l gon)
+Clle @l ga-ra +lle Ollgon) (e ()l a0 + [l ()l go.o0 )
+Clle Ol g + e Oligor) (e ()l anice + [l ()l 3o )
+Clle ®)llpaa (e Ollaoa + [l (#)llgon)?

+Clle (Dllpoo (e )l asa + Il (£)

X (e Dl a0 + [l (B)llgonr)

+Clle @l ap—a + lle (Ollgos) (e @)l Ao + Il (1)llgo.o0 )
X (le @llaoa + e ®)ligos)

+C(le Olla—s + e Ollgos) (e Ol ase + 0 (B)l|geoe)
X (le @llaoa + e @)lgoa)

lge1)

are valid for 1 < p < oo, provided that the right-hand sides are bounded.

Proof. By virtue of conditions (3.195), (3.196) and by the Young inequality
we obtain

hence

.MmemsH/kunw>maf—w@awnw

LY (1g]<1)

H/‘w B — 1) By — 2) 3 (4 )| dyds

LY (J¢|<1)
<OH/ )+ ) ()

< 15t —4) @ U@WWH@Kn
o [ (= - - - e )

X |§0\(tv T y) (,/O\(t,y - Z) @(ta Z)‘ dydz||L§(|§|§1) ;

IV @) llasa < CIO7 A @Ol (12 Oz
+ 18 Ol ggon)
e [ OLL=I0

(18 @ leaqer<n

12 )l ) 12 Ol
¥

< Cllle@llaar + v Ollges) (e Ol acr + I Ollgo.<)
+ Ol Ollass + e Ollgos) (e (Ol a0 + [l ()llgo.r)
X (le @l ao.e + e (Dllgo.oe) -

=
i
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As before

IV (@)llgo.r <

[ latenlBee-n el
lyl<

1
2

L(¢[>1)

+/ la (- 9)] 3 (¢, — ) B (£ )] dy
ly|>%

L2 (¢]>1)

+ / bt 5, 2) (6, — 9) B (ty — 2) B (£, 2)] dyd=
lyl+]21<3 L{(1€1>1)

+ /| PR 0By = B0y 7
Y|4z

23 L2 (jg[>1)

SO

IV (@)llgor < C

[ e )

~

<2t —y) et y)ldylier g

+C

[ T e w7 )

o~

x @t —y) o (t,y)l dy||L§(\g\z1)

/y+Z<

+C

L= (= =+ =27+ )

1
2

+C

/ -+ {=))
ly|+|z|>

< ((=n L=}’ + =27y - 2"+ (27 (2))

X |(10 (ta T y) @(tay - Z) @(ta Z)‘ dyd'z||L§(|§|21) .

Therefore,
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IV @)llgen < €€ 41T (10|, 18 1Ol

+ O 2 (Ol 167 {2 (5O lwy

< Clle Ml aatrr + [l Ollger) Qe Bl aos +lle (B)llpor)
+C(lle Ol aen + e Olles) (I Ol avo + o (Bl gor)
+C (e Ollassra + e @llgos) (@ Dl a0s + o Ollgo.s)
X (le @llaoa + lle @)lgon)

+CO (e Ollasa + e Ollgoa) (1@ Ol avo + [l ()0 )

X (e Ol aoa +lle Ollgor) -

Thus the first two estimates of the lemma follow.
Denote

at,éy)=a(t,&y) {E—y* E—)” +{u}" W),
P(t,&y) ={E—y}" - +{" W)t E—y B (ty)

b(t,€,9,2) = b(t.&p,2) (1€ - 0 €~ )"
- - )
v(tey) = (- - +ly—2" -2+ =" (2)7)
XGE—y) B (hy—2)P(L2).

1

‘We have

IV (@)oo = Hw [t @ity

oo
L€

n Hw [ Bt 460, 2) du
R2

Le

ch/Rab(t,-,y) 0@ (¢, y) dy

oo
LE

e /R 10", (1, )] @ (L, y) dy

Le

+C / &P(t,-,y,z) |8f|’yg(tv'7yvz) dydz
R2

Lg

e / 10" W (2,9, 2)]b (1, -y, 2) dyd=
R2

(3.201)
Le

where the commutators
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[0 @ (t.&,y)]a(t, &, y)

= [ 1@ (e —na) = Pt EE—n) o dy
and similarly

[|6§|’y N (ta §7 Y, Z)]Z(t’ 67 Y, Z)

E/Rw,f—n,y,z)—mt,g,y,z)@(t,f—n,y,z) |~ d

By virtue of condition (3.195) we estimate the commutator

R

oo

<0H//@(t,-—n,y>—¢<t,-,y>||n|”dndy
RJ/JR

Le

SCH/ (|8§|V{._y}a =Bt —y) Bty dy
R

oo
Lé

+cH/R<|ag|”¢< ) {1} ()7 @ () dy

Le
< OOl {17 47 @t e 12 (0l
+ O N0 (2, )l 113" ()7 @)l
< Clle Olpes (1 )l aon + [l (Bl gor)
+ Clle ®)llpoo (e Ol aar + e (O)lger) -
By using (3.196) we get
| [ o6 o B e,
Le

< Clle @)llpse (le )l o + Il () lgos)®
+Clle (Dllpoo (e Ol asa + lle (B)llgo)
Xl Ol aos +lle @)llgoa) -

Via (3.195) we have

- . dn
|a(ta§_777y) _a’(tvgay)'i
/nZé{E—y} n |1+7

dn
<C <C{E—y}”
=3 te—yy T

and

(3.202)

(3.203)



3.7 Whitham type equations 311

- ~ dn
/|n|<1{£_y} a(t, & —n,y) —a(t,&y)l P

E—y—n 1 dn
[ et

-y

<c /
InI<3{é—vy}

<Cfe—y}! dn

—= <C{&—y} 7.
mi<i{e—yy 0" -}

Thus we have the estimate

1073 (1,6, ) = /R G0 E—my) — (6 ) I~ di
<C{{—y}

for all £,y € R. Therefore

H/ & () 0 (1, y) dy
R

oo
L£

ch/R{-—y}“‘” =) Bl — ) B () dy

Le

+cH /R L=y} 7B — ) ) W) B (L) dy

Le
<ol o),
+C H{}_'y @(t)‘ o {3 <>U¢(t)”Lg°

< ClllpMllaa—1 + e Olgen) (e (Dl a0 + 1@ D)go.<)
+C(leOlla—s + e ®llgos) (e Ollaces + e Olpos) . (3.204)

Similarly we obtain

NGOl

H [ 002 06 B0, 2)
R2

Le

< Clle Ol as-—1 + lle Ollgos) (o ()l av.ce + Il (¢)ll0.00 )
X (e @l aoa + e Ollgont)

+C(le Dlla—s + e Ollgor) (e )l ase + e B)lIpo.oe)

X (lle @l a0 + e (®)llgo.r) - (3.205)

In view of (3.201) through (3.205) we get
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IV (@)lIpo.o < Clle ()llpes (1o Ol aoa + I D) Igo.r)

+Clle (Ollpoo (e Ol ac + [le ()l gen)
+Clle @l ga-ra +lle Ollgon) (e ()l a0 + [l ()l go.o0 )
+Clle Ol g + e Oligor) (e ()l anice + [l ()l 3o )
+Clle ®)llpaa (e Ollaoa + [l (#)llgon)?

+Clle (Dllpoo (e Ol asa + Il ()llgo)

X (e Dl a0 + [l (B)llgonr)

+Clle @l ap—a + lle (Ollgos) (e @)l Ao + Il (1)llgo.o0 )
X (le @llaoa + e ®)ligos)

+C(le Olla—s + e Ollgos) (e Ol ase + 0 (B)l|geoe)
X (lle (Ol aoa + Nl (B)llo.r) -

Thus the third estimate of the lemma is true. Lemma 3.62 is proved.

The next lemma will be used in the proof of the theorem to evaluate large
time behavior of the mean value of the nonlinearity in equation (3.188) in the
norms A%?, B%P and D%°. We use the notations

No(9) = P | an )@ (tE =) B (.0
+ Wff—m AQ bO (y7 Z) @(tag - y) @(ta Yy — Z) (ﬁ(tv Z) dydz7
where w = 0 if ag # 0 and w = 1 if ag = 0. We also define as above

o = 92/ ao (y) e~ Lo(=v)=Lo(w) gy
R

+ wﬂ?’/ bo (y, 2) e~ tol=v)=Loly=2)=Lo(2) gy > 0,
R?2

where 6 = U (0) and ¢ (t) =1+ klog ().

Lemma 3.63. Let the linear operator L satisfy conditions (3.192) and (3.194)
and the nonlinear operator N satisfy conditions (3.195) - (3.198). Assume
that ug is such that the norm ||ug|| ao.« + ||®o|lpo.o = €. Let function v (t,x)
satisfy the estimates

lollx < Ce (3.206)

and
L __
5

v (t) = G () uoll gpw < Ce2g™" (1) (1)~ 577, (3.207)

where p € [0,a], 1 < p < oo.
Then the inequalities

t 3
’1 + / N (v) (1,0)dr — klogt| < CTE log (g (t)) + Ce? (3.208)
0
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if ag # 0 and

t 4
’1 + / Ny (v) (1,0) dT — filogt‘ < CTE log (g (t)) + C&® (3.209)
0

if ag =0 are valid for all t > 0.

Proof. By Lemma 3.62 and in view of the condition (3.206) we get

[ @ moydr| < [ IV @) dr
0 0

t
<C ||v||§</0 {7}V dr < Ce* 7, (3.210)

hence, estimates (3.208) and (3.209) follow for all 0 < ¢t < 1. We now consider
t > 1. By Lemma 3.60 and via condition of the lemma we get

Hv (1) — 075Gy (7‘7% ())‘

Ar:p

< Cllo (1) = G () uollpns +||G (7)o =073 Go (773 ()|

Apr:p

< Ce(r) F 7 (g7 (1) + (1) F (1)) (3:211)

for all 7 > 0, where 1 < p < oo, p > 0. By condition (3.195) we get

‘ /| @000~ a0 )P0 T dy

<C ly[“T7 (@ (r, =) 10 (7, )| dy
ly|<1

ol
5

< Co ()| gon [0 (7| pre < CE*{r} 7 (7)™ (3.212)

for all 7 > 0. Likewise via (3.196) we obtain

/I i< (b(7,0,y,2) —bo (y,2))0 (1, —y) 0 (1,y — 2) 0 (7, 2) dydz
<O} P (n) TR (3.213)

Further we find
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‘m (1,0) — Fae (No (97'_%6'0 (.’ET—%))) (1, 0)‘

<

/ @09 a0 )T ) D) dy

+

/ ao (y) (5(77 —y) 0 (1,y) — 926’7“(’”)’7“(”)) dy
ly|<1

+

/ a (r,0,y) (r, ) 3 (1) dy
ly|>1

+ 62

/ ag (y) e oY= Lol gy,
lyl>1

if ag (y) # 0. In the case of ag (y) = 0 we have

‘/\Tg(\v) (1,0) — Fase (./\/0 (97'_%6’0 (:I?T_%))) (7, 0)‘

<

/ (b(r,0,9,2) — bo (4,2)) B (r,—4) B (rry — )3 (r.2) dy
ly|+]2|<1

i /|y+|z|<1 bo (y,2) (W (1, —y) 0 (1,y — 2) v (7, 2)

_936*TL0(*y)*TLo(y*Z)*TLO(Z)) dydz‘

4 / b(7,0,,2) (r, —y) D (7, — 2) B (r, =) dydz
ly|+|z]>1

+63

/ bo (y, 2) e~ TLo(=1) ~TLo(w—2)="Lo(2) gy .
lyl+12121

Applying (3.211) through (3.213) we obtain

'm (1,0) — Fose (No (GTf%GO (I77%>)> (7, O)‘
<C2{ry V(T e Hv (r) = 07 Go (7% (.))‘

ave
% (I (Mllaes + o360 (v 0) )

+C o (7)llges [0 (7).

+ CH? HT_%GO (T_% ())‘ o 75 Gy (T_% ())‘ oo

which yields
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N3 @) (7,0) = Foe (Mo (673G (077%))) (7, 0)|
<O {7y ¥ ()73
+Ce2(r) ™ (eg™ (7) + {7)”
+O2 (V)T o ) B T
Similarly, we get
)/\72(7) (7,0) — Foe (NO (07—%00 (m—%))) (r, 0)‘
<O {7y ()R
+C (1) (eg7 (M) + () TF + (1) 7F)
oSy E T oy E
for all 7 > 0. By an explicit computation we have
Foe (No (072G (2774))) (m.0)
_ 2 / ao (y) e~ Lo~ =Lo(w) gy
R

b [ o (y,2) eI DT T gy g
R

:927.—1/ ao (y)e—Lo(—y)—Lo(y)dy
R

+ w3t N bo (y, 2) e~ Fo=¥)=Loly=2)=Lo(2) gy q»
=rr 1,

where w = 0 if a9 # 0 and w = 1 if ag = 0. Therefore we obtain

t —_—
/ N (v) (7,0) dT — K log t
1

¢ dT ¢ ol ¢ ol
<C£3/ ——1—052/ 7_1_3d7+052/ r1=3dr
- 1 T(1+rlog(t)) 1 1

3
< 076 log (1 + klog (t)) + C<?

for all t > 1 if ap # 0 and

t/\
/ N (v) (1,0) dr — Klogt‘
1

¢ dT ¢ ol ¢ ol
<C£4/ ——1—053/ 7_1_3d7+053/ r1=3dr
N 1 T(1+rlog(t)) 1 1

4
< 076 log (1 + klog (t)) + Ce?

315
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for all t > 1if ag = 0. Hence in view of (3.210) the result of the lemma follows.
Lemma 3.63 is proved.

3.7.2 Proof of Theorem 3.56

For the local existence of classical solutions for the Cauchy problem (3.188)
we refer to Chapter 2. We cannot apply directly the results of Theorem 3.2 ,
therefore we modify the method for case of problem (3.188) . We change the
dependent variable u (¢, ) = e=?®v (¢, 2) , then we get from (3.188)

v+ Lo+ e PON (0) + e 2PON, (v) — /v =0, (3.214)
where

Ni () :?H/Rau,s,ymm—y)am)dy

and
N (1) = Fey / b(t,€,y,2) A (EE —y) T (Ly — 2) T (L, 2) dydz.
R2

Now we require that the real-valued function ¢ (t) satisfies the following con-
dition expressed in terms of the Fourier transform as follows

e PN (v) (t,0) + e N, (v) (£,0) — 9T (£,0) = 0;
hence, via equation (3.214), we get

d_
a’U(t,O) =0

for all ¢ > 0. Therefore
e FONL (v) (1,0) + e >N, (1) (£,0) = ©'D(0,0).
If we choose the initial conditions ¢ (0) = 0, we have
7(t,0) =0(0,0) = e?O7, (0) = 6,
and we obtain the following system

v+ Lot 9O (N (0) = 57 (0) (1,0) = g 0N (v) (£,0)) =0,

@ (8) = e ?ONL (v) (1,0) + e 2N (v) (1,0),
v (0,z) = ug (x), ¢(0) =0.
(3.215)
Multiplying the second equation of system (3.215) by the factor e?®) | then
integrating with respect to time ¢ > 0 and making a change of the dependent
variables v = G (t)ug + 7, and e¥®) = hy (), we get the system of integral
equations
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{ r=— [ bt (1)G (t—7) fi (r)dr

=t L (V0 ) o O

where

A0 =N (@(0) = PR 0)(1.0) = 505K (1) (10).

In the case of ag = 0 we denote e?#(*) = hy (t) and obtain the following system
of integral equations:

r=fihg' ()Gt~ fr (D) dr
{ hay =1+ 55 fo O(\/hz 1 ( +N2 )) (1,0) dr (3.217)
where
= VRN (0 (1) - SR R () (1,0) - "SR () (1,0).
Denote

M, (rohy) (1) = —/0 WG (t—T) f; (7)dr

R1 (r,hl)(t)lJr;/ot (ﬁl (0) + 7 (T>/\/2( )) (7,0) dr

in the case of ag # 0 and

Ra (r he) (t )—1"‘* (\/h2 1( +N2 )) (1,0) dr

in the case of ag = 0. Let us prove that (M;,R;) is the contraction mapping
in the set

X ={reC((0,00);D*?), hj € C((0,00)) :

1
lg (1) (1)lx < O, 5g(1) < hy (1) < 29 (1) for all £ > 0},
where

et o
[¢llx=sup  sup(t) * [[¢(@)llapa + sup sup(t)® [[¢ ()]l arc
pE[—v,a+7] t>0 pE[0,at~] t>0

s 241
+ sup sup sup {t}¥ ()T (|6 (1) g
s€[0,0] 1<p<oo t>0

s P—
+ sup sup sup{t}” (t) 7 (| (t)lps.;
p=0,c,8 s€[0,0] t>0
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here v € (0,min (1,4)) is such that v < aif @ > 0 and v < § if § > 0. First
we prove that the mapping (M, R;) transforms the set X into itself. When
(r,h;) € X we get by Lemma 3.62

IV @)y < ce?
and
PRS0 o) <oz
0 Y
where
9y = sup sup ()7 & (1)l an
+ sup sup (0L 10 0) g
+sup ()7 {1} 116 (1) oo
Hence
_ v(t) v(t) —
iy =¥ @0 - 28 @ .0 - R 0 )|
< Ce?
and
2l = |V 0 )~ “ PV 07 (0)/1.0) = “ % () 0

Y
< e

Therefore applying Lemma 3.61 we get the estimates

mwwummxwxsdpwlhfku—ﬂﬁva
<C ||f]||y < Ce.

X

Furthermore, when r € X we have estimates |[v|x < Ce and
lg (v =G (B uo)lx < Cllgrlx < Ce.

Via Lemma 3.63 we obtain
3

t/\

1+/ M (v) (1,0) dT — Klogt §—Elog(g(t))+052
0 K

if ag # 0 and

t 054
1+/ Na (v) (1,0) dr — Klogt| < ——1log (g (t)) + Ce*
0 K
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if ag = 0. Hence
1

29 (1) < hy(t) <29 (2)

for all t > 0. Thus (M, R;) transforms the set X into itself.

In a similar manner we consider the differences M; (r, h;) — M; (77, E)

and R; (r,hj) — R, (?, Ej) to see that the transformation (Mj, R;) is the
contraction mapping. Therefore there exists a unique solution (r, h;) of system
of integral equations (3.216) in the space X. From Lemma 3.63 we see that

hj (t) = klogt+ O(loglogt)

for t — oo. Therefore via formulas u (t,z) = e ¥Wuv (t,2) = e=*®(Guy + )
we obtain the asymptotic formula of the theorem. Theorem 3.56 is proved.

3.8 Comments

Section 3.1.

The asymptotic behavior in time of positive solutions to the critical nonlinear
heat equation was studied in Escobedo and Kavian [1988], Escobedo et al. [1995],
Galaktionov et al. [1985], Gmira and Véron [1984], Kamin and Peletier [1986], Ka-
vian [1987]. In particular in papers Galaktionov et al. [1985], Gmira and Véron
[1984] it was shown that if the initial data are not negative and o = %, then the

solution decays in time like (tlogt)~ % for any z € R" . This result was extended to
the case of the porous media equation with critical exponents (see Gmira and Véron
[1984)).
In Escobedo and Zuazua [1991] large time behavior of solutions to the convection-
diffusion equation
us — Au— (a, V) (Jul”u) =0 (3.218)

was studied for the case of 0 > 0 without smallness condition on the data and

any restriction on space dimension. They showed that when uo € L' , solutions of
(3.218) behave like the heat kernel if o > % and the corresponding self-similar
solutions if o =1 .

Section 3.2.

Local in time existence of solutions to the Cauchy problem (3.22) with p = 2
was studied by many authors (see, e.g. Ginibre and Velo [1996], Ginibre and Velo
[1997] and references cited therein). In the case of p # 2, local in time existence can
be clearly shown by the contraction mapping principle in L? framework. Nonlinear
dissipative equations with a fractional power of the negative Laplacian in the princi-
pal part were studied extensively (see, e.g., Bardos et al. [1979], Biler et al. [2001a],
Biler et al. [1998], Biler et al. [2001b], Shlesinger et al. [1995], Taylor [1992] and
references cited therein). Blow-up in finite time of positive solutions to the Cauchy
problem

Ovu + (fA)g u—u'"" =0, u(0,2) =uo (z) >0

was proved in papers Fujita [1966], Weissler [1981] for the case of 0 < 0 < 2, p = 2,
in papers Hayakawa [1973], Kobayashi et al. [1977] for the case of 0 = 2, p =2, and

n
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in paper Sugitani [1975] for the case of 0 < p < 2,0 < ¢ < £ . Their proofs of blow-
up results are based on the positivity of the linear evolution operator fgaze_‘f‘p,
associated with equation (5.135), for 0 < p < 2 (see book Yosida [1995]), and do
not work for the case of p > 2, since ?gﬂzeflf‘p is not necessarily positive.

The result of Theorem 3.11 is applicable, in particular, to the Cauchy problem

L
2

D+ (~ )% ut 2 = put ™, w(0,2) = uo (2) > 0, (8.219)

with 0 < o <k < £, X, u > 0. As we mentioned above the solutions of (3.219)
blow up in finite time, when A =0, © >0, 0 < p <2 and exist globally in time,
when A > 0, 4 =0, 0 < p < oo . Thus the result of Theorem 3.11 shows that
the dissipation term u'T° in equation (3.219) is stronger than the blow-up term
u'™™. Note that the problem of asymptotic behavior of solutions to (3.219) is still
open for the subcritical case 0 < k < 0 < £ even if p = 2. The proof of Theorem
3.11 in this section follows the paper Hayashi et al. [2004a]. Equation (3.25) with
a = 2 is a usual nonlinear heat equation, that was studied extensively (see papers
Escobedo and Kavian [1988], Escobedo et al. [1995], Galaktionov et al. [1985], Gmira
and Véron [1984], Kamin and Peletier [1986], Kavian [1987]). In the case of a # 2,
local in time existence can be easily shown by the contraction mapping principle in
the L? - framework. Nonlinear dissipative equations with a fractional power of the
negative Laplacian in the principal part were studied in papers Bardos et al. [1979],
Biler et al. [1998], Komatsu [1984], Taylor [1992], Zhang [2001] (see also references
cited therein). The results of this section were published in paper Hayashi et al.
[2006D)].

Section 3.3.

Equation (3.40) with ow = 2 is the nonlinear heat equation

up — Au+ |u|”uw = 0.

It was studied in papers Galaktionov et al. [1985], Hayashi et al. [2003b] for the
critical case of o = 2 . Nonlinear dissipative equations with a derivative of a fractional
order in the principal part were studied extensively (see, Biler et al. [1998], Biler
et al. [2000], Hayashi et al. [2000], Hayashi et al. [2004b], Hayashi et al. [2004a],
Komatsu [1984], Shlesinger et al. [1995] and references cited therein). Large time
behavior of solutions to problem (3.218) with £ = —82 + (0|, 1 < o < 2 was
studied in Biler et al. [2000] and Biler et al. [2001a]. Similar results to those of paper
Escobedo et al. [1993b] were obtained in Biler et al. [2001b] for the supercritical case
of 0 > a and in Biler et al. [2000] for the critical case of ¢ = a . Their method is
based on the L' - contraction property of the semigroup exp (—t|0,|%) if 1 < a < 2
(see Bardos et al. [1979]).

Section 3.4.

The blow-up phenomena of positive solutions to the semilinear parabolic equa-
tion

us — Au=u?P

was obtained in Fujita [1966] for 1 < p < 1+ % , in Hayakawa [1973] for p = 1+ %,
n = 1,2, and in Kobayashi et al. [1977] for p =1+ % and any space dimension n.

On the other hand, the asymptotic behavior in time of positive solutions to the
equation
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ur — Au = —u1+%

was studied in papers Galaktionov et al. [1985], Gmira and Véron [1984], Mizoguchi
and Yanagida [1998], where it was shown that if the initial data are not negative,
then the solution decays in time as (tlog t)fg for any x. The first part of Theo-
rem 3.22 includes this result. For the problem (3.68), the existence and uniqueness
of solutions were considered in Ginibre and Velo [1996], Ginibre and Velo [1997],
Okazawa and Yokota [2002] and the large time asymptotics of solutions was ob-
tained in Hayashi et al. [2001] the one dimensional case n = 1. In Galaktionov
et al. [1985] and Mizoguchi and Yanagida [1998] the asymptotic behavior in time of
positive solutions to the Cauchy problem

O — iu+u® =0, u(0,z)=mwuo(x)>0 (3.220)

was considered, and it was shown that the L® norm of solutions decay in time

faster than ¢~'/2 . However these methods do not work for the complex Landau
- Ginzburg equation (3.68). The material of this section was taken from papers
Hayashi et al. [2001], Hayashi et al. [2003a] and Hayashi et al. [2002].

Section 3.5.

Recently much attention has been drawn to nonlinear wave equations with dis-
sipative terms. We mention here some recent works concerning the global existence
and nonexistence of solutions to the Cauchy problem for damped nonlinear wave
equations. The blow-up results were proved in Todorova and Yordanov [2001] for
the case of N (u) = —|ul’, p < 1+ 2, when the initial data are such that
Jn w0 (z)dz > 0, [ wi(z)de > 0 . In the critical case the blow-up results
were obtained in Li and Zhou [1995] for n < 2 and Zhang [2001], Tkehata and Ohta
[2002] for general n . In Marcati and Nishihara [2003], a blow-up result was obtained
for problem (3.107) with N (u) =

- |u\p71 u in the space dimension n = 3 wunder the conditions p < 1 + %
and uo (z) = 0, uy (z) > 0, fR" u1 (x)dz > 0. Note that similar behavior first
was discovered in Fujita [1966] for the nonlinear heat equation in the critical and
subcritical cases p < 1+ % .

For the initial data from the usual Sobolev space ug € W1(R™) N WL (R™),
ur € LY(R™) NL>®(R™) , problem (3.107) was considered in Nishihara [2003]. By
employing the fundamental solution of the linear problem the global existence of

small solutions and large time decay estimates [|u||q, < ct 3 (1_%), 1<¢g< >

for space dimension n = 3 were proved. Later these requirements on the
initial data were relaxed in Ono [2003] as follows ug € L'(R™) N H'(R™), u1 €
L'(R") N L?(R"), under the additional assumptions on p and ¢ such that p < 5,
q < 6 for the space dimension n = 3 and ¢ < co for the two dimensional case
n=2.

Recently in paper Nishihara and Zhao [2006] it was obtained an optimal time
decay estimate of the LP - norm of solutions to the Cauchy problem (3.134) in
the sub critical case o € (O, %) under the condition, that the initial data decay
exponentially at infinity without any restriction on the size. Here we apply the idea
of paper Nishihara and Zhao [2006] to obtain a priori weighted energy type estimates
of the solutions. Then we follow the method of paper Hayashi and Naumkin [2006b]
to find the large time asymptotics of solutions. In this section we follow the method
of papers Hayashi et al. [2006a], Hayashi et al. [2004f].

Section 3.6.
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The part of this section concerning small initial data was taken from paper
Kaikina et al. [2005]. For obtaining the a priori weighted energy type estimates of
the solutions in the case of large initial data we follow the idea of paper Nishihara
and Zhao [2006].

Section 3.7.

The large time asymptotic behavior of solutions to the Cauchy problem for the
nonlinear Schrédinger equation with dissipation

w4+ Lu+ilufu=0 z€R, t>0

in the critical case was obtained in paper Hayashi et al. [2000]. Here the symbol
L(&) of the linear pseudodifferential operator £ has the following asymptotic
representation L(€) ~ p|€|> in the origin £ — 0, where Rey >0, Impy > 0.

Papers Hayashi et al. [2001] and Hayashi et al. [2003a] considered the large time
asymptotics for solutions of the complex Landau-Ginzburg equation

ur — pAu+alulfu=0, z € R", t >0

in the critical case ¢ = % . The asymptotic expansion of small solutions to the
Cauchy problem for the complex Landau - Ginzburg equation was considered in
paper Hayashi et al. [2002].

In this section we generalize the approach developed in papers Hayashi et al.
[2005a], Hayashi et al. [2003b] and Hayashi et al. [2004c] which mainly considered the
case of the Laplacian £ = —A, the power nonlinearity N (u) = |u|Tu, 0 < 1 < %
and the nonlinearity of the form 0, [u|®"", 0 < g2 < L. The L” estimates of the
Green operator e'® were applied to show the positivity of the value f N (uq1) duz,
where uy is the first approximation of the solution. In comparison with works
Hayashi et al. [2000] through Hayashi et al. [2003a] in this section we work in the
Lebesgue spaces for the Fourier transform of the solution in order to treat the case
of nonlocal nonlinearities of nonconvective type involving derivatives of unknown
function and to show that [ (N (u) — N (u1))dz is the remainder term. To obtain
the estimates of the remainder terms of the large time asymptotic formulas we
assume that the initial data satisfy some decay condition at infinity.



4

Critical Convective Equations, Self-similar
Solutions

In this chapter we study the large time asymptotic behavior of solutions to
various critical dissipative equations with convective type nonlinearities. The
famous Burgers equation u; + © u; — Uz, = 0, under the condition that the
total mass of the initial data is nonzero, gives us an example of the convective
equations. The character of the large time asymptotic behavior for convective
type equations in the critical case is determined by the self-similar solutions.
We also are interested in removing the smallness requirement on the initial
data taking into account some additional properties such as the maximum
principle, positivity of solutions or applying the energy type estimates.

4.1 General approach

Now we give a general approach for obtaining the large time asymptotic rep-
resentation of solutions to the Cauchy problem (1.7)

{ut+N<u>+£u=07w€R’f>Ov (4.1)

u(0,2) = up (x), z € R",

in the case of critical nonlinearity N () of the convective type. We fix a metric
space Z of functions defined on R" and a complete metric space X of functions
defined on [0, 00) x R™. We denote as above by Gy € X the asymptotic kernel
for the Green operator G in spaces X, Z with a linear continuous functional
f (see Definition 2.1.)

Definition 4.1. We call the operator

G(o=t? [ G-t )owad

n

with some § > 0 a self-similar asymptotic operator for the Green operator G
in spaces X, Z if the estimates are true
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1Go (1) dllx + 1(6)7 (G (t) — Go (1) dllx < Clidllz (4.2)

for any ¢ € Z, where v > 0. Also we assume that the asymptotic kernel (see
Definition 2.1) has a self-similar form Gy (t,z) = t*a(To (xt*% with some

a >0, 6 >0 and the linear continuous functional f is such that
r(teo (0 ?)) = 1@ (4.3)
for allt >0, and ¢ € Z.

We now fix a metric space Q of functions defined on R™, such that the
norm of Q is induced by the norm of X by the relation

lollg = [0 (()¢°)

s

Definition 4.2. We call the nonlinearity N in equation (4.1) a critical con-
vective if f (N (u)) =0 for any v € X, and

= /01 Go(1—2) (xt7%> N (z*ad) (() z*%)) dz
= [au-n@n (s (7)) ar (14)
for any ¢ € Q.

First we prove the existence of particular solutions of equation (4.1) having
a self-similar form.

Lemma 4.3. Suppose that the operator Gy (t) is a self-similar asymptotic op-
erator for the Green operator G in spaces X, Z and condition (4.3) is true. Let
the nonlinearity N in equation (4.1) be the critical convective (see Definition
4.2). Also we assume that the estimate is true

’/Otgo(t—f) N (0 (1)) = N (w (1)) dr )

< Clo—wlx (vlx + lwllx)” (4.5)

for any v,w € X. Then for sufficiently small 6 (10| > 0) there exists a unique
solution V € Q to the integral equation

V:ecTo—/Olgo (1—2)./\/(2_0“/ <(~)z_%>)dz (4.6)

such that |[V|q < C0].
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Proof. We prove the existence of the solution V for integral equation (4.6)
by the contraction mapping principle. We define the transformation R (V') by
the formula

1
R(V)=0Gy— | Go(1—2)N (27V ((-)273)) dz,
(V) 0/00( 2) (z (()z ))z
for any V € Q,, where

Q={veQ: [Vig<r}

and C'|0| < p and p > 0 sufficiently small. First we check that the mapping
R transforms the set Q, into itself. We denote

v(t,x) =tV (xt*%) .

By property (4.4) and relation of the norms Q and X we have

/ Go (1 — 2, 6) N ( —ay ((-)z’%»dz

ta/o Go (t o gt%) N (v (7)) dr

IR (V)lq < [0, +

Q
<C|0+

Q

_cl+ / Go (t — TV N (v (7)) dr

X

Because of (4.5), we get

<Clolx =CvIgh < cprth.

/ Go (t— TN (v (7)) dr
0 X

Hence
IR(V)llq <Clol+Cp™*! < Cp

if p > 0 is small. In the same manner we estimate the difference, denoting
w(t,x) =t7*W (:Et_%) and using the relation of the norms Q and X

IR(V)=R(W)lq
<[ w9 (v (057) - (o (04

/0 Go (t = 7) (N (v (7)) = N (w (7)) dr
< IV = Wig (VI3 +IWIR) < Co” [V~ Wiig < 5 IV - Wilq.

Q

X

Therefore, R is a contraction mapping in the closed set Q, of a complete
metric space X. Hence there exists a unique solution V' € Q, to the integral
equation (4.6). Lemma 4.3 is proved.
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We now prove that self-similar solutions V (£) obtained in Lemma 4.3
give us the asymptotics of solutions to the Cauchy problem (4.1). Denote

0= f(uo)-

Theorem 4.4. Suppose that the initial data uo € Z and the norm |juo||, < e,
with sufficiently small € > 0. Let the nonlinearity N (u) in equation (4.1) be
the critical convective. Assume that the following estimates are true

H l/gt—T (0 () = (w(r))dr|
<O (@ #) — w )l (ol + el (47)

and

< C|wll? (4.8)
X

H(t)” /Ot Gt—1)—Go(t—T))N (v(1))dr

for any v,w € X, where o > 0, v > 0 and Gy is the asymptotic self-similar
operator for the Green operator G in spaces X, Z. Suppose that there exists a
unique global solution u € X of the problem (4.1) with small norm |ul|x < Ce.
Then for the solution u € X of the Cauchy problem (4.1) the asymptotics

H(t)7 (u (t) —t~oV ((-)t—%)) HX <C (4.9)

is valid for t — oo, where V' is the solution of the integral equation (4.6) with

0 = f (uo)-

Proof. Denote v (t) = t=*0V (() t*%> , where V satisfies integral equation
(4.6); we then have

v (t) = 6Go (1 /got—r (v () dr,
with G () = t~*G (() t’%) . Since u (t) satisfies the integral equation (1.8)
¢
u(®) =GO un— [ Gt (u(r)dr
0
we write for the difference

1) (w () = o (D)) Ix < ()7 (G (£) uo — 6Go (1) lIx

+ HW /Ot G(t—7) (N (u(r) = N (v(r)) dr

X

oo [ @-n g mx e

X



4.1 General approach 327
Note that in view of the relation of the norms X and Q we have
[ollx =161 IVliq < C0] < Ce.
Then by the definition of the asymptotic kernel (see Definition 2.1) we obtain
I = [{6)7 (G (t) uo — 0G0 (1)) [x < C |luollz < Ce.

By virtue of condition (4.7) we get

I - H /gt—T N (u(r)) = N (v(r))) dr

X
<O (u(t) —v@O)lx (lulx + llvlix)
< Ce” ||t > (u(®) —v(®)lx,
and via condition (4.8) we find
B0 [0 -ae- N
0 X

<ClEt <CIVIgT < oIt < ce
Now (4.10) implies
1) (u (8) = v (®)lIx < Ce+Ce” (&) (u(t) —v(t)llx
so estimate (4.9) follows since € > 0 is small enough. Theorem 4.4 is proved.

Example 4.5. Large time asymptotics of solutions to the critical Burg-
ers type equations

We consider the Cauchy problem for the Burgers type equation (1.18)

{ut—Auz(x\-VHu u, € R", t>0, (4.11)

U(Oax)ZUO(x)axeRn7

where A € R" and the critical o = 1. Define the space Z = L"* (R"), where
a € (0,1) and the space

X = {¢ eC ([0, OO) ) L' (Rn)) ne ((07 OO) §Wc1>o (Rn)) : ||¢||X < OO} ,
where the norm

Il = sup (116 (®)lls + ¢ 16 (1)
t>0

2 IVo ©)ll) -

Also we define the norm |¢[lq = |l + [[#llL~ + [[V@[lL~ , so that by a
direct computation we obtain
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n 1
[=20 (e 2)]|, = Il
Note that the Green operator

Got)p=6{t)¢= | Gt,z—y)o(y)dy,

R’!‘L
with the heat kernel )
_n |z ]
G(t,x) = (4nt) 2 e a0
is the asymptotic self-similar operator in spaces X, Z with asymptotic kernel

_ =12

Go (t) = (4mt) 2 e~

if we take 6 =2, a = 5 and

f@)=[ ¢(x)da
RTL
Indeed in order to prove estimate (4.2) we write

16Ol = cetit ([ eiay) = co 20D,
R’n

and

VG @l =t ([ eay)" = o i

for all t > 0, where 1 < ¢ < co. Hence we see that the kernel G € X and the
norm

19911 = sup (IG(1)6l: + ¥ Gl +1F VG )
t>0

< Cllgllgs < Clidlz -

Thus estimate (4.2) is fulfilled. Equality (4.3) can be checked by changing the
variables of integration z = 2/t2.

The nonlinear term A (u) = (A - V) |u|” u in problem (4.11) has the form
of the full derivative, so that it is convective f (N (u)) = 0. We now check
that it is critical, when o = % By changing the variables & = mt’%, T = zt,
y = y't2 we have

t
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Thus condition (4.4) is true, and, due to Definition 4.2, A is a critical con-
vective nonlinearity.

Theorem 4.6. Assume that the initial data vy € LY (R™), with a € (0,1),
and the norm ||uol|g1.« s sufficiently small. Then there exists a unique global
solution u € X to the Cauchy problem for the Burgers type equation (4.11),
and this solution has asymptotics

w®) =tV (()tH) 40 ()

for t — oo uniformly with respect to x € R™, where V. € L* (R") is the
solution of the integral equation

V (€) = 0Go(€) _/0 z(ldzz)2 / i Go (%) N(V (y)dy. (4.12)
Here Go(€) = (47) "% ¢ and a constant

6— / wo (z) da.

Remark 4.7. The integral with respect to z near the origin in equation 4.12
is convergent by the fact that the nonlinearity A" has the form of the full
derivative, so that by integrating by parts we can see that the singularity of
the integrand is like 273,

Before proving Theorem 4.6 we prepare the following lemma.

Lemma 4.8. The estimate

e [ G- ) (A V) b(r)dr

<C|vEw e )|
X

b'¢
is true, provided that the right-hand side is finite where 0 <y < %
Proof. Since f(¢) = 0 by Lemma 1.28 with § = v = 2 we obtain

for all £ > 0, where 1 < r < g < oo, 8 > 0. Therefore we obtain the estimates

1_ 1
=

2260 ¢| <ottt gy, (4.13)

/O G(t —7) (- V) $(r)dr

L1

< / C(t—m) e (1) drsup v ) 16(7) s
0 >0

t
4 [ T drsupr (796 ()l
X T>

2

<o |VEm s o), .
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< / Tt =) () drsup E () 116 (1)
0 >0
t

/O G(t —7) (\- V) $(r)dr

Lo

+ [ TR ”dTSng () IV ()l

<ot Vi em)

and

HV/{: Gt —7)(A- V) p(1)dr

T,

+2

= /§ (t=7) "% 77 () drsup /T (n) [ (1)l
0 >0

# [ = n T ) T drsup e ()96 (1)

<o T ||Viw e
for all ¢ > 0. Hence the result of the lemma follows, and Lemma 4.8 is proved.

In view of the definition of norm X we obtain for o = %

Ve (1" v @) = fwl”w )]
<O (0 () = w )l (lollx + lwl) s

hence by taking ¢ = |[v|” v — |w|” w in Lemma 4.8 we obtain estimates (4.5)
and (4.7). Now existence of global solutions v € X follows by application of
Theorem 1.17. Thus we see that all the conditions of Theorem 4.4 are fulfilled,
therefore we get the result of Theorem 4.6 with v = 3.

4.2 Whitham type equations

Consider the Cauchy problem for the Whitham type equations

{ut—l—J\/(u)-i—Eu:O, reR, t>0,

u(0,2) =ug (x), € R, (4.14)

where the linear part £ is a pseudodifferential operator defined by the inverse
Fourier transformation

Lu=Feo(L(§)TU(E)),
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and the nonlinearity A (u) is a quadratic pseudodifferential operator defined
by the symbols a (¢, £, y) written as

Nao=?&mﬁ;uuawaw§—waawmy

We suppose that the symbols a (¢, £, y) are continuous functions with respect
to time ¢ > 0 and the operators AV and £ have a finite order, that is the
symbols a (¢,&,y) and L (§) grow with respect to y and & no faster than a
power of some order k

la (t,&y)] < CHO" + W) ILEI < CE)",

where C' > 0.

Model equation (4.14) combines many well-known equations of modern
mathematical physics and describes various wave processes in different media.
A particular case of (4.14) is the Whitham equation (see Whitham [1999])

(if we choose a (t,£,y) = %)

U + uthy + Lu = 0, (4.15)

which contains many famous equations, such as Korteweg-de Vries, Burgers,
Benjamin-Ono. When N (u) = wu,, Lu = —uy,, that is a (t,£,y) = % and
L(€) = [¢]*, equation (4.14) transforms into the Burgers equation Burgers
[1948]

Up + Uy — Uge =0, zER, t >0, (4.16)

which can be solved via the Hopf-Cole Hopf [1950] transformation u =
—20, log (¢), where

1 _@—p)? 1 (Y
o (t,x) = \/R/Re T exp (—2/ ug (2) dz> dy

satisfies the heat equation ¢; = ¢,,. A famous Korteweg—de Vries-Burgers
equation

Up + Uy — Uy + Uz =0, TER, >0 (4.17)
is a particular case of (4.14) with a (¢,£,y) = %, L (&) = |¢]* —i€3. If we take

a(t&y) =2 (1+16%) L© = (1+1F) " (IeP i)

in equation (4.14) then the Bengamin - Bona - Mahony - Peregrine - Burgers
(BBMPB) equation (see Benjamin et al. [1972], Burgers [1948], Peregrine
[1966]) follows

Up + Uy — Upy + Ugpr — Uzze = 0, x € R, t > 0. (4.18)

Another example is the Benjamin-Ono-Burgers equation
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Up + Uy — Uge — H (uge) =0, z € R, ¢ >0, (4.19)

where )
H(e)= Lpv [ 2,
0 T—y
is the Hilbert transformation. This equation follows from (4.14) if we choose
a(t,,y) =5, L(§) = €] + il signg.
We suppose that the symbol of the nonlinear operator A is such that

la (t,&,y)| < C O (€ - 1) {6 — v} + W) {u}®) (4.20)

for all £ € R, y € R, t > 0, where 5, o, a > 0. We consider the case
of nonlinearity of the type of the full derivative, that is we suppose that
w > 0. We will show that this type of nonlinearity behaves asymptotically
as a convective one. We consider the case of nonzero total mass of the initial
data [ uo (z)de =60 #0.

Let the linear operator L satisfy the dissipation condition which in terms
of L (£) has the form

Re L () > p{e}’ (&) (4.21)

for all £ € R, where pp > 0, v > 0. We study the large time asymptotic
behavior of solutions to the Cauchy problem for nonlinear evolution equation
(4.14) in the critical case. The critical case with respect to the large time
asymptotic behavior of solutions means that the decay rates of the linear and
nonlinear parts of the equation are balanced:

d=14+a+w.

Define X ={¢ € S’ : ||¢||x < oo}, where the norm

lllx= sup  sup sup (£)5T5 (6 (£)]| oo
p€[0,a47] 1<p<oo t>0

s, b 1tat 1
+ sup  sup sup {E}FTE ()0 T [ (8[| s
s€[0,0] 1<p<oco t>0

and v € (0, min (1,w)), b € [0,1]

le Dllars = 111" @ leeei<ay -
le Dllger = 117 E =1

the norm AP is responsible for the large time asymptotic properties of solu-
tions, and the norm B*®P? describes the regularity of solutions.

Theorem 4.9. Let the linear operator L satisfy conditions (4.21) with § =
l+a+w, a >0, w> 0. Suppose that the nonlinear operator N satisfies
estimates (4.20) with 6 4+ o € [0,v) if v >0 or o =0 =0 if v = 0. Let the
initial data ug be such that
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ol aoe + lltoll o 25 < 2.

where € > 0 is sufficiently small. The value b € [0,1] is such that b = 1 if
v>0+0+1,b<1—\V1+to+0—vifve (0,0+60+1) andb=01ifv=0.
Then there exists a unique solution uw € X of the Cauchy problem (4.14).
Moreover, the solutions u (t,x) have the time decay estimates

lu (D)l < CLE} % ()77
for allt > 0.

Remark 4.10. Note that in the case of zero total mass of the initial data 6§ =
Jr uo (z)dr = 0 the solutions of the Cauchy problem for equation (4.14)
obtain more rapid time decay rate

14+ min(1l,w)
B

[u(@)l|p~ < Ct™

Thus the critical value is shifted §. = 1 + @ + w + min (1,w) in this case.

4.2.1 Preliminary Lemmas

The Green operator G is given by
G(t)6=TFeo (e96(9)).
Define - .
(0:)" 6 = Feera ((6)°6(9))
and - R
(0.} 6 = Fe (1617 0(9))

for @« € R. In the next lemma we estimate the Green operator G (t) in the
norms AP and B*P for s,p e R, 1 < p < 0.

Lemma 4.11. Let the linear operator L satisfy the dissipation condition
(4.21). Then the following estimates are valid for all t > 0
t
/ (t—7)¢(r)dr
0

‘ Ar:p
1o —pLtw 1

<CWTIETE sup sup (0" (0 [0 (1)l )

p<q<oo 7>0

where k < 1, A< 1, p4+w < J; and

< sup sup ({T}”ﬂ”q (P 1y <7>|Be,q)

p<g<oo 7>0

< O iR (R
Bs»

-

/g(t—T)w(T)dT
0
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where b € [0,1],5\ > 0. Here r € [p,o0] is such thatn—ky% <1, and s > 0,
0 > 0 are such that s+ 60 < v if v > 0. In the case of v = 0 we take b = 0,
r=p,s=0,0=0.

Proof. By virtue of dissipation condition (4.21) and by the result of Lemma
1.38 we have the following estimate

1G (&) ¢ ()| arw <C (&) E 33 || ()] g0 (4.22)

for p>0,1<p<gq<oo. In view of (4.22) with ¢ = 0o and g = p we get

‘ Ar:p

sc/j (t=m) " {0} v (7))

/g(t—T)d)(T)dT
0

soH{ax}—“/otgu—r)wT)dr

Aptw,p

dr
A0,

dr

AOp

2o [ o)

<O sup sup ({r} (DM [ (1) -t )

p<q<oo 7>0

: 5% TR N ar
(/ (t - ) (Y

L R dT)

t

2
1-A—ete 1

<OW T FETE sup sup (1) (0N 6 (1)l )

p<q<oo 7>0

for all t > 0, where k < 1, A < 1 and p+ w < J. Thus the first estimate of the
lemma is true.
Similarly, from condition (4.21) we find

1G (1) % (D)lger < Ce 5 {35757y (7)1 o (4.23)

where s > 0,p<r<ocifv>0and s =0, r =pif v =0. Then by (4.23) we
have

<0 [T E oG o) u )

<0H<ax>9/otg<t—7>w<f>d7

Bs.p Bs+6,p

/ G{t—7)Y(r)dr
0

BO,r

dr;
BO.»

N C[e—su—ﬂ {t =7~ ) v ()]
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hence, we obtain

SC’/2 e 3T {1 — T}_¥_;(5_%) {T}_R_‘% dr
0

<sup ({7} i (7). )

/g(t—rwwdr
0

Bs?®

t
+ C/ e 3T {1 — T}_# {T}_K_% (7)o dr
%

< sup ({T}“ﬂbp () g <T>|Be,p)
>0

+6 1

Sc{t}lfnf%fﬁf%(%*:) W
X sup sup ({T}H-i-ubq ()M ¢(r)||Bqu> )

p<g<oo 7>0

Since k + % < 1 we have

/§ e 3T (1 — 7}7#7%(%7%) {7’}7“7% dr
0

s+6 b 1

<Ce ¢t {t}lf'“T*ﬁ*:(;*?)
and since s + 60 < v and —U—bp >-2_1 (l— l) we get

t s
R R
%

s+6

< C{t}lfﬁ*#*% "% <C {t}lfnf‘T*%*%(%*%) ()%
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for all ¢ > 0. Thus the second estimate of the lemma follows, and Lemma 4.11

is proved.

Now we estimate the nonlinearity
N(.6) = Feor [ alt.€0) 06— 1)a (1) do

in the norms |||, -w.» and ||-||g—e.» -

Lemma 4.12. Let the nonlinear operator N satisfy the condition (4.20).

Then the inequalities

IV (0 D) a-wr < C ol aar +10llBos) (19l a0 + 1€]lg0.c)
+C (19l ae + 12llge1) (el aos + ll#llo.)
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and

IV (@, )lIg-o.0 < C ([0l aastr + [€llges) (1€l a0 + I8l Bos)
+ O (l9llaatr +l1@llgos) (el aos + llellpor)

are valid for 1 < p < oo, provided that the right-hand sides are bounded.

Proof. By virtue of condition (4.20) and by the Young inequality, we obtain

I G aer < | [ la )l [0 = ) B0

L (1g]<1)

Bt —y) 6 (ty)| dy

< cH [ =0t =0+ 7 )

L2(¢]<1)

<016 0" ey ([P0 + 1 on)
1697 0 B (9]0 * 1P ron
om0 all, (Rl + 19 gaon)

<C(lellpar + llellgen) (¢l a0 + 1Allgo.oc)
+C (|l gan + @) (el a0 + l@llgoss) s

and

IV (o < | [ 170 ool [P0 = ) B 0]

L2 (€121)
<C H/R <<' ) L=y () {y}aﬂ)

x |2t~ v d(ty)| dy LZ(1>1)

<ol e, 0 (g

< C(lellgatvs + llellgen) (16l a0 + 19llgo.r)
+ C ([0l gatr + [[0llgor) (lellaos + [l@llgos) -

Therefore the estimates of the lemma follow, and Lemma 4.12 is proved.

s
Ol .

4.2.2 Proof of Theorem 4.9

Denote X ={¢ € S" : ||¢]|x < oo}, where the norm

lllx= sup  sup sup (£)5T5 |6 (£)]| o
p€[0,a+7] 1<p<Loo t>0

s b 1+a+ 1
+ sup sup sup {E}FTE () 0 T [ (8[| »
s€[0,0] 1<p<oo t>0
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where b € [0,1] issuch that b=1if v > 1+0+0,0<1—+V1+0+0—v
if ve (0,1+0+0)and b=0 if v = 0. Using estimates (4.22) and (4.23) we
get

16 () uollx <Clluol| ao.e + C lluoll yo. 12 -

Denote also

[y = sup_sup {6} (05 (o Ol a-w + {0 (0F [0 (D)l -0.)

1<p<

Wheremzoifyzo,andm:”TH’<lifu>O;)\:1—§<1.Thenby
virtue of Lemma 4.11 we have for p € [0,a+ 7], 1 <p < oo

P

L L
6 Sp

(t—71)N (v,v) (1) dr

Ap:p
<C swp sup ({T} (PN (0,0) ()] e ) < CIN (00)lly
p<qg<oo >0

andforsE[O,aL1§p§ootakingX:1—%:1+?‘f+7

1+a+’v+7

/gt—T (v,v) (1) dr

S G
<oyt
< sup sup ({r}w (P N (0,0) (r)HBe,q)

p<q<oo 7>0

< CINV (0,0)lly

Bs:p

for all t > 0. Here we suppose that 1 —x — 9 I;b (1 %) > 0. By conditions
of Lemma 4.11 it follows that b € [0,1], r € [p, 00| satisfy x + = < 1, and
sZO,GZOsatlsfys+9<1/1fV>0 In the case of v = 0 we take b = 0,

r=p, s =0 and € = 0. Solving the conditions for b, r

1
V—U—b—@—(l—b)(l—)EO, 0‘+b+$<1/

r

we see that we can takeb=1and r = coif v > 14+0—60 and we can choose b =
c=0=0,r=1if v =0. Otherwise we can take 0 < b<1—+1+0+60 —v
andr:(l—i—a—i—ﬁ—u)*% if0<v<l+o+6.

Therefore

(t—7)N(v)(r)dr

S CIN @)y -
X

Now by Lemma 4.12 we find
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AL
sup sup {t}" ()75 ||V (0) ()] v
1<p<o0 t>0

<C swp sup{t}"(t)" (v ()] aer + v (Dlpas)

1<p<oo t>0

X7 ([0 (D) g0 + 0 ()]0,

and
sup sup {£}"F7 ()T N (0) ()]0
1<p<oo t>0
<C sup sup {t}" (O (o ()] gosra + [0 (O)llgan)
1<p<oo t>0
x {6} ()3 ([0 (8)l| gow + 10 (8)l| o) ;
hence
IV (0)[ly = sup sup{}" ()5 |V (0) ()] 5w
1<p<oo t>0
+ sup sup (£} (15 IV (0) (O)lpon
1<p<cco t>0
<C sup sup (<t>k|v<t>||Aa,l+<t>* [0 ()] s
1<p<oco t>0
e ||v<>|Bg,1)
x (07 (o O o + {7 [0 Ollgos + 0 (1) o ) -
Therefore

W @)y < Csup (<t>HTa o ()] e + ()5
t>0

T 0 (0)lpea)

()l aa+aa

X sup sup (<t>ﬁp|v<t>||Ao,p+{t}w (1) ||v<t>Bo,p) <CllZ,

1<p<c0 t>0

since we have chosen k = ”j’ﬁ A=1-%= ‘XT'H, w > 0.
Thus we have

; Gt—7)N (v)(r)dr

2
<Cvlx-
X

In the same manner we prove estimate

1

[\)

/O G(t—7) (N (0n) (7) = N () (7))dr

X

> v —wallx -

(4.24)



4.2 Whitham equation 339

Therefore, as in the proof of Theorem 4.4, by applying the contraction map-
ping in X we prove the existence of a unique global solution u (¢,z) € X to
the Cauchy problem (4.14). Since

[l @llgee < llu (@)l g0 + [l @)llgo.s

and u (t,z) € X we have the estimate

() < €L}~ E ()7

for all t > 0. Thus the result of the theorem is true, and Theorem 4.9 is
proved.

4.2.3 Self-similar solutions

Along with the Cauchy problem for equation (4.14) we consider also the
Cauchy problem

{wt+N0(w)+£0w:O,xeR,t>0, (4.25)

UJ((),JJ) ZUO(I)zxeRa

where £y has a symbol Ly (£), which is a homogeneous function of order 4,
that is Lo (t€) = t° Lo (€) for all € € R, t > 0. We assume that the asymptotic
representation at the origin

L(€) = Lo(§)+0 (&) (4.26)

is fulfilled for all |£] < 1, where v > 0. Let A have a symbol ag (£, y) which
is homogeneous with respect to £ and y of order w + «, that is ag (£, ty) =
t9t@aq (&, y) for all £,y € R, t > 0. We suppose that the asymptotic relation

‘a’ (tv 67 y) — Qo (57 y)|
<O ) (-0 1 — k™ + ) {n1*)
OB O (E - e -1 + W) (1)) (4.27)

is true for all £, y € R, ¢ > 0, where 6, o, a > 0, w, v > 0. Note that ag (&, v)
also satisfies estimates (4.20).

Consider self-similar solutions w (¢, z) =t~ fy (xt_%) for equation (4.25)
which have a total mass

9:/Rt_%f9 (l‘f_%) dx:/ng(x)dx;«éO.

The existence of a unique self-similar solution w (¢,z) = t=5 f (zt*%) , where
f (x) is such that
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1 F)

will be given below, provided that || is sufficiently small.

We construct the self-similar solution for equation (4.25) taking the initial
data 6d¢ (z), where dp () is the Dirac delta function. We write the Cauchy
problem for (4.25) as the integral equation

sup

o o A, <
p€[0,a] Lt || Lee

p€E[0,a+7]

w (t) = 0Gg (t) do (x) — /0’5 Go (t — 1) No (w) (1) dT, (4.28)

where

Go (£)6 = Fer (e70©(9))

and by changing the variable of integration ft% = 1 we have

6o (1) (a) = (27) |

eigm—tLo(E)dg = t_%G (xt_%)
R

and
G (z) = (21) % / etm—Lo(n) g
R

We look for the self-similar solution w (¢, ) = ¢~ 5 f (mt_%) . Applying the

Fourier transformation to the integral equation (4.28) we obtain

@ (1,€) = et 10(©

t
_ / dre= (= Lo(® / a0 (6,9) @ (1, — )@ (1, ) dy. (4.29)
0 R

Note that for the Fourier transform of w (¢, z) = t_%f (xt_%> we have

therefore, from (4.29) we get
Fet) = get0©
t
- [Lare @m0 [ 0o ) F(i6 - ) Furt) an
0 R

Hence by changing n = ft%, n = yt%, T = tz and by recognizing both that the
symbol ag (n,1") is homogeneous of order w + «, that is ag (nt*%,n’t’%) =

t_#ao (n,m'), and that § = w + « + 1 is critical, we find
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J?(U) — Pe—Lo(m)
1
—/ dze‘(l‘z)“(”)/ ao (1) f ((17 —1') Z%) 7 (77’2%) . (4.30)
0 R
Define Z = {¢ € L' (R)NL> (R) : ||¢[|; < oo} and the norm

16llz=sup [[1°@llgs + sup  [I[° @llgo -
p€[0,a] p€[0,a+7]

The existence of a unique self-similar solution f € Z follows from estimate
(4.24) and Lemma 4.3.

In the following theorem we state the main term of the large time asymp-
totic behavior of solutions u (¢,2) to the Cauchy problem (4.14) in terms of

the self-similar solution ¢~ % f (xt_%).

Theorem 4.13. Suppose that the nonlinear operator N satisfies asymptotic
relationship (4.27) and estimates (4.20) with w > 0, 0 + 0 € [0,v) if v > 0
oro=0=0ifv=0. Let the linear operator L satisfy conditions (4.21) and
(4.26) with 6 =1+ a+w, o > 0. Let the initial data ug be such that

[woll ao.ce + lluoll jo. 12y <&

where € > 0 is sufficiently small. The value b € [0,1] is such that b = 1 if
v>14+040,b<1—vV1+o+0—vifve(0,1+o+6)andb=0ifv=0.
Also we suppose that

l[uo = 0doll p—re <&,

where 6o (x) is the Dirac delta-function, v € (0,min (1,w)). Then for large
time the solution u (t, ) to the Cauchy problem (4.14) tends to the self-similar

solution t_%fg (xt_%> of equation (4.25), that is

o1t (001 <

L()o
forallt > 1.

Remark 4.14. The conditions of the theorems on the initial data ug can also
be expressed in terms of the standard weighted Sobolev spaces as follows

[woll ygo-4.0 + luollgo.st2r <&,

H/’

where 3 > % However, the conditions on the initial data ug are expressed

more precisely in the norms A%? and B%P.

Remark 4.15. We give two examples of the application of Theorem 4.13: 1)

In the case of KAVB equation (4.17) we have a(t,£,y) = ao (§,y) = %,

L(€) = [€]* —i€3, Lo (€) = |¢|*. The conditions (4.20), (4.21) and (4.26),
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(4.27) are fulfilled with § =w =1, 0 = a =0, § = v = 2; hence we can take
~v € (0,1), b = 1. Then for small initial data ug such that

l[uoll go.oe + [luollgo.e <& and [lug — 09| p—e <,

the asymptotics

14y

<Ct = (4.31)

|l =25 (()¢7)

is true for large t, where fy is the self-similar solution for the Burgers equation
(4.16) with the initial data ug () = do (). 2) In the case of BBMPB equation

(18) we have a (1,6,9) = % (14 1¢f) " L€ = (1+167) " (e —ie?),

ag (&,y) = %, Lo (€) = |€]°. The conditions (4.20), (4.21) and (4.26), (4.27)
are fulfilled with # =0, w =1, 0 = a =0, § = 2, v = 0; hence we can take
€ (0,1), b =0. Then for small initial data ug such that

Je-

l[uol g0 + [[uollgos < & and [ug — 000]| g <&,

the asymptotics (4.31) is valid.

4.2.4 Proof of Theorem 4.13

Before the proof of Theorem 4.13 we prepare some preliminary estimates in
the following two lemmas. First we estimate the difference G (t) — G (t) where

Go (£)6 = Fer (e7©(9)).

and Lg () is a homogeneous function of order 6, that is Lg (t£) = t°Lg (€) for
all ¢ e R, t > 0. From Lemma 1.39 we obtain the following estimate.

Lemma 4.16. Let the linear operator L satisfy the dissipation condition
(4.21) and the asymptotic representation (4.26). Then the estimate

\/Ot<g<t—r>—go<t—f>>¢<f>dr N

<CWTTEEETE sup suwp ({7 (0 0 (D)4 )

p<g<oo 7>0

is valid for p> 0,1 <p<oo, where k <1, A< 1, p+w+v <.

Now we estimate the nonlinearities

N (9,6) = Fea / a(t.69) P16 — y) & (ty) dy.

ly|<2

NG (p,6) = Fe, / a(t.6y) (6 —y)d(ty)dy

ly|>2

in the norms A~%P,
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Lemma 4.17. Let the symbol a (t,£,y) of the nonlinear operators N (i, ¢)
and N® (p, ¢) satisfy condition (4.20). Then the inequalities

[V® .0, ., < CUlans + Iellpoe) (19l ans + Il50.)
+C (I6llans + 19llg0.=) (¢l a0 + lollgo)

and
V@ . 0)], ., < Cllellgns I9llgom +Cl1dllaen I¢lgo

are valid for 1 < p < oo, provided that the right-hand sides are bounded.

Proof. By virtue of condition (4.20) and by the Young inequality we obtain

vowo)|, .,
<[ lael]p -] dy
vi=2 LE(€l<)
<c| [ -u e - o]
lvl<2 L2(jg[<1)
< C (" @lpgeen + 1Lz gerzn )
3 = 3 =
(P = .
( L2 (l¢[<1) L (j€[>1)
el (55 S
e L1(J|<1) ¢ Lg(lg[>1)
x (1@l ety + 1@l geron)
< Ol + Iellgo.oe) (19llaos + idlpo)
+ C (6l aws + I8lmo) (16l a0 + [lg0.<)
and, similarly,
Ve,
<[ Hlatwl o - na )| dy
lyl=2 L2(g[<1)
<c|| [ -=ul + ) [B -0 d )| dy
lvi=2 L (¢l<D)
< O Plagigon ] e g+ €179 Pl
Il SD||L§(|5|21) ¢ L= (J¢21) 17 ¢ LL(1gl>1) ||<PHLE (1€1>1)

< Cllellpes 19llgoce + Cllellgon llgo.o -
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Finally, the estimates of the lemma follow, and Lemma 4.17 is proved.

We write the nonlinear Cauchy problem (4.25) as the integral equation
(4.28). First we note that Theorem 4.9 is also applicable to equation (4.28) if
we take b=1, 0 = a, v = 6, # = w, so we have estimates

Jullx < C= and [lw]lx, < Ce,

where

L1
[¢llx,= sup  sup sup (t) 557 |6 (£)] oos
pE[0,a+~] 1<p<oo t>0

s 14+a+
4+ sup sup sup {t}3+$ )= 1 +55 16 ()| gows -
s€[0,a] 1<p<oo t>0

Therefore, in particular, the estimates are valid

ltaty 1

()| g < Ce{t} 5% (1)~ 5 %

forallt >0, s €[0,0],1<p < o0, and

_ltaty 1
5 5p

lw (D)llgen < Ce {6} (1)

for all t > 0, s € [0,a], 1 < p < oo. These estimates are sufficient for
evaluating the large time decay of the remainder v (¢) = u (t) — w (¢) in the B
norms

”U (t)HBo,l <C HU (t)HBU,l + ||u) (t)”BUY1
<Ce({ ¥+ )

(4.32)

We now estimate the difference v (t) = u (¢) — w (¢) in the norms A”? and
show that i
[0 (@)l apr < Celty = % (4.33)
forallt >0, pe0,a],1<p<o0.
We represent N (1) = N (u) + N® (u) and Ny (w) = N (w) +
N (w), where

quoz?&m/ 0t 6,9)T(LE—y)T(ty) dy

ly|<2

N®on=?&w/ a(t,€,9)A(E —y)a(ty)dy,

ly|>2

the terms N\ (w,w), N{? (w,w) are defined similarly.
Then for the difference v (t) = u (t) — w (t) we get from (4.28)
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v (t) = (G (t) = Go (1)) uo
- /0 (66— 1)N® ()~ Go (t— YN (w)) dr

- [ G=r) =Gt =N () () dr

= [ o= (N @) (7) = AT () (7))
0

= [ Gt =) (W () (1) = A (w) ()
0

For the first summand we have

1(G (t) = Go (1)) woll v < C ()™ o]l o -

The second summand we estimate by Lemmas 4.11 and 4.17

t

G(t—7)NP (u)dr

0 AP:P
-
<o s s (0 07 )
p<g<oo 7>0 A-wa
N_ptw 1
<oWITEE sup< AP sl )
p<q<oo 7>0
.
<) T Julfy < C2 )T T
Wherem:"T“’,le—wéj:HaTﬂ,w>'y>O. In the same manner we
have
¢ 2
/ Go (t = 1Y NP (w) dr
0 Apr:p
+w N
<C@' T s swp (WO (5 A )| )
p<q<oo 7>0 Awa
N_ptw 1 o1
<O sup sup (11 007 fuls [l )
p<g<oo 7>0

pty 1 Pty 1

SO Julx, <C )T T,

where kg = "‘T'H. By Lemma 4.16 we have with A=1—- % = H'Ta

\ [ @ a=r1=Gote =) () (7)

+w+
<O TS sup sup (m“ﬁ
p<q<oo 7>0

Apr:p

NO @) @), )
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since via Lemma 4.17

N ) (7)

(r)

A-w.p

< (05 Ju ()l o+ F
s ()% (7)o + ()5

Similarly, via Lemma 4.11, we obtain

(")llge )

("o ) < C lulfy < C2.

[ Gt (W ) () - N ) ()

Ar:p

<t>1*A*"*T“*%

L
X sup sup <<T> +3g
p<g<oo 7>0

N () (7) = N§" (u) (T)HA”"I>

<O ()T

where A = 1 — = HO‘TH, w > v > 0; since by Lemma 4.17 and condition
(4.27) we have

()

O () (&) = N () 1)

A-w.p

()| At + ()7

<c(m™
x ({0 lu (B)l| o+ (65
+C (O @l ams + 07
x ({7 lu ()l o+ (67

Finally, by Lemma 4.11 we find for p € [0,a], 1 <p < o0

(t) 0.~ )
(80~ )
(t) 0. )

()llgoe ) < C lullx

(t=7) (MY () (7) = NG (w) (7)) dr

Ar:P

(Ngv (u) (1) = N§V (w) (T)) HA)

pEe
<C sup sup | (r)" "3
p<q<oo 7>0

at
< Ce+Ce sup sup () T T v (1) paua s

p<g<oo 7>0
where A\ = 1 — 5% = H8 , > 0, 4 € (0,min(1,w)), since in view of

Lemma 4.17 we have



4.2 Whitham equation 347

(MY (@) () = MY (w) (7))

ltaty

<T>X+ﬁ

s

<O 7 (lv(@)llaea + llullgo. + lwllgo.o)
1
x ()% (lull go.a + [0l po.a + [[ullgo.ce + lwllgo.oc)
atl
+C(n) 7 (lulaes + [wlaas + [[ullgos + [wlgo.o)

4 L
X ()22 ([[o (7)Ao + lullgo.e + l[wl[go.)

2
< (lullx + lwlix,)
m_;'_L
+C sup sup (1) T 5 o (1) gpo (ullx + wllx,)
p€l0,a] 1<p<q

Pty 1
<C24Ce sup sup (1) F T 0 (7)] ns -
p€[0,a] 1<p<q

Therefore,

pty 1
sup sup sup (t) © 7 [0 (£)]| pp
p€[0,a] 1<p<oo t>0

.
SO +Ce s sup sup ()T o (1)
p€l0,a] 1<p<oo t>0

and (4.33) follows.
Consider a self-similar solution A (t,
4.2.3. Then for the difference h (t) — w (¢

h(t) —w(t) = Go (t) o (4.34)
- / Go (t —7) (No () () — No (w) (7)) dr,

where ug () = ug () — 66 (x) . We suppose that the initial data ug have the
asymptotic representation g (£) = 0 + O (|€]7) as € — 0, so

x) of (4.25) constructed in Section
) we get from (4.28)

[wol| o0 + [1uollgo.e < e

By estimates (4.22) and (4.23) we get

—~ _pty 1
1Go (8) w0l gpr <C () > 7 ol o—.o0

s

—~ Iy —s_ 1
IGo () wollger < Ce™ 28 {1} 7577 [[u)go.o ;

hence
[Go (t) wollx, < C ([[uoll o= + luollgo.c<)

where we denote
ety 1
¢llx.= sup sup sup(t) > "5 [[¢ ()| g0
T pe[0,a] 1<p<oo t>0
s 1 1+a+ 1
+ sup sup sup {t}5T ()5 5 6 (1)l -
s€[0,a] 1<p<oo t>0
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The second summand in equation (4.34) we estimate by virtue of Lemma 4.11
taking ko = 2 =1-2 A=1-22 r=00,b=1

ptw 1

§C<t>1‘X‘T‘E

< sup sup ({r}“ (M (WG (B) (7) — No (w) <T>>|A-u,q)

p<q<oo 7>0

/0 Go (t — 7) (No () () — No (w) (7)) dr

Apr:p

and

/0 Go (t — 7) (No () () — No (w) (7)) dr

\
<O ()

X sup sup ({T}“*% (P (N () (7) — N (w) <T>>||Bu,q) :

p<g<oo 7>0

for allt >0, s,p € [0,a], 1 <p < oo. Therefore,

] / Go (t — ) (No (h) (7) — No (w) (7)) dr

< Ce? + Cellh—vlx, ,

Xy

since by Lemma 4.12 we have

{7030 (r) M [N (h) (1) = N (w) (7)) | o -
<L} (@) (I = wll s + hllgas + lwligon)

X (1) (1hl] g + 0]l po.s + Illo. + [l g0.)

+ YT ) (1l pen + el ot + [llgon + wllg0)
X ()33 (||h = wl| go.s + [ Bllgoe + 0]l go0.)

2
< Ch—vlx, (Iklx, + lwlx,) + € (Iklx, + lwlx,)

and

rod L L
{r}™ T3 ()M ||(No (B) (7) = No (w) (7))l g -ea
1ta 1oty
<C{r} 7 (r) 7 (|hllacsra + Wl gasra + [Allgan + [[wlgan)
1
x 734 (||h]| po.o + [[wll p0.a + 1Bllgo.a + lwllgo.q)

2
< C(Inlx, + llwlx,)”-

Thus we obtain
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Ih —wllx < Ce. (4.35)

Since

lu(t) = h Ol < llu(@) = h @)l aos + llut) =2 (O)lgos

via (4.32), (4.33) and (4.35), we have the estimate
lu (£) = b (#) || < CEF

for all ¢ > 0. Theorem 4.13 is proved.

4.3 Korteweg-de Vries-Burgers equation

This section is devoted to the famous Korteweg-de Vries-Burgers equation
Ut + Uy — Upy + Uzze = 0, x € R, t > 0. (4.36)

Equation (4.36) arises in many fields of physics and technology (see Naumkin
and Shishmarev [1994b], and references cited therein) as a simple nonlinear
model taking into account the simplest dispersion (described by the term with
the third derivative) and dissipation processes (similar to the heat equation)
as well as the simplest nonlinear convection effects.

The aim of this section is to remove the smallness condition for the initial
data which appears when applying the results of Theorem 4.13 from the previ-
ous section. Suppose that the total mass of the initial data 6 = [ uo () dz #
0. In the case of 8 = 0 the nonlinearity uu, in equation (4.36) is supercritical,
so the large time asymptotics was studied in Chapter 2. Denote by

Jo () = =20, log (coshz — sinh (Z) Erf (g))

the self-similar solution for the Burgers equation (see Burgers [1948])
Ut +U Uy — Uz =0, xER, >0, (4.37)

defined by the total mass § = [ ug (x) dz of the initial data. Here Erf(x) =
% fox eV’ dy is the error function.

Our aim is to prove the following result, where we find the large time
asymptotic behavior of solutions to the Cauchy problem for equation (4.36)
in the case of initial data of arbitrary size.

Theorem 4.18. Let the initial data uy € H* (R) N L' (R), where s > —1.
Then there ezists a unique solution u(t,z) € C*> ((0,00); H*® (R)) to the
Cauchy problem for the Korteweg-de Vries-Burgers equation (4.36), which
has asymptotics
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u(t) =1y ((-)t‘%) +o (t—%)

ast — oo, where fy is the self-similar solution for the Burgers equation (4.37).
Moreover, if additionally the initial data ug € LY (R), then the asymptotics

18 true
wt) =72 f () +o (i)
as t — oo, where v € (0, %) .

For the convenience of the reader we now give the idea of the proof. Mul-
tiplying equation (4.36) by 2u and integrating with respect to € R we get

d 2 2
2 1t @l = =2 llue (O)lLe s

hence, by integrating we see that
2 ! 2 2
l[u @)L + 2/ [tz ()| L2 d7 < [Juolly
0
for all ¢ > 0. In particular we have
lull o2 = iglgllﬂ(t)llm < [JuollL (4.38)

and

< Jluollgs - (4.39)

e (RO

Note that time decay estimates (4.38) and (4.39) are not optimal. To get
optimal time decay we need to show that the L! (R) norm of the solution does
not grow with time. We multiply equation (4.36) by S (¢, x) = sign u (¢t,z) =

‘Zggl and integrate with respect to x over R to get

/Rut (t,2) S (1, x)d:z:Jr/ (t,2) uy () S (£, 2) da
:/Rum(t,x (t,z) d:cf/Rumm S (t,z) dz.
We have
[utta)s o= [ Zhutalds= 5l
/Ru(t,x)ux(t,x)S(t,m)dx:/Raax(|u(t,x)|u(t,x))dx:0,

and

/ Ugy (8,2) S (¢, x) dz < 0.
R



4.3 KdV-B equation 351

Therefore, we find

% lu (@)l < — /Rumm (t,z) S (t,z)dz. (4.40)

Now the main difficulty is to attain an appropriate estimate of the right-hand
side of (4.40). Lemma 4.23 below gives us a rough estimate, being however
enough to improve the time decay of the L2 (R) norm of the solution. Then
applying Lemma 4.22 and Lemma 4.24 we successively improve the time decay
estimates until we obtain the optimal one.

Before proving Theorem 4.18 we yield in the next subsection some pre-
liminary estimates of the Green operator G (¢) solving the linearized Cauchy
problem corresponding to (4.36).

4.3.1 Lemmas

Consider estimates of the Green function

G(t,x) = (277)_% / e”g_tgz"'“gsdﬁ.
R

By the method of the proof of Lemma 1.28 we obtain the following result.

Lemma 4.19. The estimates are true

|20 G (D), < Oty F73073) (1) 555 03)

forallt >0, w,n>0,2<p< oo and

w

12702 G (1), < C {1} 5% (17" 201-%)

forallt >0, w,n>0,1<p<2.
Denote the Green operator
G(t—7)(r) = /RG(t—T,x—y)¢(T,y)dy,
where the Green function G (t,z) = fg_me*tgzﬂ'tfs. Consider the integral

equation associated with the Cauchy problem for the Korteweg - de Vries -
Burgers equation (4.36)

w(t,z) =G (t)uo — % /0 0.G (t — 7)u? (1) dr. (4.41)

Define the norms

1610 = 16 (& Dlgocm,

Lr(R])

We now estimate the first derivative of the solution.
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Lemma 4.20. Let the initial data ug € W1 (R) NH! (R), and the norms be
bounded

[uollw: + 1ol + llull 2 + l[ually o < C.

Then the estimate is true
[uzll, o < C (4.42)

for 2 < p < oo. Moreover if in addition
ullq. < C,

where 4 < o < 6, then the time-decay estimate (4{.42) is valid for all § < p <
00.

Proof. By virtue of the Young inequality and estimates of Lemma 4.19 we
obtain from the integral equation (4.41)

t

[uz ()]l < 102G () uoll. +/ 102G (t = 7) u(7) ug (1)l d7

t—e

1 t—e

w3 [ G- @) ar
0
t
< gz + / 10:G (t = )llgz 1w (7l 1wz (7)llgz dr
t—e
t—e
+0/0 162G (¢ = )l|s lfw (7)1 7
t

3 t—e 5
<C+C (t—7)" " ||ug (7)]lg2 dT+C/ (t—7) *dr
0

t—e
< C 4 Cet ugllg  + Ce 5

hence, by choosing € > 0 so that Cet = L in view of the Hélder inequality,

2
we get estimate (4.42) for 2 < p < oc.

Now we assume that [ull,, < C, where 4 < a < 6. By the integral
equation (4.41) we get

Jtz Ol < € @7 (Juolas + uolhwy) + € (07F [ o)z ar
+C [T s ¢ = 1)l - 1) dr

€ P
+€ [t = Dlgs s (6= Dl dr
0

Since by the Holder inequality

2
o

/§||u<r>||izdrsﬂ*% (/2||u<7>;‘:2dr> <ot (443)
0 0
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and by the Young inequality

a1 1,1 .1 :
with 5+ 1= 7t rts5 we then obtain

b
/“¢@—ﬂwu—rmuﬁm

< Hf”Lq(a,b) ||¢HLT(Rj) 191

Lp (R:r) v (R:r)

3 1 2
<00y v ot
luallpe < €07, iy + 105 s
ol - 5ol
wefinta,, Tl el

OHF%
+ o el

1 1
<C+ Ce M ullZy + CeT |uall, ,

< C+Ce™i + Cet |lugl,

where ¢ = (1 — % + 2—1p> > 1if p > 5. We now choose € > 0 such that

Cei = %, and then get estimate (4.42) for § < p < oo. Lemma 4.20 is proved.

Lemma 4.21. Let the initial data ug € W3 (R) NH? (R) and the norms
l[uollws + l[wollge + [[ullo 2 + luzlly o < C

Then the estimate is true
[usall, o < C, (4.44)

where % < p < 0. Suppose in addition that

lull,. , < C (4.45)

o,2 —

where 6 < a < oo, then

luzall, s < C, (4.46)

for (% + i)fl < p < oco. Finally if estimate (4.45) is true for 4 < a < 6, then
inequality (4.46) is fulfilled with § < p < oo.

Proof. As above in view of the integral equation (4.41) we find
luzz (Dl < [[026 (1) uoll s

t—e 1 3
+c£ dr [|02G (t = )| Il ()12 s (7)1

+C [ 10:6 = ls (o (Dlge fiar (Dlge + 1z (D2

—&
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First we note that

1626 (#) wolly < € (&) (Ilwollzzs + llwollyws ) -

By the Young inequality we obtain for % <p< o

t—e 1 3
HA dr 026 (¢ = ) g 1w (P12 s ()12

t 5p 4p %+ 1
C(/{ﬂ»ﬁ%ﬂzﬂda 2

and, similarly,

LY

=

3 l 1
3, < Cel

t

106 = s (o (7 e e (7 g + e (7))

Ly

3

=¢ H/ o ||u (t— T)HL2 |t (t — 7—)HLZ + [lug (t = T)Hiﬂ) dr

Ly
< et (fual3, o + ] p2) < C+Cet uns], g
Collecting these estimates we get
ol p < Ce™ + O urall, o
hence by choosing € > 0 such that Cei = %, we obtain the first estimate

(4.44).
We now prove the second estimate of the lemma. By integral equation

(4.41) we find

[tuae ()llLs < [[02G (£) uol|
C /Eai’g(t—T)ﬁ(T)dT +C
0 L1

ﬂt_l Q3G (t — ) u? (1) dr

2 L1

t
+C [ 0.6 (=7l [[u (T)llge [1uwe (T2 dr,

t—1

where we have used the identity

Hum”iz = —/Ruumd;ﬂ.

By the Cauchy inequality in view of (4.43) we obtain
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Ll

/E 3G (t — 1) u? (1) dr
0

<C [ ]2 (6= g e (Plge (7l o

Q=

<O fuallzg (/0 IIU(T)isz> <C{) >~

hence we yield

<C

p,1

H/zagg(tmﬂ(r)m
0

for (% + %)71 < p < oo. Now we estimate the next term by the Young
— 1 (that is ¢ > 1)

1

. . . 1 _ 1
inequality with 5=

/tt_1 3G (t — ) (1) dr

2 p,l
é
< || [ ar 1026 (7)o ¢ = 7l o (6= Dl
' Lo (R7)
%
< Clullas lucly 7 1ar <.
Finally we obtain
t
] | 106 = Dl [ (0 s ()
t—1 p,1

1>
_3
< Clull g 5 sl / —tdr<c
0
for (% + é)_l < p < co. We also have the estimate

1626 (#) wolly < € ()" (Ilwollszs + llwollvwsz ) -

Collecting these inequalities we get the second estimate of the lemma.
Now we suppose that estimate (4.45) is true for 4 < a < 6. We have from

(4.41)

ltaa (llgs < €07 (uollge + ol )

t—e
+C / 3G (t — ) u? (1) dr

L1

+C

L1

/5 3G (t —7)u? (1) dr
0
t

+ C/t 102G (¢ = 7l [lv (T)l[pes e (7)[| s dr



356 4 Critical Convective Equations

Then by applying estimate (4.42) we obtain with % —

1 3
<s<3a

1
a

/§ 82Q (t —7)u? (r)dr
0

p,1
%
<C / dr [|05G (t =) e ()l 1w (7).
’ Lr(R/)
t
—1 2
<™ [l lus (7)1 dr
’ L?(R)
1
< Cllullag el 10757, o <€
for § < p < oco. Likewise by estimate (4.42) and via the Young inequality
111 1 3 1_ 1_1_ 1
t—e
/ 3G (t — 7)u® (1) dr
5 ol
%
<c|l [* 1026 Ol e = Dl s (¢ = 7
: L*(Ry)
_% —1 —
<ol @, ) Tl loalpe < 7
Finally we attain
t
‘/ 102G (t = 7)lIp1 1 (T) | 1tae (T)]|L dr
t—e LP(R:F)

1 1 Y 1
< Clulld 5 sl 5 ltaal, / r~Hdr < Cet.
0

Gathering these estimates we get

— 1
ltzall,y < Ce™ +Cet luall,,

thus by choosing ¢ > 0 such that Cet = %, we obtain estimate (4.46) with
¢ < p < o0o. Lemma 4.21 is proved.

Now we give estimates for the third derivative of the solution.

Lemma 4.22. Let the initial data ug € W3 (R) NH? (R) and the norms
[uollws + lluollge + [[ullo o + [lullao + lually o <€

where 4 < oo < oco. Then the estimate is true
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[l (4.47)

with(%+%)7l<p§ooif6§a§ooandwithlgpgooif4<a<6.

Proof. By the integral equation (4.41) we have
||u11w (t)HLl < ||agg (t) UOHL1

w0 [C ot = )l u s dr

[t_e 5§Q (t—7) u? (1) dr

2

w‘

L1
t

+C [ 102G (= 7)l[ps (Ju (D)llpee taze (7)[lLs
t—e
+ llue (T)llp2 [[taw (7)[lL2) dr. (4.48)
By estimate (4.43) we get
[0t =)l e (s e

t

<12 /O lu (7|2 dr < CE 13

therefore,

H 026 ¢ =)l e (s dr

LP(g,00)

< CHt—l—% < Cer1-% (4.49)

LP(g,00)

for all 1 < p < oo. The third summand in the right-hand side of (4.48) we
represent as follows

< c/ﬁ—fHaiG(t—T)HLl (Ilum (D25 + [t (7) || oo |t (T)||L1)d7

t

/t—f (939 (t—r7) u? (r)dr

Ll

t—e
= C/i H@iG (t— T)HLl [u(T) Lo Uae (7) ||y dr.

By the estimate of Lemma 4.19 we obtain
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i

SC/ (T} O (= DIE N (6 = DIEs ltae (= 7)1 dr.

902G (t = )| Nl (7)llpee uae (T) e dr

zi, so that
[e%

By the Young inequality with % = %—1—&- i + i +% < %—i—
%<%+éandq>1weget
2

t
1 1 2 _5 _ _
< Cllull§ 2 [[uell3 2 1uzsll, 1 </ {r} 1 (n) da) < Cemi.
£

Finally we estimate

| 126 = g () e ez (g

Lr(R)
1
q

o

/t 102G (t = Tl (v (T)lloe tzza (T)]Ls

—€

s (Mge e (T)lle2) d7llps (my)

€
_3 1
< € (Jatazally + el o ltasllay ) [ 7~Hdr < C 4 Ot utamall .
0

Thus we get
1_q_2 _s 1
||umm|\p71 < Cer 1T 4 Ce1 4 Cer Humme)17

and by choosing Cei = % we attain estimate (4.47) for the case 6 < o < 0.

For the case 4 < a < 6 we need to improve the estimate of the third term
in the right-hand side of (4.48). We write it as follows with small v € (0, 1)

‘ Lt ’

t—e
< c/ 16247 (& = )|, (027 (7) g ()] i
2
Note that by the Holder inequality

t—e
/ PTG (t — 1) 0% " (1) dr

t
2 L1

/t_E 4G (t — ) u? (1) dr

t
2

16 +9) - 6 Ol
y )
(0 |¢'<-+z>|dz) 16(+9)] + 16 ()"

<
L1

4
1-6 4 1-6
I9llL:® < Cy° 190l ol
L1

<0H/0y|¢’<~+z>|dz
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Hence by taking 0 < §; <1 —y < J; < 1 we get (we can take J; close to 1)

Jotel, =< | [ "o +n-sn |
< [T ot - 00l

e / )= 6 ()
< C|8,9|13 ||¢||1 M C 0.0l Il -
By Lemma 4.23 we have
|06 (=)l <y~ E (T

Therefore, we obtain

ol
4

TG (- )P (r) dr (t—r) 3

M”\
2

t—e
SC’/ dr{t—r}" 1"

5.

xz(nu A e (DI + [l <>||i:5||um<>|i;2’||um<7>||§jl).

. . . . 24,
By the Holder inequality with ¢ = ﬁ_‘_éj so that (1+4;)q > § and 52 +
1+ 1 =150 that (1—%)r>%and6js>%,weget

2
_1_2 95 1465
<t 3 (O e O,

*‘ Ll(Rn)

_1_~7 2 1295 L o v
< Ce Z (HUH@E ||u$||(ql+6j)q72 + HU”a ‘uw”E 73) |Ua;;E
Jj=1 o

0 (- )l (7 dr

N\c&\
2

1,1

1-% 1-% 5;
Ju(@llg2 * lus @)llgz * luee @l

IN
IN

1
6J‘S,1

Thus in the case of 4 < a < 6 estimate (4.47) is true for all 1 < p < oo.
Lemma 4.22 is proved.

1

< Ce™171,

Now we offer estimates for the right-hand side of (4.40). Denote S (¢,2) =1
for all u(t,z) > 0 and S (t,z) = —1 for all u(¢t,z) < 0; S(¢t,z) = 0. for
u(t,z) =0.
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Lemma 4.23. Let the initial data ug € W3 (R) NH3 (R) and the norms
luollws + l[uollg + lull o 2 + lually » < C.

Then the estimate is true

T
/ dt/ Ugae (E,2) S (¢, 2) da
0 R

for all T > 0, where v > 0 is small.

S C <T>%+"/

Proof. Note that by Lemma 4.22 we have

1
/ dt/ Ugzs (L, 2) S (¢, ) dx
0 R

1
< / Humw (t)||L1 dt < ||umx||oo,1 <C.
0

Therefore we need to estimate the time growth of the integral

T
/ dt/ Uga (t, ) S (¢, z) da.
1 R

By the integral equation (4.41) we have
1 [%
Upas (t,2) = 035G (t) up + 3 / 4G (t — 1) (1) dr
0

+/_V 9BG (t— ) u (7) uy (7) dr

t

2

+ [ o -num (s
+/t718xg(t77') 83 (u (1) ug (7)) dr (4.50)

for all t > 1, where v = T—3. The first summand in the right-hand side of
(4.50) can be estimated as

162 () wolly < € (6% (Hlwollws + luollyes ) -

For the second term we have

/ia;*g (t — ) (r) dr
0

Ll

< [* 1026 ¢ = 7l el dr < v
0
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for ¢t > 1; hence

/fdt/RS(t,:c)/O;8;‘9(15—7)“2(7)[17@

T
S/dt
1

T at
<C ?SClog(T—i—l).
1

/5 6;@ (t —7)u? (r)dr
0

L1

Consider the third summand in the right-hand side of (4.50)

T
J
1

Tt
< [ e 02 (s e = 7l s (¢ = g

/i - 8fg (t—7)u(r)uy, (1)dr

L1

T L 5
< c/ dt/ 772 |lull o g llua (t — 1)l dr
1 vt

< C /Tdt/é 1=} g (¢ — 7|y d
< — T uy (t— T T
\/D 1 vt L

361

Changing the order of integration and applying the Schwartz inequality we

obtain
T % .
/ dt/ P g (= )| dr
1 vt
T/2 d min(T,7/v) .
[ (- e ar
v T Jmax(1,27)
T2 qr 3
<CViog T+ D fuslly [ T < Cllo(T+ 1)
Thus

/JV 03G (t— 1) u (r) u (7) dr

2

T
K
1

We now estimate the forth term in the right-hand side of (4.50)

< CT% (log (T +1))2 .
L1
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/Stx/ 3G (t — 1) u () ug (1) drdz
t—vt
/dx\utx| dT/@S (t—Tmx—y)uy(1,y)dy
t—vt
t—1
/ dxS (t,x / dr
vt
< [ G ==y ) —um)u, () dy
-1
+/ dxS (t,x)/ dr (u(1,2) —u(t,z))

t

/83 —y)uy (1,y)dy = I + I + I3.

In the integral I; we integrate by parts to get

t—1
:/dx|u(t,x)|/ dT/ 8§G(t—7,xfy)uy(7',y)dy
R t—uvt R
t—1
—/ daug (t,2) S (t, ) / dT/ Gyy (t—T,y)up (1,2 — y) dy;
R t—vt R

T T t—1 dT
/ L, (1)) e < / dt s (£)]| 5 / T (7)o
1 1 et t— T

-V

T vt dT
<c / dt iz (£)] 2 / Tt (£ — )l
< C gl 5 log (T +1) < Clog (T +1).

hence

In the integral I using the identity u (7, —y) —u (7, @) = [} ug (t,x — 2) dz

we have
t—1
1o :/ de(t,x)/ dr
R t—uvt

></ 8§’G(t—7,y) (u(r,z—y) —u(r,z)u, (1,2 —y)dy
R

t—1
/ dzS (t, x)/ dr
t—vt

/83 t—Ty/um(t,x—z)dzuw(nx—y)dy

:/ dT/ dyBZ’G (t—m7,y)
t—uvt R

y
></ dacua:(T,x—y)S(t,x)/ ug (t,x — 2) dz;
R 0
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hence by the Cauchy inequality we estimate

’/Rdwx (Tvx—y)S(t,r)/Oyux (t,x —2)dz

y
/ Uy (t,x — 2)dz
0

< ug (7, 37)”1,325
L2

Therefore,

t—1
|13 (1) S/ dr ||ug (1, ||L2/ |2G (t —7,y)|
t

—vt

dy
L2

X

y
/ Uy (b, x — 2)dz
0

t—1
< lug (t)IILz/ t||uz (lle [[1y195G (¢ = 7.9)]| 1, dr

t—v

=t gr
t .

< C e 0] |

t—vt

sz (7l
Finally by the Young inequality,

T T tVdT
/1 I (0] d < C / 0t s (1) / I e (= )l

< Clugll3log (T+1) < Clog (T +1).
To estimate I3 we use equation (4.36)

u(t,z) —u(t—r1,x)
:/0 ug (t—t', ) /0 u(t—t,z)u, (t—t,z)dt’

+/ um( - / Uxxa: )dtlv
0 0

then we have

< lylllue (T)llpz llue @llgs -

363
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I (1)] < / dT/T ot (¢ — ) g (¢ — ) g d

H@3 g (= 7)|e

+[ar / itz (6= )l 026 (7) s (¢ = 7).

o [ e O 25 00l

<0 [ 1026 s tr e = lgs [ s 6=
vt
¢ [ 1026 (g s (6= s [ s (= )l

vt
e / 163G ()], dr / it (¢ = )l gom ttmae (£ — €)1 "

Thus

/ Ll

<C/ dt/ T 2d7'||um — ||L2/ [l tft)||L2 dt’
+C/ dt/ T 2d7‘|\uw (t—r1) HLQ/ ltge (t —t)||g2 dt’
JrC'/ dt/ T 2d7' |ug (t—T) HLOO/ lwgzs (& —t")||g0 dt’

=14+ I5s + Is.

Using the Young inequality ab? < a2b? + a2b? we obtain

14_/ dt/ ~4drfus (¢ ||L2/ e (¢ — )15, dt
/ at / rbdr s (0= Dl [l (- Ol i
/ dt/ = Ydr g (¢ |\L2/ s (6 — £)]12, di'.

Via the Holder inequality

NS

vt 1 1
/ 7R g (- )| dr < O () ualld, < C (1)
t/

and
/ s (¢ — )12 dt’ < 7% JualiE5 < O

(4.51)
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Therefore, by changing the order of integration we obtain

Tv T 9 vt 5 1
I4:/ dt'/ dt || ug (t—t’)HLQ/ T2 |Jug (t —7)||f2 dT
1 t' /v t

Tv T T 1
+/ T*%dT/ dt ||uy (t—T)Hig/ g (6 — )| {2 dt’
1 T/v 0

1

< (CTs

Al

Tv 3
< C/ (t) *dt' <C(Tv)
1

since v = T—3. We now estimate . By the Young inequality ab < azb? +
a?b>~%P with p > % we have

T vt . T
I5:C/ dt/ T—%dTHuI(t—T)Hm/ ltms (£ = )] dt
1 1 0
T vt 3 1 T
g/ dt/ T*EdTHux(t—T)Hﬁz/ it (¢ — )|[E dt
1 1 0
T vt 3 T 3_9
+/ dt/ ~4dr ua (t—T)||iz/ ltme (£ — ¢332 dt.
1 1 0

Via the Hélder inequality we get by Lemma 4.21 with p > 3
! 3—2 3 3
| s 6= 037 e < 0773 57 < 0775,
0

D2

Therefore, by changing the order of integration by virtue of (4.51) we obtain

Tv T vt 1
I; = / dt’/ dt |tz (t — t’)||{2/ 3 lug (t = 7)) 2 dr
0 v /v v
Tv T T
+c/ dTT_%/ dt s (t—r)||ig/ it (¢ — )25 !
0 z 0

Tv 3 Tvy T 2
gc/ ) 4dt/+C/ . pdT/ dt s (£ — )12
0 0

N

1 5_3 1
<C(Tv)T +C(Tv)2 » <CTsH
where v > 0 is small. The integral I is estimated similarly since

1 1
”uacHLoo < Huw||f,2 Humufﬁ

Then for the last summand in (4.50) we use estimates of Lemma 4.21 and
Lemma 4.22. Thus Lemma 4.23 is proved.

Now we estimate the decay rate of the L? (R) norm of the solutions.
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Lemma 4.24. Let

At dT/Rua’m (r,2) S (1,2) dz| < C (t)°

for allt > 0, where 3 € [07 i) . Then the estimates are valid
lu ()l < C(1+6)°

and .
lu @l <C A+ 7

for allt > 0.

Proof. First let us estimate the L' (R) norm of the solution. We multiply
equation (4.36) by S (t,z) and integrate with respect to x over R to get

/ut(t,x)S(t,m)dx—l—/u(t,x)uw(t,m)S(t,x)dx
R

R

. /R s (t,2) S (8, 2) dar — / Upan (t.7) S (t, 7) da.

R

We have by (1.31)
d
[ ) S t) da = 5 0
R
/ u(t,x)uy (¢,x) S (t,x)de =0,
R

/ Ugy (6,2) S (¢, x) de < 0.
R
Therefore we get
GOl <= [ s (0) S (1.2 da (4.52)
R
Integration of inequality (4.52) yields
lu ()llps < [luollpa +C (87

hence we have

sup [@ (t,)] < (2m) 2 lu (t)]l . < C (). (4.53)
£ER

Thus the first estimate of the lemma is fulfilled. To prove the second estimate
we multiply equation (4.36) by 2u and integrate with respect to 2 € R to get

d
77 e @2 = =2 uz (BIlgz - (4.54)



4.3 KdV-B equation 367

By the Plancherel theorem using the Fourier splitting method due to Schonbek
[1995], we have

s (B)]22 = (168 (6) |2 = / (1, )2 €2de + / (1, )2 €2de
|€]<o [€]>6

> 6% |lu (). — 26% sup [@ (4, €)[,
1€]<é

where ¢ > 0. Thus from (4.54) we have the inequality

d ~
7 llu (t)llze < —26° ||u (t)g2 + 46° sup [a (8, ). (4.55)
l€l<s

We choose 6 = (1+t¢

)"% and change |Ju (t)|%. = (1+¢)"2W (). Then via
(4.53) we get from (4.55)

%W (t) <AC (1 +1)2°+% (4.56)

Integration of (4.56) with respect to time yields
W (t) < |luolfz + C ((1 +1)20Hs 1) '

Therefore we obtain the second estimate of the lemma, and Lemma 4.24 is
proved.

4.3.2 Proof of Theorem 4.18

By the local smoothing property of the parabolic type equations we see
that the solutions to the Cauchy problem for the Korteweg-de Vries-Burgers
equation (4.36) become smooth

u(t,z) € CH((0, 2] ; H™ (R))

for ty > 0 (see Theorem 2.49 from Section 2.5, Chapter 2). Changing the initial
time to to > 0, we can suppose that the initial data uy € H? (R) N W3 (R).
Now we can revise the above time decay estimate (4.38) for the L? (R) norm
of the solution. We apply Lemma 4.23 to get

/t dT/ Ugae (T,2) S (1, 2) dz| < C ()™ (4.57)
0 R

for all t > 0, where Gy = % + 7, v > 0 is small. Then by Lemma 4.24 we find
the time decay of the L? (R) norm

lull. ., <C (4.58)

04(),2 —
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where ag > (% — Bo)_l. We can choose ag = 12 4+ O (y). Now we apply
Lemma 4.22 with ag = 12 4+ O (7). Then by the Holder inequality we obtain

t
/ dT/ Ugay (T,2) S (7, 2) dz
0 R

3
2010

1—L 1— L
< Ct 7o ||uxacx||p071 < Ct 7o,

-1
for all ¢ > 0, where py > (% + ) . Hence we arrive at the estimate

(4.57) with 3y replaced by ) =1 — L+ = % + O (). We again apply Lemma

Po
4.24 to get better time decay of the L2 (R) norm (4.58) with aq replaced by
a1 =8+ O (). Namely
<C.

1,2 —

Then Lemma 4.22 yields estimate (4.57) with 5y replaced by [y = 1 — % —
72+ 0(v) = 15+ O (7). Now by Lemma 4.24 we attain time decay estimate

2041

(4.58) with ag replaced by as = ﬁ +0(y) =% +0(7) <6. Lemma 4.22
now gives us estimate (4.57) with p = 1, that is 8 = 0. Therefore, by virtue of

Lemma 4.24, we obtain an optimal time decay estimate of the L? (R) norm

[l

lu (). < C(1+1)77 (4.59)

for all t > 0. Using (4.59) we can prove the following optimal time decay
estimates
_l(l_l)

u@l, <C @2 (4.60)
for all ¢ > 0, where 1 < p < oo. For 1 < p < 2 estimate (4.60) follows from
(4.59), Lemma 4.24 and the Hélder inequality. Let us prove (4.60) for p = co.
By the integral equation (4.41) and by Holder inequality we get

t

1 [3
[ ()l <G &) uollp-~ + 5/0 10.G (¢ = )l Il (7)II7z dr

1 t
#3106l o 0 07

<3 +Ot—1/2 (ry"*dr
0

¢ ., A ,
+C[ (t—7) ¥ lu(T)lfee lu(T)|{2 dr;
2
hence,

t 1
lu ()= < Ct7% 4+ O3 / (t =) flu(r)[f dr

2

t 7
<Gt} 4 Cett / (t =) % ffu (7) g dr

2

C 5 ¢ _7
S - Far
5 /;( T) T

+ =%
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Therefore by the Gronwall lemma it follows that

C, 1
e (@)l < 275

We find (4.60) for all 2 < p < oo via the Holder inequality. In the same manner
we get the estimates

o (8) [ + (8) |02 ()|, < € (1)~ 2 (=) (4.61)

forallt>0,1<p<o0.

Now we compute the large time asymptotics of the solutions. Now we take
the initial time 7" > 0 to be sufficiently large and define v (¢, z) as a solution
to the Cauchy problem for the Burgers equation with w (7', z) as the initial
data

{vt+vvm—sz:0,t>T7:rER, (4.62)

v(T,z)=u(T,z), z € R.

By the Hopf-Cole Hopf [1950] transformation v (¢,x) = 72% log Z (t, ) it is
converted to the heat equation Z; = Z,,, so we have

Z(t,x):/RdyGo(t,x—y)exp (—;/y u(T,f)df).

— 00

1
Here Gy (t,2) = (4mt) "2 e=*"/4 is the Green function for the heat equation.
Note that the following estimates are true

o (@)l + () |02 @)]|, < € H~203) (4.63)

forallt >T,1<p<o0.
Consider now the difference w (t,z) = u (t,z) —v (¢, z) for t > T. By (4.36)
and (4.62) we get the Cauchy problem

{wt + % (vw) + %%wz — Wag + Wagy + Vgaz =0, £ >T, z €R, (4.64)

w(T,z) =0, € R.

In this section we consider the large data. Therefore we need to eliminate the
linear term % (vw). We change g (t,z) = Z (t,z) [*__w(t,y)dy, then we get

1
Zv= =27, Zw= g, + igv,

1 1,
LWy = Yoz + Gz¥ + igvz + ng

and

z 3 Gaat b S gs + S gat® + L g + Sguv, + g0
Wgx = Jrax 59xaV 592V —9zV 59Vzx —gUVg S9v-.
g 29 29 49 29 49 89
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From (4.64) we obtain the Cauchy problem

{gt_gxa:+g:cacx+F:O7 t>T, x€R,

g(T,z) =0, z € R, (4.65)

where

pod 1 2 LB BB
= — - —qgu =9z2V T 92V ~9zV
oz \9= T 39 29 29 19

+ L + Sguvg + g0® + Z

By virtue of estimates (4.61) and (4.63) we have
1Z(Oge + (27| < C (4.66)

for all ¢t > T and a rough time decay estimate

lw (&)l + (0) [[02w (1), < C (1)~ 207%) (4.67)

forallt > T, 1 <p < oco. Let us prove the estimate

g (Dlls + (7 lge (D) ln < C ()27 (4.68)

forallt > T, 2 < p < oo, where v € (O, %) . On the contrary, suppose that for
some ¢t = T} estimate (4.68) is violated, that is we have

g (Dl + (82 gz (D)l < C (1) 72 (4.69)

forall t € [T,T1], 1 < p < oo. In view of (4.63), (4.67), (4.66) and (4.69) we
find

2
IF )l < Cllgellpes 192llLe + C llglliee [|0%]s + C llgazvllys
+C ||gzvzHLp +C HgavUzHLp +C ”gvmrHLP
+C ”gm’z”Lp +C HgUSHLP +C ”vszLP
< ({7 4y 4 i)
< C'max {TV*%,T*V} )y (4.70)

for all t € [T, T1], 1 < p < o0, where we have used the identity

1 1
LWy = Yoz + Gu¥ + ig'vz + 19”2

to treat the estimate of g,,v. Using the integral equation associated with
(4.65) we obtain
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t+T

lg e S/T " dr |G (=l |F ()

t
'*ﬂﬂf“HG@—Tmunmehm

hence in view of estimate (4.70) we find

t+T

lg ()l SCTV—%/ T e
T

t
—|—CT77%/ {t_T}_% <7—>_1—’Y+ﬁ dr
t+T
2

<CTV R <oyt

forallt € [T,T1],1 < p < oo, since T is sufficiently large. In the same manner
we have

t+T

192 ()L S/T dr 102G (£ = 7)o 1 F (7)1

t
+ [ 0.6 =l IF ()l

1

SCTV (T <oy TS

for all t € [T,T1], 1 < p < oo. The contradiction obtained proves estimate
(4.68) for all ¢ > T. We have

1
w = Z_l (gm + gv)
2
which implies
1
lu () —v@®)llp~ <C{H72.
Hence, the first part of Theorem 4.18 follows. If ug € L' (R), then
1 1 1
H-t i (Ot <omTE
v -t (0| _<cw

The second estimate of the theorem then follows, and Theorem 4.18 is proved.
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4.3.3 Second term of asymptotics

We now obtain the second term of the large time asymptotic behavior of
solutions to the Cauchy problem for KAVB equation (4.36) in the case of the
initial data of arbitrary size. (This result was published in paper Kaikina and
Ruiz-Paredes [2005].)

Theorem 4.25. Let ug € H* (R) N LY (R), where s > —%, and 0 =
Jruo (z)dx # 0. Then the solution u(t,x) to the Cauchy problem for the
Korteweg-de Vries-Burgers equation (4.36) with the initial condition ug (x)
has asymptotics

u(t) =t"2fy ((~)t’%) + 1ng1€~9 ((~)t*%) +0 <\/1:@> (4.71)

as t — oo uniformly with respect to x € R, where

- z) — Z) /4
o) =P D D ) Gy

and 0 0
. T
H (z) = cosh i~ sinh ZETf<§> .
4.3.4 Proof of Theorem 4.25

In the previous subsections (see Theorem 4.18) it was proved that if the initial
data ug € H* (R)NL! (R), where s > —31, then there exists a unique solution
u € C1((0,00); H*® (R)) to the Cauchy problem for the Korteweg-de Vries-
Burgers equation (4.36), which has the following optimal time decay estimates
(see, in particular estimates (4.61))

05w ()|, < C (&) 20-7) (4.72)
for t > 0, where 1 <p <oo, k=0,1,2,3.
We use the integral equation associated with the Cauchy problem for the
Korteweg - de Vries - Burgers equation (4.36)

1 t
u(t,x) =G (t)ug — 3 / 0,6 (t — 7)u? (1) dr, (4.73)
0
where the Green operator

g(tw(r)=/RG<t,a:—y>¢<r,y>dy

and the Green function
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G(t,x) = (277)_% / emg*tﬁﬂ'tssdﬁ.
R

First let us prove the following estimate of the L' (R) norm for solutions of
the Cauchy problem (4.36)

lu ()lga < C(1)2 . (4.74)
We multiply equation (4.36) by |z| S (¢,z), where S (¢t,z) =1 for u (t,z) >0

and S (t,z) = —1 for u(t,x) < 0; S(¢t,x) = 0 for u(t,z) = 0, and then we
integrate with respect to x over R to get

/ut (t,2) |x|S(t,JJ)da:+/ ol (b, 2) g (£ 2) S (1 2) do
R R
:/ Y (1, ) \J;|S(t,x)dx—/ s (1,2) 2] S (1, 2) da.
R R
We have

0 d
Jwtols o= [ Zhuolldde = Gl

9
—2/Ru(t,x)uw (t,2) 2] S (t, ) do = —/R|x\%(|u(t,x)|u(t,x))dx
= /RSign(m) Ju (ty2)|w (t, ) do = |Ju ()22 < C (677,

and

/Rum (to) |2 S (ha)dr =2 S Jal us (£, )|

u(t,xi)=0

. 0
- [ ) gt ol =2 3 el us (o x0)| +2u(1,0)
R
u(t,xi)=0

1
2

< 2u(t) e < C (1)
Therefore, we get

% lu(t)|lg. <C <t>_% — /Rumw (t,z)|z| S (t,z) dx (4.75)

<C <t>_§ + Hul.L-L (t)”lel :

(We are interested here only in proving the time decay estimates. The ques-
tion about the existence of the norms, e.g. ||ugzs (t)|1.1 locally in time can
be easily solved by applying the contraction mapping principle to the corre-
sponding integral equation.) Next we offer estimates for the norm ||u (t)||2.:-
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Multiplying equation (4.36) by 2z%u and integrating with respect to z € R

we get
2,2 2 249 3
8,5/ xu derf/ x°0zu’dx (4.76)
R 3J/r

—2/ Prutgedr + 2/ 22 utggdr = 0.
R R

Since

/ 2 0pu’dr = —2/ wulde < Cllu(t)gan lu(®)lge vt
R R

<C@) * lu®lpzn

/x2uumdm:—/ 22 (ux)zdx—i—/ u?dx
R R R

2 2
= = lluz (Ol + llu (®)llee

/:U Ul g /:13 UpUggdr — 2 /xuumdx
R R R

;Lx V2 de < 3 g (1) g 1tz (6) s

< O g ()l

and

we get

d _3 _1
7 e ®l2n <O lu@)lgan +C (1)

+ O s (O)llges — 2 s (8)]E2
<CHH u@®llges +C @77
hence, by integrating we see that
lu@llger < C 1) (4.77)
In the next lemma we obtain the estimates for the norm ||ugzs (¢)|11-

Lemma 4.26. Let the initial data ug € H* (R)N'W3 (R) and estimate (4.72)
be valid. Then the estimate is true

|tz (t)||L1,1 <C <t>_1 (4.78)

for allt > 0.
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Proof. First we need to estimate the norm |[uy (t)||1,1.. - By the integral equa-
tion (4.73) we have

[z (@)llLa < 102G (1) wollp1a

+ 7 (1026 = 7)o e 1
1026 (¢ = Dl I (Dlls e (7)) dr

+L 102G (£ = T)l[gaa 1w (Tl gz [[ua (7)] L2

+110:G (& = 7)llps [lu (T)llpn ua (7)lL2) dr;
hence by estimate

1_k
2

105G ()| <CLE}F 2 @) T

we get

Nl

e ()]0 gc+c/j (<t77>7 (r)~% +(t77>71)d7

[t (e e a0

Likewise by the integral equation (4.73) we have

[tasz ()lges < [|02G (1) ol

+C [ (1026 ¢ = 1) g (I
£ 1026 (¢ = 7l e (Dl (7 ga) dr

t

+C [ ([10:G (¢ = 7)llgas (lu(7)llge 1vaze (7)]52

t
2

+llua (7)llee llues (7)[L2)
102G (& = 7)[Ls (lu () llges [[tawe (1)l
F llua (Dllprr [[vae (7] L)) d7;

hence we obtain

[S[)

Juzar (Oas G074 C [ (=7

O ()7 (=) ) dr

- /f t-ry (P e-n @ ) ar <o

Thus the estimate of the lemma is true, and Lemma 4.26 is proved.
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Integration of inequality (4.75) yields
1 1
[u(@llpis < lluollgs +C (6> <C(H)* .

Therefore estimate (4.74) is true for all ¢ > 0.

Now we obtain the second term of the large time asymptotics as ¢ — oo
of solutions u(z,t) to the Cauchy problem for the Korteweg-de Vries-Burgers
equation (4.36). We take the initial time 7" > 0 to be sufficiently large and
define v (¢, x) as a solution to the Cauchy problem for the Burgers equation
with u (T, z) as the initial data

{vt—&—vvw—vm:O,t>T,xeR, (4.79)

v(T,z) =u(T,x), x € R.
By the Hopf-Cole Hopf [1950] transformation v (t,z) = —2.2 log Z (t, z) equa-

tion (4.79) is converted to the heat equation Z; = Z,,. Therefore we obtain

Z (t,x) = /RdyGo (t,z —y)exp (—; /7/ u(T,€) df) , (4.80)

— 00

where Gg (¢, 2) = (47rt)_% e~*"/4 is the Green function for the heat equation.
Note that the following estimates are true

o ()]l < C (1~ E30-3) (4.81)
forallt >T,1<p<oo0, k=0,1,2.

Consider now the difference w (t,z) = u (t,z) —v (¢, z) for t > T. By (4.36)
and (4.79) we get the Cauchy problem

wt+%(Uw)+%a%w2_wmx+wxmx+vzzx:07 t>T7 ng? (482)
w(T,z) =0, z € R. '
We have the estimates (see (4.66) and (4.68))
1Z )|l + |27 #)]|p < C (4.83)
for all t > T and
& —E-1(1-1)—
05w (8)|, <C () 2 =% (4.84)

forallt >T,2<p<oo, k=0,1,2, where v € (O,%).

Following the heuristic considerations in Section 1 in paper Naumkin and

Shishmarev [1994a] we compare the rates of decay of various terms in equation

(4.82) and observe that the main term of the asymptotic expansion of w(z, t)
as t — oo is determined by the linear Cauchy problem

{(pt—&—(aaw((pv)—@m-l-vmsz,t>T,x€R, (4.85)

¢(T,z) =0, z € R. ’
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To eliminate the second term from (4.85), let us integrate (4.85) with respect
to « and make the substitution

/ " ol D)y = s(a )/ Z (. 1),

— 00

where Z(z,t) is defined by (4.80). We obtain

St — Sgg + LUz =0, t>T, x € R,
{ s(T,x) =0, z € R. (4.86)
It is simple to integrate (4.86)
t
s(z,t) = — / Golt — )7 (7) va () dr. (4.87)
T

In the following lemma we evaluate the large time asymptotics of the solution
¢ (t) of linear problem (4.85)

p(t) =0, (2%) (4.88)

— 7! (t)/ (0:G(t —7) + v (t)G(t — 7)) Z (T) Vg (7) dT.

T

Lemma 4.27. Let u(T,r) € H*(R)N LYY(R). Then the asymptotics

o (t) =t fo(x) logt + O (fh/log t) (4.89)
is valid as t — oo uniformly with respect to x = x/\/t € R, where
o (2) = L% _z 5
@) =~ 1mre © (h@=3) [ HOww.

fo (z) = =20, log H (z),
0 0
H (z) = cosh i~ sinh ZETf(;) .
Proof. Let us represent the integral with respect to 7 in (4.88) as the sum
of three parts (t > T + e)

t T+1 t t/logt
/ dTZ/ +/ + =L+ 1+ Is. (4.90)
T T t/logt T+1

For all x € R and t > T we have
0<Cy < Z(x,t) < Co,

and for each ¢t > 0 the following inequalities hold:
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|oLG D)y, < OF (4.91)
|8, 8)g, < C ()23

forall [ =1,2,3, 1 < p < co. By using these inequalities, we readily estimate
the first two integrals in representation (4.90)

C T+1 B
[11] < 7/T vaa (T)|[g dr = O (1) (4.92)

as t — oo and

t
|12|</t/1 thllvm (Tl (102G = 7)[lpee + v (7)o 1G(E = 7)[L1)
og
t

=C t/logtT_% ((t —7)7 +t‘%) dr =0 (t—l\/@) o
(4.93)

In the third integral I3 we integrate by parts with respect to y to obtain

t/logt 00 0o
13 :/ dT/ dyAy (957y7t77')/ F(qa T) dq
0 Y

T+1

t/logt 0 Y
_/ dT/ dyA, (:c,y,tm)/ F(q,7)dq

T+1 —o0 —©
t/logt

+/ drA (:v,07t,7)/ F(y,7)dy
T+1 R

= I4 + I5 + IG,

where
Ay, t,7) = Z7H @, 8)(0.G(x — y,t — 7) +v(2, t)G(x — y, t — 7))
Since
sup sup sup |4, (z,y,t,7)| < C’t*%7
T+1<7<t/logt c€R ycR

Hx(‘)fEZ(x,t

1

Mgy SC 077, 1=1,23,

and, therefore,

_1
2

|zvaa (t)HLl(R) <C{t) 2,

we obtain

t/logt o o
L] < Ct—%/ dT/O dy/ loee (. €)| de = O(t1). (4.94)
Yy

T+1
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The integral I5 can be estimated similarly. Since
OLG(z,t — 1) = OLG(w,t) + O (t’%’é log ™! t) L 1=0,1,

for T+ 1< 7 <t/logt, we derive the estimate

Io = — <a Gla,t) + 2 ¢ t))/t/logtd /F( Yy +0(t™)
= Tr/ N x xZ, - S xZ, T Yy, T)ay
ST H(y) Vi T+1 R
(4.95)
from the estimate
_1 (dH (x) _1

l _ 3 2 =

O Z(x,t) =1t ( o +O<t )>z 0,1,2,3.  (4.96)
Since

0.7 = —27v,

the integration by parts yields, by virtue of (4.96),
1
/ F(ya T)dy = _5/ U3(y7T)Z(y, T)dy
R R
1 _
— 5 [ B HE)y + 0.
TJ/R

Then from (4.92) - (4.95) we obtain (4.78). Lemma 4.27 is proved.

It follows from (4.73) and (4.85) that the remainder ¢ (z,t) = w(x,t) —
©(z,t) is the solution to the Cauchy problem

9 _ 10,2 _
{wt+8m(v¢) Yox + 55,0 + Waee =0, t >T, x €R, (4.97)

Y (T,z) =0, x € R.

To eliminate the second term from (4.97) as above we integrate this equation
with respect to z and introduce the new unknown function

rlant) = Z(a1) [ " by, t)dy.

Then we obtain
re =T+ F=0,t>T, z€R,

r(T,z) =0, x € R, (4.98)

where 1
F= 5Zw2 + ZWyy.

In view of (4.84) and (4.83) we find

1F @)y < Cllwllge [[wllgs + C llweslly.
<CoWTTYtm om0 R <o (4.99)



380 4 Critical Convective Equations

forall t > T, 1 < p < co. Using the integral equation associated with (4.98)
we obtain

t+T

I ()ll» < /TT dr |G (¢ = 7)o 1F ()]s

t
A%ﬁﬂthG@meunF@ﬂhn

2

hence in view of estimate (4.99) we find

t+T

Hmwmgcéza_ﬂﬁ

t
ve [ p-nTHn T R e <oy
o
2

forallt > T, 1< p < oo, if we take v € (i, %) In the same manner we have

t+T

72 (8) Lo S/T A7 [|0:G (¢ = 7)|po |1 F (7)1

t
+ [, 4 10:G (¢ = Dlas I1F (Dl

t+T
2

<c | (-nHE T Yar
T

¢
+ C/ {t — T}i% (t — 7—)7% <7—>71727+21*p dr < C <t>7l+ﬁ
t4+T
2
for all t > T, 1 < p < co. Using the identity

1
) = z 1 <r$ + 2rv> ,

we obtain the estimate
lu () = o () = Dl < C )7
for all t > T. When ug € L' (R), then
v(t,x)=t"%fp (a:f%) +0 ()

for t — o0, and in view of Lemma 4.27, the asymptotics of the theorem follows.
Theorem 4.25 is thus proved.



4.4 BBM-B equation 381
4.4 Benjamin-Bona-Mahony-Burgers equation

This section is devoted to the study of the Cauchy problem for the Benjamin-
Bona-Mahony-Burgers (BBM-Burgers) equation

{@ (U — Ugy) — PUgy + Blgee +uu, =0, z € R, >0, (4.100)

u(0,2) =up (x), z € R,
where > 0, 8 € R. Usually the BBM-Burgers equation is written as follows
8t (U - Uxx) + /37-)1 — Wzy + VU = 07

which is equivalent to equation (4.100) in view of the change w(t,z) =
v(t,x + Bt).

In the present section we are interested in the large time asymptotics of
solutions to the Cauchy problem for the BBM-Burgers equation (4.100) for
the case of the initial data having an arbitrary size. Throughout this section
we suppose that the total mass of the initial data 0 = fR ug (z) dx # 0.

Our aim is to prove the following result.

Theorem 4.28. Let the initial data vy € H'(R) N W] (R), and 0 =
Jr o (z) dx # 0. Then there exists a unique solution

u(t,z) € C([0,00); H' (R) N Wi (R))

to the Cauchy problem for the BBM-Burgers equation (4.100), which has the
asymptotics

u@) =4 (1) +o(r?)

as t — oo uniformly with respect to x € R. If in addition the initial data
up € LY (R), then the asymptotics

w(t) =ty () +0 () (4.101)

is true as t — oo, where v € (0, %) and

fo () = —2\/,7% log (coshi ~ sinh (Z) Erf (2\%» (4.102)

is the self-similar solution for the Burgers (see Burgers [1948]) equation
Up + Uy — Py = 0,

defined by the total mass 6 = fR ug (x) dx of the initial data. Here

Erf (z) = \/27?/0 67y2dy

is the error function.



382 4 Critical Convective Equations

Next we obtain the second term of the large time asymptotic behavior
of solutions to the Cauchy problem for equation (4.100) in the case of the
initial data of arbitrary size. A similar result was shown in Section 4.3 for the
KdV-Burgers equation.

Theorem 4.29. Let ug € H' (R)NW1 (R)NLY (R), and 0 = [ ug (x) da #
0. Then the solution u(t) to the Cauchy problem for the BBM-Burgers equatwn
(4.100), with the initial condition ug has the following asymptotics

u(t)=t"2f ((-)t*%) +1°Tgt 0(() *%) +O<1> (4.103)
as t — oo uniformly with respect to x € R, where
. fo () —
iy — -4 . FH / 13 () H (9) dy,

with
H(x) = hg inh Q Erf
X) = cos 1 sin 1 T Q\f
4.4.1 Preliminaries

Consider the linear Cauchy problem

{at (ufumx) *Nluzz +ﬁuzzm = f(t7$)7 S R7 t > 07 (4104)

u(0,2) =ug (z), =z € R.

Using the Duhamel principle we rewrite problem (4.104) in the form

u(t) =G (t)u +/0 G (t—7)Bf (r)dr, (4.105)

where the Green operator G (t) is given by

g (t) (Z) — ?g_we—t(,ugz_iﬁg?»)(1+£2)—1d; (5)
and (see Erdélyi et al. [1954])
-1, = 1 1
B¢ = (1 _ai) 1¢:*7:€—>x (1+§2) 1¢(§) = 5/ 67‘I7y|¢(y)dy
R
Note that
18" 6]l wae < Clidlles
for k € N.

Denote the commutator
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0:87G (t) %] ¢ = 0;B7G (1) (v¢) — v0,B°G (¢) ¢.

Denote )
1 T
Go (t,x) = (dmut) "2 e” 22,

From Lemma 1.31 and Lemma 1.33 we get

Lemma 4.30. The estimates
16 (1) blle < e 1l +C 67 HE3) 6]l
1056 (1) 6l < C ()% [0l
1G(8) 6 — 9Go ()lpe < Ct 44 ([0l + [6lr)
|17 @ @6 = 0G0 1) | < CtF" 16l

and .
11025°G (1) v 6]l < € () Iballge 16l
are valid for all t > 0 provided that the right-hand sides are finite, where

keN,1<r<p<oo, 0<b<a, 19:/¢(x)da:.
R

Consider the integral equation associated with the Cauchy problem for the
BBM - Burgers equation (4.100)

u(t,z) =G (t)u — /0 Gt —71)B(u(r)uy (1)) dr. (4.106)

Define the norms

Lr(R])

1610 = [[19 2) o,

First let us prove a global existence result for large initial data.

Proposition 4.31. Suppose that the initial data ug € H' (R) N W1 (R) N
LY (R), a > 0. Then there exists a unique global solution

u € C([0,00);H' (R)Nn W] (R)NL"" (R))

to the Cauchy problem (4.100). Moreover the a priori estimates of a solution
are valid
[l oo 2 + 1tz ll oo 2 + 1tz p < C lluollg - (4.107)
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Proof. By using a standard contraction mapping principle we can easily prove
that for some T > 0 there exists a unique solution

ue C([0,7];H' (R)nW; (R)NL" (R))

to the Cauchy problem (4.100). We now multiply equation (4.100) by 2u and
integrate the resulting equation with respect to x over R to get

d

= (e @I + llus (9172 + 20w (1)]72 = 05

hence by integrating with respect to time ¢ > 0 we see that

t
2 2 2 2
lu (@®)llLz + llue (DL + 2#/0 [z ()l d7 < fJuol[

for all t € [0,7T]. Then, by applying estimates of Lemma 4.30, we obtain from
integral equation (4.106)

t
lullws < C lluollyyy +0/0 080 ()], dr
t
§C+C/ u (7)][32 dr < C (14 1)
0
and
t a
g < Clluollse +C [ (0F 0,502 (7|, dr
t
w0 [ 1o ol
0
N t
<CWi [ g dr
0

for all ¢ € [0,T]. The Gronwall lemma yields the estimate

e (Ju Ol + Bl ) <€

for all t € [0,T], where C > 0 does not depend on T. Therefore by a standard
continuation argument we can prolong the local solution to the global one,
which satisfies the a priori estimate (4.107). Proposition 4.31 is proved.

We now estimate the third derivative of the solution. Denote S (¢,z) = 1
for w(t,z) > 0 and S (¢t,z) = —1 for u (¢t,z) < 0; S (t,z) =0 for u (t,z) =0

Lemma 4.32. Let the initial data ug € H' (R) N W1 (R). Moreover we as-
sume that the norms of the solutions are bounded

[ullo,2 + 1uelloo o + luzllz o < C.
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Then the estimate is true

T
dt/ S (t,x) Bugg, (t,z) dx| < C{T)® log (T)
R

for all T > 0.

Proof. By the integral equation (4.106) we have

t—uv(t)
Buyan (t,2) = 93BG (1) up — / PPBG (¢ — 7)u(r) uy (7) dr
0

— /t o 3§BQQ (t—71)u(r)uy (r)dr, (4.108)

where v (t) = t3 for t > 1 and v (t) = 0 for t € (0,1). The first summand in
the right-hand side of (4.108) can be estimated as

163G (1) uol| . < € ()2 [uollyys (4.109)

For the second term in the right-hand side of (4.108) by changing the order
of integration and by applying the Cauchy inequality we find

T
/ dt
0 L1
/ dt / Y E (b — 1)l lla (£ — 7)o dr
< C’Hu|| / dt/ -3 [l s t—T)||L2 dr

<c/ dt ¢ / () e (¢ = 7)o dr

t—v(t)
/ 3§’BQQ (t—7)u(T)uy (1)dr
0

T 1
sc*/o dr (r)” /O<t>‘§||ux<tfr>||mdt

< C(T)% log (T). (4.110)

We now estimate the third term in the right-hand side of (4.108)
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/ S (t,x) /75 3B%G (t — 7)u (1) ug (1) drdx
R t—uv(t)

t
= / dx u (t, )| dT@i’BQg (t—7)ug (1)
R

t—v(t)

+ /R dzS (t,z) /t_y(t) dr [92B°G (t — 1) ,u ()] ug (1)

t
+ / daS (t,7) / dr (u (r,2) — u (t, 2)) PB2G (t — 7) ua ()
R t—uv(t)
=1L+ 1+ I3, (4.111)
where the commutator

[02B%G (t — 1) ,u(1)] ¢ (7)
=BG (t—7) (u(r) ¢ () —u(r) BG (t = 7) ¢ (7).

In the integral I; we integrate by parts to get

t

I = / dx |u (t, )| drd3B%G (t — 7) uy (1)
R t—u(t)
¢

= —/ dzuy (t, 1) S (¢, ) / drO?B%*G (t — ) uy () ;
R

t—v(t)

hence by the Young inequality

T T t dr
L omias [Can ol [ G e @l

T T T
e / dt g (6)]2 / fT>||uz<tT>|L2

< Clugll3 5 log (T +1) < Clog (T +1). (4.112)

For the integral Is by Lemma 4.30 via the Young inequality, we find

T T t
T 3 B2 —7),u (7)) | ug (7)),
/0 |12<t>|dts/0 dt/od 1[025°G (¢ — 1) u(m)] we (1),

T t
gc/ dt/ (t =7l ()12 dr
0 0

< Clugl3 5 log (T) < Clog(T). (4.113)

To estimate Is we use integral equation (4.106)
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u(t)—ut—7)= [ u (t—t)dt
0

:/Tdt’atg (t—t’)uo—/Tdt'B(u(t—t’)uI (t—1t")
0 0
_/0 dt/o a6 (t— 1t —7) B (u () ug (')

hence

Ju(t) =u(t=7)[ S/O ' <t—t'>71+/0 dt’ ||ug (t = 1)L

/dt/“ g (1 — 7Y e

We then have
T
| ol
0
T v(t)
< [ [ ariu® - uie =l 0256 (e (6=
<C/ dt/ T ug (t — 7))l (/ dt' ( !
+/ dt’ |Ju, (t —t') ||L2+/ dt// dr' { ||um(ttlT)L2>.
0
Therefore, by changing the order of integration we obtain
T
| i
T3 T3 s .
/ dr / )t (=) g (12— 1)
T2

+ e (t—t)\|L2+/ dT' ()" s (t—t'—T’)IILz>

Ts % - T% 5
< Clog (T / dt’ / (1Y)77 < Clog (T )/ dt' (t'y *
% 0
<C(T >G log (T') . (4.114)

The substitution of estimates (4.112) - (4.114) into (4.111) yields

/ S (t,x) /t D3B2G (t — 7)u (T) uy (1) drdx| < C (T}é log (T . (4.115)
R t—uv(t)
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Now from (4.109), (4.110) and (4.115) we get the result of the lemma, and
Lemma 4.32 is proved.

Now we give estimates for the third derivative of the solution.

Lemma 4.33. Let the initial data ug € H' (R) N W1 (R). Moreover we as-
sume that the norms of the solutions are bounded

Ju @l < C (146778
for allt > 0, where o € (0, i] . Then the estimate is true
HBUmes,l <G,
where s > max (17 (% — %U)_l) for o € [%,ﬂ and s =1 for o € (071—12).

Moreover we have
|03 Buu, ||, , < C (4.116)

wheres>1forae[ i],ands-lzfae(qz)

1
2°
Proof. In view of the integral equation (4.106), we find

1Buza (6)llgs < [|BOZG (1) ol

/0 BO2G (t — 7) Bu (1) uy (7) d7

L1

< |IBa2G uo|\L1+c/ t= 1) () s N ()l dr.

First we note that
1B2G () uol|p, < C (8)" uolly: -

By the Young inequality we obtain

H/ot (t =) ()l lue (1)l dr

L;(0,00)

<e|[ - 0 g ()l

L:(0,00)

e

o

Huw”zz

L;* (0,00) L;?(0,00)

1 1,1 - -1
for all ¢ > 0, where st+l1= g—ﬁ-g—f—f 51> 1,89 > (7 —0) , 8> (7 —0)
foro € (07 i) ; in the case of 0 = % we take so = o0o. Collecting these estimates
we get
HBumHs,l <c



4.4 BBM-B equation

for all s > (f — O’)_l.
In the same manner we estimate the third derivative

1Buzzs (t)]l: < ||BB gt UOHL1 /2328§g(t—7)u2 (r)dr
0

L1

t
+ / BO2G (t — 7) 0, Bu (7) uy () dr

L1
By Lemma 4.30 we find

1BIZG (t) uo| ., < C (1)2 [luollyy: -
In addition

102 Bu (7) s () |gr < |[Buz (7)|[ 10 + llw (7) Buas (7)1
+ I[w (7) , B tga (7)1

where
w(r) Bo2u(r) = 5 [ e wlro) =)y (7).
By the Cauchy inequality
I[w(7), Bl tga (7)1
=3 [ @) - ura) o

L1

< H [ sen e =) e ) — )y () dy

+ H/R e_‘x_yluz (r,y)dy

T—y
<c [ dr [ dyetsign ey ) [ e (g 2 ds
R R 0
T C s (1)
£
<c [ dee e [ dyluy (ol [ s (o4 2)lds
R R 0
< Clus ()2

Lt

L1

Hence

[SIEN

1Bugas (8)||Li < C ()2 [luollw: +C/O {t—7) 2 () 2 dr

e / (¢ =77 (e DI + 75 s (7)1 1B (7))

389
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for all t > 0. We have

t
/ (t— )" g ()20 dr <c
0

L (0,00)

for s > 1. Using Lemma 4.30 and the Young inequality we obtain

H/ot (b =) Jlu (7)o | Btgs (7)1 dT

L (0,00)

| By ||

1
|uz |32

52,1

<cfw™]

1
2
0y I

Where%:i+i+ifl<%,sincesl>1, So > 2.
Collecting these estimates we get

||Buwm||s,1 <C

for all s > max (1, (2- %a)_l) for o € |15, 1] -
Consider now the case of o € (0, %) . Then we can obtain a better decay
estimate for |lug (t)|/y2 . In view of the integral equation (4.104) we find

e )l < 186 (1) wollge + H [ Bt =707 () ar

L2

_3 ¢ _ 3 1
<C{h) 4+C/0 (t =) llu(r)lIge e (7)IIg2 dr

<c@ i +Ct*1/2

0

3,_3 1
(1)27 % Jlug (7)Ig2 d7

oolee

t
35— _ 1
re@i [ n ™ o () dr

<ot S o ()

Ce t .
+ log<t>/; (t=7)" " |lug (1)]|g2 d.

Choosing a sufficiently small € > 0 and applying the Gronwall inequality we
obtain

35_5
luallps < C(1)>7%

for all ¢ > 0. By applying this estimate, we find

s Ol < €7 C [ (=)™ Ol s () dr

3 % 9 11 9 11 t
§C<t>7+0t_1/ () de- i d¢+c<t>z”*ﬁ/ (-7 Ldr
0

<o ot g ).
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Iterating this procedure, we gain
_3 o3
e (8)|lgz < C ()T +C (1) log (t) .

By the Young inequality we obtain
¢ 1 ’ 1, \do—1
/0 (¢ =7 llu (™)l luz (7)llg- dr < C/O (t—7)" ()" dr
for all ¢ > 0. Collecting these estimates we get

1Bt ()l < O {8)" " log? (t)

for all ¢ > 0. In a similar manner we estimate the third derivative

1Btszs (8)lla < [|BO3G (1) uol|, + LK; BOIG (t — 1) Bu? (1) dr

L1
t
+ / BO2G (t — 7) 0,Bu (7)) ug (1) dr
3 L
We have .
|1BO2G (t) ol < C ()25
hence,

Buows Ol < C07F 40 [T 0-n) (0 har
0

e / (t— 7)™ () F log? (1) dr < € (1)°7 log® (1)

for all ¢ > 0. By this estimate we get
1Bz, < €
ifo e (O, 1—12) . Estimate (4.116) is proved in an identical fashion since we have
102Bu (7) e (7)1 < € [|02BuZ (7)| s + [l (7) Btz (7)1
+ [w(7), Bl tzaa (7)1 »

where by integrating by parts and by using the Cauchy inequality
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I[w(7), Bl uaaa (7)[| L

‘/R e 17V (u (7, ) — u (7, y)) uyyy (7,) dy

1
2

H/R“g“ (2= y) e (u (r,@) = w(r,)) gy (T.) dy

L1

IN

Ll

+ H/R e_l‘”_muy (T, ) uyy (1,y) dy

.1

<c H | e i) —u ) v, (o) dy

L1

+C H/R eilmfmu,z (1,y) dy

2
< Cluz (1)l
Lt

as in the previous case. Lemma 4.33 is proved.
Now we estimate the decay rate of the L? (R) norm of the solutions.

Lemma 4.34. Let ug € H' (R) N W1 (R). Assume that

t
/ dT/ S(7,x) Buggs (1, 2) dz
0 R

t
+/ dr |28 (u (1) ug (7)) ||, < C(8)7 (4.117)
0
for allt > 0, where o € [0, i) . Then the estimate is valid

lu®llg, < € (67 2075)
for allt >0, where 1 < p < 2.

1

Proof. Applying operator B = (1 —982) " to (4.100) we get

ug = (1 — B)u+ BOBu + Buu, (4.118)

since B = 1 — 92B. We estimate the L! (R) norm. We multiply equation
(4.118) by S (t,z) and integrate with respect to z over R to get

/ O |u (t, )| de = ,u/ S(t,z) (1 — B)udx
R R
+ ,6’/ S (t,z) 03 Budx + / |u (t, )| ugdx
R R
- / S (t,z) 92 Buu,dx.
R

‘We have
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[ oluttnlds = Sl
R t ) - dt Ll»
/ lu (¢, 2)| ugdx = 0,
R
/S(t,x)Budxg/ Blul dz < ||u ().
R R

Therefore, we find

¢
lu(t)]lL < lJuolly: + ‘B/ dt/ S (t, ) 02 Budx
0 R

t
+ / dt/ S (t,x) 0 Buuydz) . (4.119)
0 R
Then estimate (4.117) yields
Eulgm(taﬁ)\ < Cllu @l < lluolly: +C ()7 < C ()7 (4.120)
€

for all ¢ > 0. Thus the estimate of the lemma with p = 1 is fulfilled.
We now multiply equation (4.100) by 2u, then by integrating with respect
to x € R we get

d

2 (e @ + e (9172 = 20w @2 (4.121)

By the Plancherel theorem using the Fourier splitting method from Schonbek
[1991], we have

e (]2, = €3 (1)]|% = /

|§1<6

> 6% ||u (1) g2 —26° sup [@ (t,€)]
€1<6

mwoﬁ€&+/“ @ (t,6) 2 €2de
|€1>6
2

where 6 > 0. Thus from (4.121) we have the inequality
D (O < =62 [u ()] + 46 sup [a (&, € 4.122
G Ol <~ 0y + 4 sp 1) (4.122)

We choose 102 = 2(14¢)"" and change Hu(t)||?{1 = (1+¢)">W (t). Then
via (4.120) we get from (4.122)

%W(t) <C+t)%tE. (4.123)

Integration of (4.123) with respect to time yields

W (t) < lluolifp +C (1 + 032 —1).
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Therefore we obtain a time decay estimate of the L? norm

lu ()l < CA+8)73 (4.124)
for all t > 0. Lemma 4.34 is proved.

Proposition 4.35. Suppose that the initial data ug € H' (R)NW1 (R). Then
the estimates for the solution are valid

lu @)l + (0 [02Bu 0]y, < € 02
for allt > 0, where 1 < p < co.
Proof. By proposition 4.31 we have estimate
ol ez + el + el < C gy

Now by applying Lemma 4.32 we get

/ “ar / S (7, 2) Bugas (r,2) dz| < C (¥ log (1) < C ()™ (4.125)
0 R

for all t > 0, where o¢g = é + v and v > 0 is small. Also by Lemma 4.33 we
have

/0 0 ||02B (u (7) s (7)) 2 < C (1)

for all ¢ > 0. Then by Lemma 4.34 we find the time decay of the L? (R) norm
Ju(®)lgs < C (14871 (4.126)
for all ¢ > 0. Applying Lemma 4.33 and the Hélder inequality we obtain

1

< Ct'" % taoall,, , < Ot 70,

t
/ dT/ S(1,2) Bugyy (1,2) dz
0 R

for all £ > 0, where sy > max (1, (% — %ao)fl) . Hence we arrive at estimate

(4.125) with o¢ replaced by o1 = 1 — é = £+ O (7). We again apply Lemma
4.34 to get a better time decay of the L? (R) norm (4.126) with o replaced
by o1 Z%‘FO(V):

lu @l < CA+)7 7.

Then Lemma 4.33 yields estimate (4.125) with o replaced by o2 = 1 +0 (7).
Now by Lemma 4.34 we get time decay estimate (4.126) with oy replaced by
02 = 7=+ 0O (7). Lemma 4.33 gives us estimate (4.125) with o = 0. Therefore
by virtue of Lemma 4.34 we obtain an optimal time decay estimate of the
L? (R) norm
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1

u®)l <C(1+1)"7 (4.127)

for all t > 0. Using (4.127) we can prove the following optimal time decay
estimates

e @)l < C ()25 (4.128)

for all ¢ > 0, where 1 < p < oc0. For 1 < p < 2, estimate (4.128) follows
from (4.127), Lemma 4.34 and the Holder inequality. Let us prove (4.128) for
p = 0o. By the integral equation (4.106) and by the Holder inequality we get

t

1

ol <16 Ol +5 [ 105G (¢ = )l (7 r

1 t
5 [ 108G (¢ =)l [ ()] r
<Ct 4Ot / (r)" % dr
0
t 7 1 3
e / (t =) lu (Pl flu ()2 dr,

SO

t 7 1
lu (6) g < Ct% + Ot / (t— 1) F Ju(r)fe dr

2

1
e / (t— )% Ju (7)o dr
/ t—T §

Hence by the Gronwall lemma it follows that

w\»—\

IN

‘“\Q Q

m\o‘

C, 1
(@l < 275

We find (4.128) for all 2 < p < oo via the Holder inequality. As above we get
the estimates

<Ot >*%( -3)-1

|9zBu ()], <

forall t >0, 1 < p < oco. Proposition 4.35 is thus proved.

4.4.2 Proof of Theorem 4.28

Now we obtain the large time asymptotic formulas for solutions to the Cauchy
problem (4.100). Let us take a sufficiently large initial time T > 0 and define
v (t,z) as a solution to the Cauchy problem for the Burgers equation with
u (T, ) as the initial data
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{vt—i—vvm—uvmzo,t>T7m€R, (4.129)

v(T,z) =u(T,x), x € R.

By the Hopf-Cole Hopf [1950] transformation v (¢, z) = 72;18% log Z (t, ) it is
converted to the heat equation Z; = uZ,,, so we have the solution explicitly

Z(t,x) = /R dyGo (t, 7 — y) exp (1 / LT d§>, (4.130)

2 ) oo

22
where Gy (t,z) = (47r,ut)7% e~ 4t is the Green function for the heat equation.
Note that the following estimates are true

o @)l + 8 0280 (1), < © ()72 (4.131)

forallt >T,1<p< 0.
Consider now the difference w (¢t,x) = u (t,z) — v (t,z) for all t > T. By
(4.100) and (4.129) we get the Cauchy problem

{wt+am(uw)+;£w2—uwmz+hm=0,t>T7 z € R, (4.132)

w(T,z) =0, z € R,
where
h = (802 + 1d3) Bu — 0, Buu,.

Since we consider the large initial data, we need to eliminate the linear term

2 (vw). We change 9;'w = [f w(t,y)dy = p%, then from (4.132) we

obtain the Cauchy problem

{gt—ugw$+F:O, t>T, z€R, (4.133)

g(T,x) =0, x €R,

where

2
o 1

F=—|g.+— Zh.

57 <g + 2ugv> +

By virtue of estimates of Proposition 4.35 and (4.131) we have

1Z (®)llge + |27 ()] g < C (4.134)
for all ¢ > T and a rough time decay estimate

lw ()l + @) |02Buw 0], < € (07203 (4.135)

forallt > T, 1 <p < oco. Let us prove the estimate

g (g + (7 lge (D)l < C (1) 725 (4.136)

forallt > T, 2 <p < oo, where v € (07 %) . On the contrary we suppose that
for some t = T3 estimate (4.136) is violated, that is we have
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1 — 1
lg (B)llge + 2 llge ()l < C (8) 20 (4.137)
forallt € [T,T1], 1 < p < oo. In view of (4.131), (4.134), (4.136) and (4.137)
we find
IF (O)llgs < C llgallpe 192llLs + C lgli [|0° (|, + C 1 Zh]g
<c (7T i)
< C'max {TV_% , T_7} (t)_7_1+ﬁ (4.138)

for all t € [T,T1], 1 < p < oco. Using the integral equation associated with
(4.133) in view of estimate (4.138) we find

lg DL < /T dr(|Go (¢ =)l [1F ()]s

SCmax{T’Y—%’T—v}/ (t_,r)—%-‘rﬁ <T>_%_7d7-
T

< Cmax (T 4T p ()75 < o)

forallt e [T,T1],1 < p < 0, since T is sufficiently large. In the same manner

we have
t+T

g2 Dl < /T 07 105G (¢ — 7)o |IF ()]s

t
’ / dr 0:Go (t = 7)o 1F (7) s

2
t+T

< C'max {T"Y—%7T—7}/ (t_T)—Hﬁ <T>7%7V dr
T
t
—i—Cmax{T'Y—%’T—'y}/ (t—T)_% (7')_1_'“‘% 0
4T
2
< Cmax {T”‘%,T‘”} BT m <oy
for all t € [T,T1], 1 < p < oo. The contradiction obtained proves estimate
(4.136) for all ¢ > T Since

1
w=27" (ugz - 29@)

estimate (4.136) implies
L
lu(t) —v (Bl < C )72
for all ¢t > T. Tt is known that if zug € L' (R), then
- (302, s

Therefore the estimate of the theorem follows, and Theorem 4.28 is proved.
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4.4.3 Proof of Theorem 4.29

As in the proof of Proposition 4.35 we can obtain the following estimate of
the L' (R) norm of solutions of the Cauchy problem (4.100)

Nl

Ju @l <C@0)F . (4.139)
Indeed, by applying estimates of Lemma 4.30 to the integral equation (4.106)
we get

lu Ollgra < 16 ) ol +C / 0,86 ¢ — 1) (7). dr
+ C/z |G (t —7) Bu(7) up (7)||g10 dT
< C<t>% +C/02 ||U,2 (7_)HL1 dr
+C/02 <t_7->7% HUQ (T)||L1,1 dr
+ CL (t— 7')% 1Bu (7) g (7)||g1 d7

t
e / 1Bu (r) g () s

hence, by the Gronwall lemma estimate (4.139) follows for all ¢ > 0.

Now we obtain the second term of the large time asymptotics as t — oo of
solutions u(¢, z) to the Cauchy problem (4.100). As in the previous section we
take a sufficiently large initial time 7' > 0 and consider the Cauchy problem for
the Burgers equation (4.129). Then for the difference w (¢, ) = u (¢, z)—v (¢, x)
by (4.100) and (4.129) we get the Cauchy problem (4.132) with estimates
(4.136).

Consider now the linear Cauchy problem

v + agc(@v) — WPz + PUpze =0, t>T, x € R, (4 140)
¢(T,x) =0, z€R. .

To eliminate the second term from (4.140), we integrate (4.140) with respect
to z and make the substitution

/m o(t, y)dy = ué((i 3;)),

— 0o

where Z(t,z) is defined by (4.130). We obtain
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St — WSzpz + B2z =0, t > T, x € R,
{ s(T,x) =0, z € R. (4.141)
It is simple to integrate (4.141) to get
t
s(t,x) = 76/ dT/ dyGo (t — 17,2 —y) Z (T, y) Uyy (T,Y) . (4.142)
T R

Now let us compute the asymptotics of s (t,x) as t — co. We integrate by
parts with respect to y to obtain

t (') [e'e)
s(t,x):—ﬁ/;dT/o dyamaoa—m—y)/ Z (7.7) vy (ry17)
Yy

t 0 y
+ /3/ dT/ dyd.Go (t — 7,2 — y) / Z(7,m) vy (1,m) dn
T —0o

t

7,6’/ drGy (th,x)/ Z (7,m) vy (1,m) dn
T R

EIl+IQ+I3-

Since

Hxvmr(t>||L1(R) <C(t)y ?,

we obtain

t [e'e] o)
Ll <18 /T dr / dy10.Go (t — 7, — y)| / Z (7,) [y (r,17) iy
0 Y

T .
_ 2 -1
< Ct 1/T A7 ||2ves (T) I m) + C’ﬂ+T dr (t = 7)72 [[vee (7) | ()
T . ’

gcﬂ/ ’ <T>—%d7+c/ (t—71)" (1) Ldr =0t~ %).  (4.143)
T by

The integral I, is estimated in the same way.
Now we consider I3. We have the asymptotics

Z(t) =H () +0(t}),

where

B 0 . 0 X
H (x) = cosh i sinh (4) Erf (2\//7>

with x = i Then in view of the identity

integration by parts yields
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/ Z (7,1) vy (7,1) dy = —= /R o (ry) Z (7, y)dy

2
/ S H(y)dy + O(r—2).

Therefore

t
=3 /T d7Go (t - 7.2) /R Z (r,) vy (7o) i

_ B 3 ' dr — 5t -3
—2\/m/Rfe(y)H(y)dy/T e ¢ >+O(t )
- gao (t,2) logt /R £y H(y)dy + O (r%). (4.144)

Hence the asymptotics is true

s(t,z) = e i logt/ iy dy+0( )

for large ¢ — oo uniformly with respect to € R. This formula can be
differentiated with respect to z. Hence we see that

ot =pon (£6) <220 0 40 ()

as t — oo uniformly with respect to z € R, where x = % and

fe<x>=—ﬁ(fe§\)ﬁﬂ /fo

It follows from (4.132) and (4.140) that the remainder ¢ (t,z) = w(¢, z) —
©(t, z) is the solution to the Cauchy problem

{wt + 0y (V) — gy + $0,w? + Pgyy +0uhy =0, t > T, z € R,
Y (T,z) =0, z € R,
(4.145)
where
= (—=B0; + pd3) Bu — 8, Buu,.
To eliminate the second term from (4.145) as above we integrate this equation
with respect to  and introduce the new unknown function

r(t2) = Z(’;” / Oo B(t,y)dy

Then we obtain
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{Tt_Mme+F1:07 t>T, z €R, (4.146)

r(T,z) =0, x € R.
where )
Fy = §Zw2 + ZBwyy + Zhi.
In view of (4.131) and (4.136) we find

1EL (@)l < Cllwllp [wlpe + Cllweallps + bl
<o UPtE Lo TR <o T T (4.147)

forallt > T, 1 <p < oo if we choose v € (i, %) . Using the integral equation
associated with (4.146) we obtain in view of (4.147)

t+T

I ()ll» < /Ti dr |G (t = 7)o [1F1 (7) s

t
+ [, a6 =7l 1B (Dl
t+T

<c |  -nFEE T

forallt > T, 1 <p < oo. In the same manner we have

t+T

172 (8) | S/T dr 102G (= 7)|[Lo [1F1 ()]s

t
+ [ 0.6 = 7l 1 (Dl

t+T
<o (t-n)TE ()T Vdr

T

t 1 3 1 1
+ c/ (t—7) 2 (r) 2 mdAr < C ()T

t+T

2

forall t > T, 1 < p < oco. Then by the identity

1
p=27" (rw + rv)
2
we obtain the estimate
-1
[u(t) —v(t) =o)L= < C)
for all t > T. Theorem 4.29 is proved.
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4.5 A system of nonlinear equations

This section is devoted to the study of the Cauchy problem for the system of
nonlinear nonlocal evolution equations

u+N(u)+Lu=0, z€R", t>0 (4.148)

with initial data « (0,z) = w(z), * € R", where u(¢,z) is a vector u =
{uj}l;—i. .- The linear part of system (4.148) is a pseudodifferential opera-
tor defined by the Fourier transformation as follows

Lu=FeyL (€) Fa—eu,

where the symbol L ({) is a matrix L = {Ljx}|;,_, ,,- The nonlinearity
N (u) is a quadratic pseudodifferential operator

fwa/ Lt &)t (8, € — y) du (y) dy;

k=1

here the symbols a* (,&,y) are vectors a¥! = {a?l}|j=1,wm. We suppose

that the symbols a*! (¢,£,y) are continuous vector functions with respect to
time ¢t > 0. Suppose that the operators N and £ have a finite order, that is
the symbols a*! (t,¢,y) and L (&) grow with respect to y and ¢ no faster than
a power

@™ (t,€,9)| < C ()" + W)"), IL(E)] < C(g)"

where C' > 0. The absolute value of vectors |a*!| and matrix |L| we un-
derstand as a maximum of their components: |akl|
|L| = max; k=1,..,m | Lkl -

This section is devoted to the study of the large time asymptotic behavior
of solutions to the Cauchy problem for nonlinear evolution equation (4.148)
in the critical case. Below we describe our suppositions in more detail.

As in the supercritical case (see Chapter 2 , Section 2.7) we rewrite the

Cauchy problem (4.148) in the form of the integral equation

= maxX;j—1,. m|a |

w(t) =G (t)u— /0 G(t—7)N(u)(r)dr, (4.149)

where the Green operator G ()¢ = Fe_y (e_tL(f)zﬁ (§)>

Let the linear operator £ satisfy the dissipation condition which in terms
of the eigenvalues of the matrix L (§) has the form

Re; (€) > u{¢}° (¢)” (4.150)

for all £ € R™, where u >0, v > 0, § > 0. Also we suppose that the matrices
PU) (¢) defined in (2.146) and (2.147) satisfy the estimates
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o pY) (5)‘ <C (4.151)

for all £ € R™, |r| = 0,1. Assume that the symbol of the nonlinear operator
N satisfies the estimates

@™ (1, 6,9) < C O (€= ) e -y} + )7 {y}™)  (4.152)

for all £,y € R™, ¢t > 0, k,l = 1,...,m, where 9~, o, a > 0. We consider the
case of nonlinearity of the type of the total derivative, that is we suppose
that w > 0. System (4.148) with this type of nonlinearity is called a diffusion-
convection type system. We are interested in the case of nonzero total mass
of the initial data [, @ (z)dz =6 # 0.

Now we define the critical case with respect to the large time asymptotic
behavior of solutions by the relation

d=n+a+w.

Define X = {¢ € S’ : ||¢[|x < oo}, with the norm

Py n
I¢llx = sup  sup sup(t) T (|6 (6)] o
p€[0,a+~] 1<p<oco t>0

s nta+ n
+ sup sup sup ()7 ()0 T g (1))
s€[0,0] 1<p<oo t>0

Bs:p

where v € (0, % (min (1, w))z). Here the norms

le Ol are = 17 & ez ej<1)

le ()]

Beow = |l @(t7')||Lg(|g|21)~

Note that the norm A”? is responsible for the large time asymptotic properties
of solutions and the norm B#®? describes the regularity of solutions.

Theorem 4.36. Let the linear operator L satisfy conditions (4.150) with 6 =
n+a+w, a >0, w > 0. Suppose that the nonlinear operator N satisfies
estimates (4.152) with 0 + o < v, v > 0. Let the initial data u be such that

[ull ao.oe + llullgo.ce + [[ullgos <¢,

where € > 0 is sufficiently small. Then there exists a unique solution u (t,x) €
X of the Cauchy problem (4.148). Moreover, the solutions u (t,x) have the
time decay estimate .,

Ju (Bl <C ()

for allt > 0.
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Remark 4.37. Note that in the case of zero total mass of the initial data 6§ =
Jgn @(x)de = 0, the solutions of the Cauchy problem for equation (4.148)
obtain more rapid time decay rate

n+min(1,w)

[u ()|l < Ct7775
Thus the critical value is shifted . = n + @ + w + min (1,w) in this case.

To find the asymptotic formulas for the solution we assume that the eigen-
values of the symbol L (§) has the following asymptotic representation in the
origin

X (€) = ieb@ 4 iy ¢ + 0 (1&)"*) (4.153)
for all [¢] < 1, where p; > 0,0 > 0, v > 0, b9) € R™. Let Ay have a symbol
ao (&,y) € Ct (R™ x R™), homogeneous with respect to £ and y of order w+a,

that is ag (t,ty) = t*T@aq (€,y) for all £,y € R™, t > 0. We suppose that the
relation

|a (t, 67 y) — Qo (57 y)‘
<O (e (- - k™ + ) k™)
+CW O (E -7 {E— v + W) (¥} (4.154)

is true for all £, y € R™, t > 0, where 6, o, « > 0, w, v > 0. Note that ag (£,y)
also satisfies estimates (4.152). Consider the following integral equation

w(t) = Gl (t) 660 (x) — /0 G (t — 1) No (w,w) (1) dr, (4.155)

where ' . R
G (t) = Feg (efitéb(”ftujlil P9 (0) (5))
and .
No(wow) =Few 3 [ (€)@ (16 =) @ () .
ki=17R"

Below in Section 4.5.3 we prove that there exists a unique self-similar solution
to (4.155) in the form w (¢, z) =t~ f ((x —bWt) t*%> .

Theorem 4.38. Suppose that the nonlinear operator N satisfies relationship
(4.154) and estimates (4.152) with w > 0, O+0 € [0,v). Let the linear operator
L satisfy conditions (4.150), (4.153) with 6 = n+a+w, o > 0. Let the initial
data u be such that

[ull ao.oe + llullgo.ce + [[ullgos <¢,

where € > 0 is sufficiently small. Also we suppose that
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Ha - 060HA—%00 < g,

where 6o (x) is the Dirac delta-function, v € (O7 3 (min(l,w))2) . Then the
solution u (t,x) to the Cauchy problem (4.148) tends for large time to the su-
perposition of the self-similar solutions t— % () ((x — b(j)t) t*%> of equations
(4.155)

wt)—17H Y 0 ((-w0)rt)| <o
j=1 .

forallt > 1.

Remark 4.89. The conditions of the theorems for the initial data u can also
be expressed in terms of the standard weighted Sobolev spaces as follows
[llgge.0 + [l pgo.oe2y <,

where 8 > %. However, the conditions on the initial data u are expressed

more precisely in the norms A%? and B%P.

As an example we apply Theorem 4.38 to the well-known Boussinesq sys-
tem with viscosity

ne+ (), — tes + 820z + 92045, =0 (4.156)
Ut+UUz+77m_szz:07 .

and to the system describing surface water waves with allowance for viscosity
and surface tension

N+ (N v), — Wes + Fema (L12 (§) 0 (£,€)) =0, (4.157)
Ut + WUz + Nz — e = 0. '

We choose in system (4.148) the nonlinearity

i€
abl =0, a1 = ¢! = ((2)>’ a2? = <

and the linear operators

)

Lit (§) = Lo (§) = plg Lia (§) = 8% (1+ 97 I¢) , Lar (&) = i€

vl O

for system (4.156) and

tanh o€
0§

for the case of system (4.157) respectively. In these cases the eigenvalues \; ()
are given by the formulas

L1y (€) = Laa (&) = ulél s L1z (§) =82 (1+ x[¢P*) Lo () = i€
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2 . j 2
Aj (&) = pl€]” +i(=1) BE\/ 1+ 92 ¢

tanh o&

o€
for j = 1,2, respectively. So that we have n =1,0 =2, v =2,0 =1, w =1,
o=0,a=0 A (&y) = A(&y) and b9 = (=1)’ 3. Hence the conditions
(4.150) - (4.152), (4.153) and (4.154) are fulfilled. Note that the solutions
w9 (t,z) to the integral equations (4.155) also satisfy the Burgers equation
with transfer

and

X () = el + g (1)’ \/(1 +rle?)

, . N2 , , ‘
O + (~1y Zaz (w9) + (-1 B0 — po2w® =0, (4.158)

The Hopf-Cole substitution (see Hopf [1950]) yields the asymptotics of w) (¢, z)
wl (t2) = (ut) 7 45 () +0 (17277) (4.150)

where A; (2) = —%p (—1)’ % log H; (2),

0; 0; z
(o) o—05/2 I ing Z
H;i(z)=e (cosh 5 sinh 2Erf<2)>.

z—(=1)7pt

Here x; = Tt

Erf(2) = %/ﬂ el dz

is the error function, and

Gj_;b/Rﬁ(x)der(;) /R’ﬁ(x)dm

is the total mass of the initial data. Then solutions (n,v) to the Cauchy
problems (4.156) and (4.157) have the following asymptotic representation as
t — oo uniformly with respect to x € R

()= 0 62+ s ) +0 (1),

v(t,x) = ws (t,x) —wy (t,2) + O (tiéf'y) ,

where v > 0 and the functions w(/) (¢, z) are the solutions of the Cauchy prob-
lem for the Burgers equation (4.158); their asymptotics is given by (4.159).
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4.5.1 Preliminary Lemmas

The Green operator G is given by
G(t)6 = Fems (e7H96()) , O = Ze—” PO (e).

In the next lemma we estimate the Green operator G (¢) in the norms

||<P(t)||Ap,p = ||||p<2(ta ')||L§(|§|§1) and ¢ (t)] Bsp — ||||6$(ta ')HLg(\S\Zl)’

where s,p € R, 1 < p < 0. Using Lemmas
1.38 to 1.39 we get the following lemma.

Lemma 4.40. Let the linear operator L satisfy the dissipation condition
(4.150) with 6 > 0. Then the following estimates are wvalid for all t > 0,
1<p<g<

1G () $llare <C &5 FE7E) 6]| youa

/gt_T i

for p >0,

APp
1o)N—ptw n A
C) T E sup sup ({71 (NI 6 (7))
p<g<oo 7>0

forke[0,1),A€0,1),0< p+w<J;

1G () llgen < Ce 54t} 52670 |6 o

for s >0, and
/ G{t—7)Y(r)dr
0 Bs.p
(0 (71" 10 (Dl -a) 4500 (1268 (0 o (Dl e ) ).

<oy EG) (g

fork €[0,1), A >0,5>0,0 >0 are such that s+ 6 < v.

Now we estimate the nonlinearity

N (e, f&—mZ/ (€, y) B (6.6 —y) &1 (ty) dy

k,l=1

in the norms [|-|| o, and |||l g-o.» -
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Lemma 4.41. Let the nonlinear operator N satisfy condition (4.152). Then
the inequalities

IV (@, D) a-wr < Cllellaas + l#llgos) (18]l acs + @50
+C ([0l e + 19llgon) (el a0w + 0llBo.oc)

and
IV (@, D)llg-o0.0 < C (@l gatra + #llges) (16l a0r + [6llgo.)
+ O ([0l actrs +[Dllgot) (el aos + ll¢llpos)

are valid for 1 < p < oo, where v > 0, provided that the right-hand sides are
bounded.

Proof. By virtue of condition (4.152) and by the Young inequality we obtain

IN (@, )l A-wv

m
<>
k=1

[ ) o = ) 8 )|
Rn

LY (g]<1)

k=1

/ (=) {0} + ) {0}
.

x |Gr (t, —y) b1 (8, ‘d’ ;
2= o,

hence

||N (va ¢)”A*w,p

<y 1 Al |9

ol )
L2 (j¢|<1) L= (l[>1)

+ 0|19, (18lezggeny + 1@z qes)

< C(lellgar + lellger) (19l a0s + l[6llgo.)
+C ([Pl ac + 19ller) (el aos + ll¢llzoe)

and
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||N(30a¢)HB—9m
< 7O | ()| | B (8 — y) (8 y)| dy
P | | I ()

=1

' LY (|1
<o [ (C=nt=n ) )

X |B1 (ty =) i (ty) |y

L2(¢[>1)

<c|or g ||9],, + clel. ¢ (g
< O (lelansrs + lllmes) (18] aos + 16lm0.0)

+ O (18] g + 8lme) (lellaos + lelgon) -

L1

Thus the estimates of the lemma follow, and Lemma 4.41 is proved.

4.5.2 Proof of Theorem 4.36

Denote X ={¢p € &' : ||¢||x < oo}, with the norm

Ly n
Ipllx=sup  sup sup (£} |6 (t)] apr
p€[0,a+~] 1<p<co t>0

s ntaty | n
+ sup sup sup{t}* (&) 7 7 (|6 (1)l|gen s
s€[0,0] 1<p<oo t>0

where v > n+o+0, v € (0, % (min (1,w))2) . Here and below we take the

critical value § = n+ a4+ w. Using the first and the third estimates of Lemma
4.40 with ¢ = oo and g = p, respectively, we get

5T G (1) Ul gpr < C || goroo

and
ntaty

{ty )" Tw g ()l

Bs:p S C Ha”Boyp )

therefore
16 (t) ullx <C |l go.e + C l[Ullgo.s + C [|tllgo.s -

‘We denote also
lelly = sup sup ({837 (0N 10 (1)) -
1<p<o t>0
O <t>||Be,p) ,

where K = 2, A =1- %, A=A+ 1. Then by virtue of the second and the

v

fourth estimates of Lemma 4.40 with ¢ = p we have
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(1) FH

/0 G@t—7)N (v,v)(1)dr

<C supsup ({r}* (DM N (0,0) ()| a-a) < CIN (,0)]ly

p<g<oo 7>0

Apr:p

and

s n+oa+ n
85 @ ‘

/0 G@t—71)N(v,v)(r)dr

Bs:p
<C 1 sup ({T}“ (P A (0,0) <T>||Be,p>
< OV (0,0)]y

for all ¢ > 0, where p € [0, + 7], s € [0,0], 1 < p < o0, Sincel—fi—gZO.
Therefore,

/0 Gt —1)N(v,v)(r)dr

S CIN (v, 0)lly -

b'e
Now by Lemma 4.41 we find

A
sup sup {1} (£)"7 | (0,0) ()| g
1<p<oo t>0

<C sup sup {t}" (0 (v (Ol et + v (E)][gen)
1<p<L0o t>0

X< ()% (o (Ol aoe + [l (1)l go.cx)

nta o 2ntaty
< swp sup () [0 (O)laes + {0 OFF 0 @) )
1<p<co t>0

ntaty

x (05 o @llaow + 65 o llgo ) < Cllelly

and
K F)T+£ N
sup sup {t}" (t) [V (v,0) )]l g-0.s
1<p<oo t>0
PREY
< C sup sup{t}" ()" ([[v (@)l gosrr + v ()llgan)
1<p<o0o t>0
x ()% ([l (Bl aos + llv (@)l go.r)
ntaty o 2n+a+y
<C sup sup (07T o @)l gwea +{BF O 0@ lpea)
1<p<oo t>0

ntaty

o (OF 1o @l ans + OZF2F [0 O, ) < ol

hence we get

IV (v,9)]ly < C[lvllk -
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2
<Cvllx -

‘/Otg(t—T)N(v)(T)dT N

In the same manner we prove estimate

Therefore, as in the proof of Theorem 4.4, by applying the contraction
mapping principle in X we prove the existence of a unique global solution
u(t,z) € X to the Cauchy problem (4.14). Since

/0 G(t—7) (N (v1) (1) = N (v3) (7))dr

< Cllor = vallx ([vllx + [lvllx)-
X

[ ()l < llu (@)l a0 + llu (®)llgo.s

and u (t,z) € X we have the estimate
[u ()L~ <C )
for all ¢ > 0. Thus the result of the theorem is true, and Theorem 4.36 is

proved.

4.5.3 Self-similar solutions

In this subsection we construct special self-similar solutions which determine
the large time asymptotic behavior. Consider the following integral equation

w (t) = GV (t) 85 (z) — /0 GO (t — ) N (w, w) (7) dr, (4.160)
where _ R
G (t)p = ?gﬁx (e‘itfb(])—tujlildp(j) O (g))

and

No (w,w) = Fea /Rn ag' (&,y) W (,€ — y) @y (t,y) dy,

k=1

where a symbol ag (&,y) € C* (R™ x R") is homogeneous with respect to &
and y of order w+ «, that is ag (&, ty) = t*T“ag (£, y) for all &,y € R™, t > 0.
In addition we assume that ag (£, y) satisfies relation (4.154). As a consequence
estimate (4.152) with 0 = w and o = « follows:

lab* (€.v)| < Clel* (g — w1 + 1yi1%) (4.161)

for all £,y € R™, k,I = 1,...,m. By homogeneity of ag (§,y) we also have
estimate (4.161) for the derivatives

(€Ve) + V) ! € n)| <ClEF (e -yl +1y™)  (1162)
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for all £,y € R”, k,l =1,...,m. Changing the variable of integration ft% =n
we have

Gy (t) 06 (z) = PY) (0)9(%)—%/ eii(m—th))—t/Lj\g\‘sdg

——3al) ((m _ b(m) t—%) PY (0)4,

here
GY) (z) = (271-)_%/ eimz=nilnl® g
R’n.

We look for the self-similar solution for (4.160) of the form

w(t,x)=t"%f ((a: - bU)t) t—%) .

Applying the Fourier transformation to the integral equation (4.160) we obtain

. t )
@ (t,€) = e —tuslel’ pUi) () g — / dre—it=nEV ~(t=usl€l pli) ()
0

% Z / N(&y) Dy (1,6 — y) @1 (1,y) dy. (4.163)

k,l=1

The Fourier transform of w (t,z) = t=5 f ((a: — b(j)t) t_%) after a change
y = (z —bVt) t5 is equal to

D(t,E)=m) ¢ % / ) e g ((m _ b(j)t> t—%) da
=@ / " e () dy = e_itgb(j)f(ft%) . (4.164)
therefore, we get from (4.163)
f(gt%) = ¢~ l€" p) (0) 0 — /t dre==milel pl) ()

0
) dy.

N\~

3 [t end (6w B (o
k=1

Hence by changing n = ft%, n = yt%, 7 =tz and by taking into account that

the symbols alg’l (n,n) are homogeneous of order w + «, that is

(ST

ab! (mt=8 1) =S ol (),

and that the critical § = w + a4+ n, we find
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~

1
() = e ralnl® pO) (0)9—/ dze~(=2mslnl’ pi) (o)
0

X Em: /Rn ag" (n,11) Ji ((77 —1) z%) I (,7/2%) . (4.165)

k=1

Denote by Z = {¢ € L' (R") NL> (R")} with the norm

9l = sup )" o)
<p<oo

4 sw [P (V)6

1<p<oo

Lr

The existence of a unique self-similar solution fe Z follows by Lemma 4.40
and Lemma 4.3. Hence there exists a unique self-similar solution

w(t,z)=t"%f ((x - b(j)t) t’%)
for equation (4.160) such that f € Z.

4.5.4 Proof of Theorem 4.38

Before proving Theorem 4.38 we prepare some preliminary estimates in the
following two lemmas. First we estimate the difference G (t) — Go (t), where

go (t) (b = ?ﬁﬁz (e_tLO(f)(i (6)) , e_tL‘)(f) = Z e_itgb(j)_tﬂjlﬂép(j) (O)
j=1
for all £ € R, ¢ > 0. From Lemma 1.39 we obtain the following lemma.

Lemma 4.42. Let the linear operator L satisfy dissipation conditions (4.150),
(4.151) and asymptotic representation (4.153). Then the estimates are valid
forallt>0,1<p<g< oo

n(l

1(G () = Go (£)) $ll arr <C (B~ F"FG=3) |16]] yora »

where p+~ > 0, and

<CWTTEEETE sup sup ({1 (0 0 (D)]p )

p<g<oo 7>0

/0<g<t—r>—go<t—r>>w<f>dr

Ar:p

where k € [0,1), A€ [0,1), 0< pF+w+v <.

Now we estimate the nonlinearities
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N (p,¢) = Fea Z/ T8 9) B (6~ y) 61 (v) dy,

k=1 |<2

NP (p,¢) = Fea Z/ L(t,€,9) B (€ —y) du (y) dy

k=1 |>2
in the norms A~%P,

Lemma 4.43. Let the symbols of the nonlinear operators N (p, ) and
N@ (o, ¢) satisfy condition (4.152). Then the inequalities

V@ e0)], ., <CUPlans +Iellgox) Uidlaos +dlgo)
+ C(6llans +lI6lmo.~) (lellaos + ollgor)

and
V@ @), ., <Clelpes 9o +Clidlgn lelpo.-

are valid for 1 < p < oo, provided that the right-hand sides are bounded.

Proof. By virtue of condition (4.152) via the Young inequality we obtain as
in the proof of Lemma 4.41

(1)
Vo s,
m ~
<c Z (= "+ {0} |Pr (-~ 1) & ()] dy
k=1 [T vl=2 LE(€|<)
< € (IH° Bluiger<yy + 18z ern)
( L2 (el<1) H¢HL°°<|£>1>>
o[l )
( 7 Ll(\€\<1) Lgo(l€1=1)
X (||@||Lg(|g|g1) + H‘PHL?(\QN)) ;
hence the first estimate of the lemma follows. Similarly,
HN(Q) (s <b)H
<C Z / (I =" + 1yl @k(t,-—y)%(t,y))dy
k=1 lv1=2 Lz (j¢<1)
< CIM By |9] J i Pl
18 <P||L§(|g|21) ¢ Lz (l¢[>1) 17 ¢ Li(i€l>1) ||90HL§ (1€]>1)

< Cllgllgon [8llgo. + C l[dllges [I@llgo. -

Thus, the second estimate of the lemma is true, and Lemma 4.43 is proved.
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We now estimate the nonlinear term

N(p.d)=Feeo D | BM(t.6,9) i (€ —y) b (y) dy.

ki=1YR"
Denote (p), = max (0, p).

Lemma 4.44. Let the symbols B¥! (t,£,v) of the nonlinear opemtorjv (¢, d)
satisfy estimate

|BEL(t,€,9)] < CtE€)° {1 (€ — )7 {€— v} + )7 {y})
x () 4+ (g —ag)) ™) (4.166)
forall &,y € R™, t > 0. Then the inequality

¥ .0)]

ApP—w,p

<t "% (ol gosto-nin + [0lgen) (16l aow + [|6llgo.)
+C O (6]l garwo-1pn + 161501) (1€ aow + 1l go)
+ {17 (16l apsais + [@lgoa) ([Sllaos + [Dllgom)

+C{H )7 (9]l arvan + [Sl5oa) (19l a0s + lelgos)

is valid for allt > 0, where 1 < p < o0, p >0, 1 < q < o0, provided that the
right-hand side is bounded.

Proof. In the case of t € (0,1) as in Lemma 4.41 we obtain

IV @.0)|, . < CtUlPlaras + I9lges) (19llaos + I9llgoc)

Apr—w,
+ C (¢l aptar + 19llgor) (ol gor + llellgo.o) -

By condition (4.166) and by the Young and Holder inequalities we get

o s o [o=a =+ ) )
k=1

x () + (- an™) ‘@“ (t:- = 5) & (t’y)‘ dy’ L2 (el<1)

for all ¢t > 1. Hence
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7@,
<0 3 / (¢ =) L= 4 ()7 {yyot D)
k=1 "
x ’@k (t,-—y) b (t’y)’dy‘ L?(l¢[<1)
?(j€l<
m (=) T ) ()
+Ctk§::1 /n (t(y—a))
% ’@k (t,-—y) & (tvy)’dy‘ L2 (l¢<1)
2 (jgl<
Therefore
W, ..

< Ot P+ (|lgll gario-ng + [@llgor) (16l a0s + Illgo.)
+ Ot ([l ot i-vsa + [6llgen) (el aos + 1€]lgo.)
+Ct1 (@l apses + 1€llmos) (100l a0e + 6]l 50.)

+Ct ([l arra + [16llea) (2] a0 + [#llmoc)

Lemma 4.44 is proved.

Now we turn to the proof of Theorem 4.38. We consider the following
integral equation

w (t) =Go(t)u — /O Go (t — 1) No (w,w) (1) dr. (4.167)

Note that Theorem 4.36 is also applicable to equation (4.167) if we take o = «,
v = ¢ and § = w. Hence we obtain the estimate

Jwllx, < Ce,

where we introduce the norm

L n
Ipllx,= sup  sup sup ()25 |6 (t)]| op0
p€E[0,a+~] 1<p<oo t>0
s, n nta+ n
+ sup sup sup {615 ()T 6 ()|
5€[0,a] 1<p<oo t>0

For the solution w (t,x) we obtained in Theorem 4.36 the estimate
lullx < Ce;

therefore, we have in particular the estimates for all ¢ > 0



4.5 A system of nonlinear equations 417

ntat+y n

lu (0)llgen < Ce{ty % ()57,

where s € [0,0], 1 < p < oo and

_ntaty n
5

lw (D)o < Ce {1} 575 (1) v,

where s € [0,a], 1 < p < co. These estimates are sufficient for obtaining the
large time decay rate for the remainder v (t) = u (t) — w (¢) in B norms

2nta+y
5

o ®)llgos < lu(®)llgos + o O)llgos < Ce (14+4817F) (1775 (4.168)

for all ¢ > 0. Now we estimate the difference v (t) = u (t) — w (¢) in the norms
A?P and show that

n

[0 ()] gpr < Ce ()77 (4.169)

for all ¢ > 0, where p € [0,a], 1 <p < c0.
We represent the nonlinearities N (u) = N (u,u) + N (u,u) and
No (w, w) = N (w,w) + N (w, w) , where

N(l) (U7 U) = ?ﬁ*’m Z / ak)l (ta 57 y) ak (t7£ - y) al (ta y) dy
k=1 lyI<2

N ) =Feon Y0 [ b (06 T (06— ) T (1) dy,
k=1 y=2

The terms Nél) (w,w), /\/’éz) (w,w) are defined similarly.
Then for the difference v (t) = u (t) — w () we get

v(t)=(G (1) —Go(t)u
- /O (66 =) N (1) — Go (¢ = 1) N () ) e
- [[@ =)= Gut =N (w0 () dr
- / Go (t 1) (N () (7) = N (w,u) (7)) dr
0
7/0 Go (t —7) (Ng” (u,u) (1) = N3V (w, w) (T)) dr. (4.170)
By the first estimate of Lemma 4.42 we have

1G (8) = Go (1)) @ll v < C (1) F 75 (1] goro - (4.171)

The second summand in (4.170) we estimate by Lemmas 4.40 and 4.43
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N_ptw _n Sin
<C)' T sup sup ({T}“ ()M
p<g<oo 7>0

/tg(t—T)N(Q) (u,u)dr
0

APr:p

N (q, u)HA>

epg S
<C (0 F sup ({71 (0l Ll )
_pty__ n 2 2 Pty m
<O Bl < 02 ), (1172)

where K = 2, A= + 1 = %, w >~ > 0. In the same manner we have

n

Y ptw S n
<Cm'METE sup sup ({7}“0 ()3
p<g<oo 7>0

t
/ Go (t—7) /\/'0(2) (w,w) dr
0

Apr:p

Néz) (w,w)HAw>

_pTY_ n Nin
<C (0 H sup ({71 (7 ol uloo )
T

_pty o n

OB ulk, < 02T, (4.173)

where kg = %. By Lemma 4.42 we obtain with A =1—%

prwty n n
<C @' TTETE sup sup (1)
p<g<oo 7>0

/0 (Gt —7)— Go(t — ) ND (w,u) (7) dr

Ar:p

], )

(4.174)

Pty n

SCeEP(ty” T T,
since via Lemma 4.43 we have

(r)* 5

nta
N () ()|, <O () o + ()] o)
X A7) ([l ()| o + [ (7)o ) < C lulli < Ce?.
As above the application of Lemma 4.40 yields
t
‘ / Go (t—17) (N(U () (1) = N§V (u, ) (T)) dr
0
<@

T
X sup sup (<7’> *3
p<q<oo 7>0

Apr:p

3 ) -4 o], )

< 0L ()" (4.175)

since by Lemma 4.41 and Lemma 4.43 in view of condition (4.154) we have
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(1)

N (w1 (0~ N ) 0],

aty+n

<Oty T (Ju @)l peira + lu @llgo) Ul @)l gom + 1 (@)lgo.)

+C T (fu (@)l ger + () lgome) (1 (8)| a0 + 112 (€)]]30,00)
< Clullk -

Finally, by Lemma 4.40 we find for p € [0,a], 1 <p < o0

@”T“F%

/ Gt - ) (M () () = NG (w,w) (7))
0

Ar:p

(M ) () = A w0y @), )

<C sup sup <<T>>\+g;

p<g<oo 7>0

Pt n
< Ce*+Ce sup sup <7'>TA/+E lo (7))l apwa > (4.176)
p€[0,a] 1<g<o0

since by using Lemma 4.43 we get

(r) 3

(M2 () () - NG o) )]

<) (o ()l gen + lullgo + lwlgo.)
()7 (l[ull go.o + 1wl go.0 + lllgo + l0llg0)
+C () (ull gor + wll gt + o + lw]go.)
X (T) ¥ F (||o ()| poa + Jtllgo.e + llwlgo,00)

< (lullx + llwlx,)*

g
+C sup sup (1) Pl (Ml aee (lullx + llwlix,)
p€[0,a] 1<p<gq

X

—+ n
<C2+Ce sup sup ()T T o (r)| ore -
p€[0,a] 1<p<q

Therefore by collecting inequalities (4.171) - (4.176) with representation
(4.170) we get

oty n
sup sup sup(t) * T [lv(¢)] apn
p€[0,a] 1<p<oo t>0

Pty n
< Ce®?+Ce sup sup sup(t) 4y p v (8)][ g
p€[0,a] 1<p<oo t>0

hence estimate (4.169) follows.

Now we construct the main term of the large time asymptotics as a super-
position of the self-similar solutions

N () 2N O (b Op) 1)
h(t,z) ;h](t,x) t fo((a; bﬂt)t )

j=1
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The functions k) were defined in Section 4.5.3 by equations
t
W) (£) = G9) (¢) 066 () _/ G (t — T) N (hm,h(j)) () dr
0
for j =1,...,m, where

Gu) (1) = ?gex (e—it§b<j>_tmlf\5p(j) (o)é(g)) ,

so that

Then for the difference h (t) — w (t) we get from ( 4.167)
h(t)—w(t) =Gy (t)u
= [ G0t =) o (1.1 (7) = No () (7))

_ i /Ot G (t—7) (NO (ho‘), h(a‘)) (7) = No (b, h) (T)) g (41TT)

where @ (z) = u(z) — 00y (z). By the condition of Theorem 4.38 we have
estimate

@l o0 + lltllgo.e <&

which means that the initial data @ (x) have the following asymptotic repre-

sentation ﬁ(ﬁ) =0+ O(|¢]") as &€ — 0. By the first and third estimates of
Lemma 4.40 we find

G0 (B) llx, < C([afl oo + [[@lgo.se) (4.178)

where we denote

+ n
Iéllx.= sup sup sup (&) T T |6 (£)]| opr
" p€[0,a] 1<p<oo >0

s4n n+o<+-y+£
+ sup sup sup{t}° P (t) ¢ (2)]
s€[0,a] 1<p<o0 t>0

Bsp *

For the second summand in equation (4.177) we estimate by virtue of Lemma
4.40 with g = oo

1_2_pete _=n

<C ()
X sup sup ({T}“ (Y (N (s ) () — N (w, 0) <T>>||AM)

p<g<oo 7>0

/o Go (t —7) N (h, h) (T) — No (w,w) (1)) dT

N
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and

/0 Go (t — 7) (No (. ) (7) — No (w, w) (7)) dr

Bs:p

S A U

x (ili% {3 [[(No (b, h) (1) = No (w,w) (7)) | g w0 )

>0

forallt>0,s,p€[0,04],1§p§oo,wheref$0:1—%,x:)\+1 A=1-

Since

N() (h7 h) — ./\/0 (w, w)

1

1
:iNo(hfw,thw)+§N0(h+w,h7w),

by applying Lemma 4.41 we have
{73 () ([N (hy 1) (1) = No (w, w) (7)) ]] g -
<L ()5 (Ih = wl e + 18— w] o)
X (7)37 (1h + wl| g + 11+ w]lgo.)
+ Y ) (I + wll gos + 7+ wllgan)
X ()34 (|h — w] o + 1 — w]|go.e)

2
< Clh—wlx, (Ihlx, +llwlx,) +C (17, + lwlx,)

and

{T}noJr% <7‘>X+‘% |(No (B, h) (1) = No (w,w) (7))l g-w.a

nta+y

nta
<C{r} 7 (n) 7 ([Ihllgasra + 1wl gasrr + |2l gan + 0]/ ga.s)

X 734 (7l po.a + lwll aoa + [1Allgo.a + [[w]lgo.q)
2
< C(lInlix, + llwlix,)”

Hence

t

Go (t = 7) (No (h, h) () = No (w, w) (7)) dr

0

Xy

T sup ({T}“O“% (PP (NG (b, ) () — N (1, ) <T>>|Bw,p)) ,

421

< Ce? + Cellh—wlx - (4.179)

For the last summand in (4.177) we have
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—/ G\ (t—T) NO (h(J),h(J)) (r) = No (h, ) (T)) dr
- Z /g t—TNo(h(k)hl)>()d

- 1l7sg
+ Z /Q(J) t—1) No( hm)( )dr.
k=1, ktj

The application of the Fourier transformation yields
t
Fooe / G (t — 1) N (h(k), h<l>) (r)dr
0

t :
_ / dre—it=T)EP ~(=n)s el pl) (o)
O

x Z / A (€) (%(6 y)) (l)( ly) e ey i g

k=1
since by (4.164) we have
Fomgh® = e~ £ (1)

To be able to estimate the time decay for ¢ > 1, we integrate by parts via the
identity

d TS]‘Y’
%(Te “),

Sikg =i (bm _ b(k)) E+i (b(k> _ b@) y+ el

with (b@) — p®))? 4 (p®) — p(10)* £ 0, to obtain

eTSj’k’l = (1 + TSjyk’l)il

where

t

Fame [ 9t~ 1) Mo (9,00 () ar
0

— o itedD —tp;1€1° p(h) (0)

£ L )T ()

k' U'=1

_ omitebD —t;lel° p(s) (0)/ dr
0

< 30 [l e

k=1

x % <(1 +78500) /Ji/?) (75 (€ — y)) (l) ( y)) dy.
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Hence

t
/ Gl (t—71)No (h(k), h(l)> (r)dr
0

_ tAk (k) ©)
=F.. p(J) / et (E—y)b™ +ityd
¢ k;1 . 1+tS]kl

e (té(f y)) 1 (t%y) dy

+ Fue Z / dre=itt=n@ ~(t=Du |l pl) (g)
k=1

X/ Ak v (53 ) j.k,l (f )eit(gfy)b(k”rityb(l)
v (1+ 7Sk (6 9)

x £ (T% (€~ y)) 7D (T%y) dy

+ Faoog Z / dre—i(t=7)E0D —(t—T)u;|€]° P(J)( 0)

k' lU'=1

%
/ TAg &) eit(g—y)b<’“>+ityb“>
re 1+ 7S5k (&y)

x O, ( / (T% (€ - y)) 70 (Téy)> dy.
We introduce the operator Dy = 0, + b*)V,,, then by (4.164) we get
0. f8) (rHe) = 0, (" F,_en®)
= e (i ®) 49, ) Foh®) = T F, D),
Thus denoting the nonlinearities N j

Nyt (e0) = Fees / B (4,6,9) B (4.6 — ) v (t,y) dy,

k=1

]JCZ(SO (b ff—w Z / B]k/k; t €7y) @k’ (tag_y) ggl' (tvy) dy

k=1

with symbols

BYY e,y — 6D g tAG " (€9) S (6:9)

TH 1500 (6,9 Dbt 06) = = em e T

we get

423

)
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t . . ~
/ GY) (t — ) Ny (w), h<l>) (T) dr = GD (0) Ny 41 (h<k>, h<l>)
0
t . ~
+ [169 (=7 By (19,00 () ar
0
t .
+ / GO (t =) Nk (th“ﬂ, h<l>) (r)dr
0

t
“r/ Q(j) (t - T)./V‘j,k’l (h(k),plh(l)) (T) dr.
0

Applying the second estimate of Lemma 4.40 with A\ =1 — w—?—v’ B+ <
min (1,w), k1 € (0,1) we obtain

t
/ Gl (t—7)No (h(k), h(l)> (r)dr
0

< s (40,00

App Ar:p
+ <t>l—)\1—p+°;_ﬁ—% sup sup {T}Kl <T>)\1+%

p<g<oo 7>0
% (H'A?jkl (h(k)’ h(l)) (T)’ AB-w.q + H'NJM ( th(k)’ h(l)) (T)’ AB~-w.q

+[[AGia (0, DAY (5]

A/f—w>q>

for allt >0, p € [0,a], 1 <p < oco. Note that by (4.164) we have
rFonDih®) (1) = e 70, 1 (rhe) = sem Y (evg) FO (ert)

hence, by virtue of the result of Section 4.5.3 the estimates of the norms

i )
<T> ! Apr, Aprp

@ (0o, i o],
s,p

‘h(k) (1)

+ 7| Den® (7)]

+ T
P

B#
<o, <c:

are valid for all 7 > 0, p € [0,24], 1 < p < oo. Since the symbols Bf,k’l; (t,&,y),
éflkl; (t,€,y) satisfy conditions (4.166), by Lemma 4.44 we get

ns (49,10 ],

< CtOP s (7| gatorw—1rsa + [Bllgon) (1]l g0 + I2llgo.)
1

+ Cta (Al aproraa + [|Bllgod) (Rl a0s + (2] go.)
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for t > 1, since

at(ptw-1) n o+
(A=p=w)y = A Ry o

and ’_T_Jiq < —”""TV for all p > 0, if we choose

0<y<(0—1)min(l,w), v < (w+a) (1—;).

Thus we assume that 0 < v < } (min (1,w))2 . Also by Lemma 4.44 with

Alzl—w%?_’y,ﬁ+’y<min(l,w),
n—+a«a w
R1 = 5 +/8>ﬁ€ (075)7

we have

[y e

.
e S O {1 I (]
+

<+ 1)

5e)
+ O () (M (]

)
<[ o) B
+a

< O (1) PN TS L o2 ()TN < o,

[

AB+a,q

[

AOp

SiDCGl—B—%—%ﬁOand%—%ﬁfv—%—%SO,ifwechoose
0<y<pB(6—-1)and v < (w+ a) (1—%) . In addition by Lemma 4.44 we

getwithm:%—l—5<1,ﬁ€(0,%)

{ry (e

Nk ('th(k)’ h(n) () + N (h(k)"Dlh(l)> (7)’
_ K _w=B—n
<or @ o (e ], )

<o (W] o, + )

+Or ()i {ry (n) T ([P

5 @
< (ry® ([ o)
nta Bta =

< Ce2 ()N e ()i TR < o6,

AB—w,p

)

n HthW‘

Ba,q)

Aat+B.q

[
AO.p
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for all 7 > 0, since

n
) dq —

if we choose 0 < v < (0 —1) and v < (w + ) (1 - %) . All these conditions
for ~ are fulfilled if we take 0 < v < % (min (1,w))? and 8 < <. Thus we get

As above by virtue of Lemma 4.40 with ¢ = 0o, ko = A=1-— “57 we obtain
‘ / G (¢ 1) (No (B9, D) () = No (b, b) (7)) d
0
<O TR TS sup sup {1} ()

p<g<oo 7>0

« HNO (h(j), h(j)) (1) = No (B, h) (1)

Pty

t
[ 09 =n) 8o (K9 0) (ryar| < ce T
0

Ar:p

Bsp

’B*W’q

forallt >0, s€[0,a],1<p<c0.
In view of Lemma, 4.41

{T}HZJF% <T>X+% N, (h(j),h(j)) (1) — Ny (h,h) (7—)H
<ot (o

< (A

B-w.

bl g + DO+ Bl

Aa+'y,1
(€]
o B o + e

2
Cln|% < Ce?
X0+ [hllx, < Ce

+ 12l aoa +

< CHhU)’

for all 7 > 0, 1 < ¢ < 0o. Thus by virtue of the inequalities

and —\ — % < 0 we get
‘/ G (t — 7) <J\/0 (h@,h(ﬂ)) (1) — N (h, h) (r)) drl| < Ce (4.180)
0 X,
Collecting now estimates (4.178), (4.179) and (4.180) we obtain from (4.177)
Ih —wllx, < Ce. (4.181)
Via (4.168), (4.169) and (4.181) we have the estimate

_nty
o (8) = b (8)llgee < flw(t) = B ()| g + () = ()| go < Cet™ "5
for all t > 0. Theorem 4.38 is then proved.
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4.6 Comments

Section 4.1.

We relate some known results on the large time asymptotic behavior of solu-
tions to nonlinear convection-diffusion type equations in the critical case. By the
Hopf-Cole Hopf [1950] transformation the large time asymptotics of solutions to the
Burgers equation (4.16) was computed

1 T 1
u(t,x)zﬁfg (ﬂ) +O(t )

Here 0 = fR uo () dx is the total mass of the initial data uo (z) ,

fo (xz) = —20, log (coshg — sinh (g) Erf (g))

% foz eV’ dy is the error function.
In paper Dix [1991] it was proved that for small initial data wo () such that
uo € LY (R) witha € (0,1), the solutions of the Cauchy problem for the Benjamin-

Ono-Burgers equation (4.19) are close for large time values to the corresponding self-

is the self-similar solution, and Erf(x) =

similar solution t_%wg ( 5) of (4.19) defined by the total mass of the initial

data fR wy (x)dr =0 = fR uo (x) dx, more precisely

l1+a
=0 (t7 ’ )
Loo

Hu(t) i, ((-)f%)

as t — oo.
The convection-diffusion equation

us + (A V) (Ju|” u) — Au =0, (4.182)

where \ is a constant vector in R™ , was considered in papers Escobedo et al.
[1994], Escobedo et al. [1993a], Escobedo and Zuazua [1991], Escobedo and Zuazua
[1997], Liu and Pierre [1984], Zuazua [1995], Zuazua [1994] in the critical case of
o= % , when the initial data uo € L' (R™) . It was proved that the large time
asymptotic behavior of solutions with not small initial data from L* (R") is given

by a self-similar solution ¢~ 2 wg (() tié) defined uniquely by the total mass of the

w(t) —t Fwp ((~)t‘%) HLOO —o(t7%).

Similar results were obtained in Biler et al. [2000] for the supercritical case of

o> g%l and in Biler et al. [1998] for the critical case of o = %1 for solutions to

(4.182) with (—A)g , 1 <0 <2, instead of the Laplacian —A.

Section 4.2.

Large time behavior of solutions to the convection-diffusion equation with frac-
tional Laplacian

initial data:

w4+ M- V) (Jul”w) + (~A)2u=0, z€R", t >0, (4.183)

where 1 < a@ < 2 and A is a constant vector in R", was considered in the
a—1

critical case of ¢ = == in papers Biler et al. [2001b], Biler et al. [2001a]. It was
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proved that for any not small initial data uo € L* (R™) with nonzero total mass
fRn uo () dx = 6 the large time asymptotics of solutions is given by the self-similar

solution ¢~ & v (() tié) for equation (4.183)

[ty -2 ()

as t — oo. For some other results for critical convective nonlinear dissipative

equations we refer to papers Amick et al. [1989], Biler [1984], Biler et al. [2000],
Bona et al. [1999], Carpio [1996], Dix [1991], Dix [1997], Galaktionov et al. [1985],
Galaktionov and Vézquez [1991], Gmira and Véron [1984], Hayashi et al. [2000],
Hayashi and Naumkin [2003], II'in and Oleinik [1960], Karch [1999b], Kavian [1987],
Naumkin and Shishmarev [1994a], Zuazua [1994].

Section 4.3.

For the global existence and smoothing effects of solutions to the Cauchy problem
for the Korteweg-de Vries-Burgers equation we refer to Naumkin and Shishmarev
[1994b], Saut [1979]. Thus we know that there exists a unique solution wu (t,z) €
C> ((0,00);H* (R)) to the Cauchy problem for the Korteweg-de Vries-Burgers
equation (4.36) with initial data uo € H° (R), s > —3 . In this section we are
interested in the large time asymptotics for the case of the initial data having an
arbitrary size.

‘We now refer to some known results about the large time asymptotic behavior
of solutions to (4.36). In paper Naumkin [1993] it was proved that for small initial
data ug € L' (R)NH" (R) such that zuo (z) € L' (R) , the solutions of Korteweg-de
Vries-Burgers equation (4.36) have the asymptotics

w@ =75 ((rF) +o (i)

as t — oo, where v € (0, %) and fy is the self-similar solution for the Burgers

equation, defined by the total mass 6 of the initial data. The conditions on the
initial data were generalized in paper Karch [1999b], where it was proved that the
solution of (4.36) with small initial data uo € L* (R) NL?(R) have asymptotics

w(t) =t ((-)f%) +o(f%) (4.184)

as t — oo. As regards to the question of how to remove the restrictions on the

size of the initial data we note that in paper Karch [1999b] a conditional result was
proved: if the initial data uo € L' (R)NL?(R) and the optimal time decay estimate
for L? (R) norm of the solution is fulfilled

lu@lee =0 (£7F).

then the asymptotics (4.184) is also true for the case of large initial data. The
smallness condition on the initial data was removed in paper Hayashi and Naumkin
[2006b], where Theorem 4.18 was proved.
In paper Naumkin and Shishmarev [1994a], it was proved that for small initial
data up € L™' (R) N H® (R) such that uf € L' (R) the solutions of (4.36) have the
following two terms of the large time asymptotics

= (007) 22 (00) <0 (5)

t t

— o(t_%)

Loo
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as t — oo uniformly with respect to x € R, where

~ z) — 2) e /4
Fo () = -0 @) 2)) /RH@wS(y)dy

2y/7H (x
with 0 0
. x
H (x) = cosh 1~ sinh iErf (5) .

In paper Kaikina and Ruiz-Paredes [2005] this result was extended for the case
when the initial data have an arbitrary size.
Section 4.4.
Optimal time decay estimate

lu@®llz =0 (¢7)

for solutions to the Cauchy problem for the Benjamin-Bona-Mahony- Burgers equa-

tion (4.18) was obtained in paper Amick et al. [1989] in the case of not small initial
data uo € L' (R) N H*° (R). In paper Naumkin [1993] it was proved that for
small initial data uo € L' (R)NH"° (R) , the solutions of (4.18) have asymptotics
(4.101). In paper Prado and Zuazua [2002] it was obtained the asymptotic expan-
sion of solutions to the generalized n-dimensional Benjamin-Bona-Mahony-Burgers
equations and the Korteweg-de Vries-Burgers equations.

Some other results for dissipative equations with critical nonlinearities were ob-
tained in papers Amick et al. [1989], Bona et al. [1999], Carpio [1996], Escobedo
et al. [1993a], Il'in and Oleinik [1960], Mei [1999], Mei and Schmeiser [2001], Zuazua
[1993].

Section 4.5.

Large time asymptotics for the Boussinesq system of equations was obtained
first in paper Naumkin and Shishmarev [1995]. Theorems 4.36 and 4.38 were proved
in paper Kaikina et al. [2004b]. Similar results are valid for the Boussinesq equation
with damping

upe — VAU + QA2u —Au+ A (u2) =0,

where z € R%,t > 0, in the case o > ’1—2 (see Varlamov [1996]). The material of
this section was taken from paper Kaikina et al. [2004b].
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Subcritical Nonconvective Equations

In this chapter we study the large time asymptotic behavior of solutions to the
Cauchy problem for various nonlinear dissipative equations in the subcritical
case, when the nonlinear term essentially determines the asymptotic proper-
ties of solutions. This case also can be called the case of strong nonlinearity.
The character of the large time asymptotic behavior for nonconvective type
equations in the subcritical case is determined by the special self-similar solu-
tions. By taking into account some additional properties such as the maximum
principle and positivity of solutions, or by applying the weighted energy type
estimates, we will remove the requirement of smallness of the initial data.

5.1 General approach

In this section we give a general approach for obtaining global existence and
large time asymptotic representation of solutions to the Cauchy problem 1.7)

{ut—i-./\/(u)—l—[luzO,9UER,t>07 (5.1)

U(O,Z‘) = Up (.I), T e Rn)

in the case of nonconvective subcritical nonlinearity A (u).

We fix a metric space Z of functions defined on R™ and a complete metric
space X of functions defined on [0, 00) x R™. We denote as above by Gy € X
the asymptotic kernel for the Green operator G in spaces X, Z and by f the
corresponding functional (see Definition 2.1.)

Definition 5.1. We call the nonlinearity N in equation (5.1) subcritical non-
convective if the linear continuous functional f is such that the estimate is true

7 Re f (N (6Go (1)) = 070 (5:2)

for allt >0, 8 > 0 with some positive constants n,o and u € (0,1) .



432 5 Subcritical Nonconvective Equations

Now we prove the global existence of small solutions to the Cauchy problem
(5.1) with a subcritical nonlinearity of nonconvective type.

Theorem 5.2. Assume that the linear operator L is such that f (L (u)) =0
for any u € X. Let the nonlinearity N (u) in equation (5.1) be subcritical
nonconvective. Assume that

N (ue™?) = e T ReZN (u) (5.3)

for any z € C and uw € X, where o > 0. Suppose that the estimates are valid
v (8)1F NV (0 (1) = N (w (1)

<L 0" v () (0 (1) = w () lx (lol% + lwl%) (5.4)

for all t > 0 and for any v,w € X, where v(t) >0, a <1, 0 >0, p€(0,1),
and

. V|[x + ||w
< Cllo =l (ol + olh)” 1+ P12k} s

/0 G (¢ =7) (K(v(r)) = K(w ()| dr

X

for any v,w € X such that f(v) = 0 = f(w), or w = 0, where o > 0
and K (v) = N (v) — 5f (N (v)). Let the initial data ug € Z have a small
norm |ugll, < € and the mean value 6 = | f (up)| > Ce > 0 with some C' > 0.
Suppose also that i € (0,1) in (5.2) and (5.4) is sufficiently small. Then there
exists a unique global solution u € X to the Cauchy problem (5.1) satisfying
the time decay estimate ’

Proof. As in the proof of Theorem 3.2 we change the dependent variable
u(t,x) = v (t,x) e”#O+¥) in equation (5.1), and arrive to the Cauchy prob-
lem (3.7). Then we obtain the integral equation (3.8)

ﬁu(t)HX < Ce.

R A T e s

(5.6)

where the nonlinearity

and the functional

ho (£) = 14 %/0 Re f (A (v (7)) dr-

Also we note that the function v (¢) satisfies



5.1 General approach 433

1

W) = —mlmf(f\/ (v (1)), ¢ (0) = arg f (uo). (5.7)

We now prove the existence of the solution v (¢, z) for integral equation (5.6)
by the contraction mapping principle. We define the transformation M (w)
by the formula

dr
hy (T) 7

M (w) = G (t)vo — / G(t—7)K (w(r)) (5.8)

for any w € B, where
B={weX: f(w)=0, |w|x <Ce,

lw — G () vollx < Cpe, supt ™ hy, (t) > ”90} :
t>0 3

where

hy (t) =1+ %/0 Re f (N (w (7))) dr.

First we check that the mapping M transforms the set B into itself. Since
f(w) = 0 we have

hence from the integral equation (5.8) we see that
fM(w)) = f(G(t)vo) = [ (vo) = 0.
By the definition of the asymptotic kernel (see (2.3)) we have
[8)7 (G () vo — 0G0 (H)[Ix < C'lvollz < Ce,

and since w € B by condition (5.5) of the theorem we get

t dr
Gt—1)K

\ [G-nrwm) 2 ]X

3, || [F -
< =077 /T FIG (t — 1)K (w ()| dT

n 0 x
< O g (1 n '“’”X) < Cpe.

9o 0

Hence we see that
K d
M) -G ulx < | [ g-nrwe 2| <on
0 w X

and
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M (@) llx < 116 () ollx + M () = G (8) vl < Ce+ Cpee < Ce.
It remains to prove the estimate
t
Bty (8) = 1+ i/ Re f (N (M (w)) dr > Lot
0 Jo 3

for all ¢ > 0. We have by condition (5.2)

g

o / Re f (N (M () dr = / Re f (V' (6Go (7)) dr

+ % /O/Ref N M (w)) =N (0Gq (1)) dr > %gotu YR(), (5.9)

where
RO =5 [ Ref O (M(w) = (0G0 (7)) dr

By estimate (5.4) we have
C o o
1B (#)] < 5 IM(w) =G (#) vollx (IM (w)llx +11G (£) vollx)
¢
x / () ()P dr
0
c o o
+ 5 K07 (G () vo = 0Go (1))llx (16 () vollx + 16Gollx)
¢
< [T ar < ey,
0
Therefore by virtue of (5.9) we find that
n n
h t) > 14 —07t" — Ce” (1) > ——07¢H
M(w) () = iy % (1) >3
for all ¢t > 0, since p € (0,1) is small. Thus we see that M transforms the

closed set B of a complete metric space X into itself. Now by virtue of (5.5)
let us estimate the difference

M (v) = M (w)]|x
/gt—T ( ())hl(T)—zc(w@))Ml(T))dT

X
<[ rrse-nicwen - k@]
2 t
+ | [ 6@ =K@l @) - ho @l ar
X

/ TG (t - 1) K (w ()] dr

< g o=l (= +07
0 0

J

1
< Cpllo—wlx < 5 llv-wlx,
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where in view of condition (5.4) we used the estimate

lh () = T (B)] <

N (w(r)))dr
CetH

?

lo —wlx

< O llo— iy / o <r>“‘1 dr <

for all v, w € B. Therefore M is a contraction mapping in the closed set B of
a complete metric space X. Hence there exists a unique global solution v € B
to integral equation (5.6) such that

lvllx < Ce, [[v—G () vollx < Cpe, hy(t) > %W«

. _1
Using the relation u (t,z) = v (t,2) e h, 7 (t) we obtain the existence of
the solution to the integral equation (5.6) satisfying the following time decay
estimates ‘

This completes the proof of Theorem 5.2.

tguH < Ce.
X

We now obtain the large time asymptotic representation of solutions to
the Cauchy problem (5.1) in the case of subcritical nonlinearity A (u) of
nonconvective type.

Definition 5.3. We call the operator
6 (o=t [ G-t t)oway

with some & > 0 a self-similar asymptotic operator for the Green operator
G (t) in spaces X, Z if the estimates are true

1Go (1) dllx + 11{)7 (G (£) — Go (1)) ¢l x < Clldll, (5.10)
for any ¢ € Z, where v > 0. Also we assume that the asymptotic kernel (see
Definition 2.1) has a self-similar form Gg (t,z) = =Gy (a?t_%) and

Fo(O ) =er@e) (5.11)
for allt >0, ¢ € Z, with some a > 0.

We now fix a metric space Q of functions defined on R"™ and a complete
metric space X C X of functions defined on [0, 00) x R™, such that the norm
of Q is induced by the norm of X by

lollg = |0 ()¢ )]
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and

I¢llx < Cllélx-

First we prove the existence of particular solutions of equation (5.1) having a
self-similar form.

Theorem 5.4. Let conditions (5.3), (5.4) and (5.11) be fulfilled. Also we as-
sume that the estimate is true

X

| [/ 160 (6= 060 () - K ) e

o (0 Il o+l
<Clo-ulg (Iollg + lollg)” (14 F5F) - Gaz

for any v,w € X such that f(v) = 1 = f(w) or w = 0, where o > 0 and

K@) =N (@) - ﬁf (N (v)). Then there exist a unique solution V € Q to

the integral equation

V=Go- m/() Gy (1 - 2) K (z—av ((.) z—%)) dz (5.13)
with K (V) = N (V) = 55 f W (V).

Proof. We define the transformation R (V') by

1
—~ I B o _%
for any V € A, where
A={veq: fv)=1 |Vlg=C,

[v-af, < cn reseva ?jjj}

Since f (V) = 1 by the definition of K (V'), we see that f (K (V)) = 0; hence
FRV)) = f(Go) + f (K (V) =1,
Note that by conditions (5.3) and (5.11) we have

fWNWV)=f (tfa./\/ (V (()t*%))> =120 § (N (t—av (() t*%))>
and condition (5.2) with = 1 — awo implies
Re f (N (CTO)) > % > 0.

Applying the property of self-similarity we have, by taking £ = zt~% and
. . . . 1
by changing the variables of integration 7 = 2t, y = y'ts,
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/Ot TGy (L= 1) @) K 77V (()77F) ) ar
= /Otr_“ (t— T)_% /R” Go ((m —y)(t— 7')_%) K (T_O‘V (yr_%)) dydr
= tlmp-oa—a /1 dzz7H(1— z)f%
0
<[ G(e=a-a e (v (vt ay
=t /01 271Gy (1 —2) (xt7%> K (ziO‘V (() zf%)) dz,

since 4 = 1 — awo. Hence using the relation of the norms

£ (2t 7F ) || = 16 ©llq
by estimate (5.12) we get
[r-ail,

= m /0 z27"Go(1-2)K (Z_O‘V (() z_%)) dz

/Ot T HG(t—T)K (T_O‘V (() 7_%)) dr

1 o+1
oV (a b)) = cnvigT < cu

Q

X
<Cpu

and, in particular,
IR(V)lq < [[Gol| + [R()~Gol| < o+ensc
Applying conditions (5.2), (5.4) and (5.11) we obtain
Re f (N (V) = t'#Re f (N (t—ac% ((.) t—%)))
+ M Re f (N (t‘O‘V ((-)t—%)) —N (t—a&o ((-)t—%)))
> 5= |v-ai, (IIVllg + H@H;) > Loz
Thus we see that R (V) € A.
Now we prove the estimate for the difference denoting v (t) = LV (() t*%)

and w (t) = LW (() t*%)

T
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IR(V) =R W)llq

=41 G- (’C(;“V =) ’C@W((‘)Z”))) -

1

| 7160 =) () - K@l dr|

0 X

X

+QLH/O T Go (t =) K (w ()] 1f W (0) = f (V (w))| dr

J

< Oulo =l (1+] [ 716 ¢ ) K w )

1
<CpllV -Wig < 5 IV =Wlq.

Here in view of (5.4) and (5.11) we used the estimate
fNWV)—fWNW)<Clo-wlq-

Therefore R (V) is a contraction mapping in the set A. Hence there exists a
unique solution V' € A to the integral equation (5.10), and Theorem 5.4 is
proved.

In the next theorem we find the large time asymptotics for the solutions
of the Cauchy problem (5.1) with a subcritical nonconvective nonlinearity.

Theorem 5.5. Assume that the linear operator L is such that f (L (u)) =0
for any u € X. Let the nonlinearity N (u) in equation (5.1) be subcritical
nonconvective. Assume that conditions (5.3) and (5.4) are fulfilled and the
following estimates are true

HW /Ot G (¢ =) (K (v (7)) = K (w (7)) 7 "dr

X
< IO (06) — w Dl (ol + Tl (14 ) - 5.
[ [1ee-nxemiroa| <cpgt 6
0 X

and

<Clvlx”  (5.16)
X

ey [ 6-n—Ga(t- ) wnrrar

for any v,w € X such that f (v) =0 = f(w), or w = 0, where ¢ > 0 and
K@) =N () = 5f(N(v); here Gy is the asymptotic self-similar operator
for the Green operator G in spaces X, Z. Let the initial data uy € Z have
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a small norm ||ug||, < € and the mean value § = |f (ug)| > Ce > 0 with
some C > 0. Suppose also that p € (0,1) is sufficiently small. Then there
exist numbers A,w and a function V € Q (as a unique solution of the integral
equation (5.13)), such that for the solution w € X of the Cauchy problem
(5.1) the asymptotics is valid

H<t>7+% (u _ At e losty ((.) f%)) HX <C (5.17)

with some v > 0.

Proof. First let us prove the estimate

I8 (v () —w (@)llx < C, (5.18)

Wlth some 7 € (0, 1) , where the function v satisfies the integral equation (5.6),
=12V (( ) , and V satisfies the integral equation (5.13) so that

we have

w(t) = 0G (¢ /go (t—1)K ()) dr_ (5.19)

with Go (t) = -Gy ((.)t—%) and o, (t) = %5t Re f (\ (w (1)) . Note that
in view of the relation of the norms we have estimates

[wllx < Cllwlg =COV]q < CO.
Then by (5.6) and (5.19) we get
&)™ (v (1) —w (£))llx < [1(6)7 (G (t) vo — 0Go (1))l x

+

<t>w/0 <go(t7)lc(w(7))m

—G(t—T)K(v(7) h1> dr (5.20)

v (T)

By the definition of the asymptotic kernel (see Definition 2.1) we have the
estimate of the first summand in the right-hand side of (5.20)

I8)7 (G (t) vo — 0G0 (1) x < C'llvolly < Ce.

X

Then we rewrite (5.20) in the form
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()" (v (t) —w ()[|x < Ce

+ <t>”/0 (g(t—T)—go(t—T))lC(w(T));z)
w \T X
+ W/O G(t—7) (K (v(7) = K (w (7)) deZ)
w \T X
+ <t>7/0 <M1(T)_h~1()>g(t—7)/c@(7))d7
w \T x
By (5.16) we get
I = <t>7/0 Gt—7)—Go(t—7))K(w(r)) ;Lvah(' )
w \T X

< Cu

<o [@e-n-ae-mKwe)rra

X

Cu
< 4o % < Ce.

In view of (5.11) we also find

(t)” | G (¢t =7) (K(v(r)) = K(w ()| dr

X
[ollx + [lwllx

< 5 107 @ @) —w (1) Ix (lvllx + llwlx)” (1 " 9)
< Cul{t) (v (t) —w(®)lx -

Now we estimate the difference h,, (¢) — B (t). Since

%@:%mw<@mm:%WMN<m>

:g/t“ 'Re f (N Q/Ref

then in view of estimate (5.4) we obtain
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b ()= O 145 [ 11 () = ()] ar
<1 G IO 0O —w @l [ )
<1+ ﬁa"t“_” 1) (v (t) —w (1))lIx (5:22)

because v < p. Therefore by (5.15) we find

Y ! 1 _# . e
= /0 (hm) %m)g“ K|
< Cp20 ||ty / hy (1) — ‘|g (t — 1)K (0 (1)) 7 2dr )
S / G (t —7)K (v (7))~ dr .
oy ) - ||XH / =K

< CpP0 =+ Cu ) (v (t) —w (1)) x -

Collecting these estimates we get from (5.21)

1K) (v (t) —w (t))llx < Ce+Cp?0' =7 + Cu|[(t)” (v (t) —w (1) lx -

Hence considering the fact that u is small enough, we arrive at the estimate
(5.18).
Via (5.7) we get

w0 =g () - 5 [ s

By using estimate (5.22) we have the asymptotic estimate
[ (£) = 807 ()| < C ()" (5.24)
for all ¢ > 0, where § = 2 Re f N (V)) > 25 > 0. In addition by (5.4) we get

Im f (N (v (7))) dr. (5.23)

Im f (N (v (7)) = x87 7 {8) | < Ce* ()"

for all ¢ > 0, where x = Im f (N (V)). Substitution of these estimates into
(5.23) yields
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t

wt):—% (7)o arg f (wo)

e W) -

(
5 [ (Emmr e -
wlogt+W+O</too<T>17dT)
=wlogt+¥+0(t77), (5.25)

where w = —% and

W = arg f (uo) — :;/Ooo (hul( )

, _1
Therefore via the formula u (t,z) = e¥h, 7 (t)v (t,z) and asymptotic es-
timates (5.18), (5 24) and (5.25) we obtain the asymptotics (5.17) with a
constant A = ﬂ_’ ¥ Theorem 5.5 is proved.

X -1
W) - )dr.

Ezample 5.6. Large time asymptotics for the nonlinear heat equations
in the subcritical case

Consider the Cauchy problem for the nonlinear heat equation

{utAu)\|u| u, ¢ € R", >0, (5.26)

'LL(O,(E):UO(.’E),{EERH,

in the subcritical case o< 2 n where \ < 0.
We define f (¢ fRn r)dr and =1 — S0 > 0. Denote

~1f )l = | [ )i

Theorem 5.7. Let A < 0 and o < % such that 4 = 1 — S0 > 0 is suf-
ficiently small. Assume that the initial data uop € LY (R™) N LP (R") with
a € (0,1, p > 1, have a small norm |uollpi.a + |luolly, < €, and the
mean value § > Ce > 0 with some C > 0. Then the Cauchy problem
(5.26) has a unique global solution u (t,x) € C ([0,00);L** (R™) NLP (R™))

N C((0,00);L>® (R™)) satisfying the asymptotics

ult,r) = At7V (\2) +0 (t—%—w) ’

for t — oo uniformly with respect to x € R™, where A € R and V (&) is the
solution of the integral equation
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1 _l 1% ! dz _emwvE?
1% = [ 4 — D = ii-» K d ,
© (471')56 B(4m)2 /0 z(1—2)% /ne (== (y)dy

where =0 [g. |V ()7 V (y) dy, and

n

K@) =V V) -V / VO V(&) de.

Proof. To apply Theorems 5.2 - 5.5 we choose the space Z = L>* (R™) N
L? (R™) with a € (0,1], p > 1 and the space

X = {¢ € C(10,00);2) N C((0,00); L (R")) : [[6]lx < o},
where the norm
Il =sup ()% 16 (D)1
t>0
+ (20 o (1)L, + {815 (0F 16 Bl ) -
Also we consider the norm for nonlinearity
I6lly = sup {2157 @2 ()% 6 (Dl
t>0
+ 020D o )l + {85 0F 16 Bl ) -
We also define the space
X = {6 € C((0,50): L1 (R") N C((0,00) ;L% (R™) : [l < o0},
where the norm

Il = sup (1% 1% & ()l + £ 10 ()

Also we consider the norm for the nonlinearity [|¢[lg = |tzo0 (t)”i .
The Green operator G (t) of the linear heat equation has the form

where the heat kernel G (¢, ) is

|z|2

G(t,z) = (4mt) % e ar .

e~ 2 as the self-similar

_n |z
2

We can take now the heat kernel G (z) = (4r)

— n z|2
asymptotic kernel (see Definition 5.3) and Gy (z) = (4m)™ 2 e~ Note that

condition (5.11) is true if we take § = 2 and a = 3.
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By a direct computation we see that

Re f (N (0Go (1)) dr = | A 07+ G (t,x) dx
Rn
_le2

= |67 F! (47T)—%<0+1> t*%<a+1)/ e~ 1 () gy

n

= A 67F (4m)FT (1 + o) F R

hence condition (5.2) with 1 = 20 || (47) 27 (1+0) 2 and = 1 — 50 is
fulfilled. For any u, z € R we get

N (ue %) = —Xe® Jue |  ue ™ = e 77N (u),

therefore condition (5.3) is valid.
By Lemma 1.28 and Lemma 1.30 with § = v = 2 applied to the case of
the Green operator for the heat equation we obtain

1

1G (£) G, < Ct2=3) 16| (5.27)

and
117G )6 —vGo (1))

for all t > 0, Wherel§r§q§00,520,0§b§a719:fRn¢(x)dx, and
the asymptotic kernel is

_n(q{_Ll)y_a=b a
L, SO g, (5.28)

3

Go (t,z) = (4nt)~
Now we prove the following auxiliary result.

Lemma 5.8. Let the function ¢ (t, z) have a zero mean value fRn o (t,x)dx =
0. Then the following inequalities are valid

H(t>" /Otg (t—7)p(r)T " (r) "dr

<Clioly
X

and

t
[o@-nomrrir| <cloly
0 X
for allt> 0,0 < v < 3, provided that the right-hand sides are finite.
Proof. Since ¥ = [g, ¢ (t,z)dz = 0, by estimates (5.28) and (1.2) we get

t
< [H)E T T arsup (057 (07 6 (0
0 0

t>

foe-nsmrroan < [oei.r o ar

a__

<O dlly
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for all ¢ > 0, because 2£0 +pu=1-30 (1 — %) < 1. In the same manner by

virtue of (5.27) we have
t
< [ 16l rdr
0

/gt—T e ()

< / r B swp (D56 (0l < Colly (5:29)

forall 0 <t <1, and
t
< [ 16 @y (7 ar

/gt—r (T

+/0 (t—m) 20274 g (1)||paa 7 () dr

t>0

S/ S0 D drsup {15 020 o (1),

L -30-2)-3 / {r} BT ()T drsup {835 (2772 (|¢ ()|
0 t>0
<oty 100 o)y

for all ¢ > 1. Also by estimate (5.27) we find

/ Gt—7)9 VT

Loc
= / t=7)7F o (M) lgo 7™ “d”/ ¢ (Tl 7 dr
0
L -
< Clélly ( / (t—r) T+ / () dT)
0
S Cti% ||¢||Y (530)

forall 0 <t <1, and

(t—71)o “HA{T)

/ 16 (7)o (7)™ dr

+/0 (t =) 38 (Dllpe " (1) dr

t
< / T R drsup {15 ) (27 g (1)

t>0

~5-% / {r} HTH () E T drsup {15 (1) 2T (|6 (7).
t>0
< C{t) V_7||¢HY
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for all ¢t > 1. B N
Likewise we obtain estimates in the norms X and Y

t t
i [oa-nomrrrar| < [ ol rrar
t

for all t > 0, since §o+pu—§ =1—5 < 1. As well by estimates (5.28) and
(5.27) with r = oo, we find

!'-
< [ ot sttt |16 0]y < Cef ol
0 t>0

/ Gt—T1)o(r)T Hdr
0

Lee

i e t
S/O (t7_)22|||'|a¢(7—)||L1THdT+/;|¢(T)||L°°Tud7—

3 t
<Cl¢ly (/02 (t—r) %% Tf%o—w%dTJr[ Tg(aH)HdT)

2
< Ct % |lglly

for all ¢ > 0, since by changing the variable of integration 7 = tz we get

L 1
/ (t—7) 2878 gr =¢% / (1—2) f %8 dz <Ot %,
0 0
Hence, the result of the lemma follows, and Lemma 5.8 is proved.
Since by interpolation inequality (1.4)

v () IN (v () = N (w (1))l

< Cv(t) (v @lg=~ + lw®)lg) v (#) = w @)l

< C{t} 27 () 27 v (1) (v —w)llx (lvllx + lwl%) s (5.31)
condition (5.4) with a = -0 <1 is true. By estimates (1.24) we have

1K (v) = K(w)lly < [N (v) =N (w)lly
+ % ([ollx + llwlix) igg{t}% (O IN (v (1) =N (w ()l

g o= wlhsup {6} () (W (0 () s + IV (@ (O)ly)

o o 1 1
< Cllo = wle (ol + ) (14 3 ol + 5wl ) - 6:32)

Therefore by Lemma 5.8 we see that conditions (5.5), (5.14), (5.15) and (5.16)
are fulfilled. Condition (5.10) follows from (5.27). The rest condition (5.12).
is a consequence of the second estimate of Lemma 5.8 and the estimates
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and
IV (w (7)) =N (v (7))l < Cllw = vllge ([wllge + [[0]lg)”
< Cr O Jw — vz (el + I01%) -
Thus
IV (w) =N (v)llg < Cllw—vlx (leliz + Hvllg‘;) , (5.33)
and then

1K @) ~ K )llg < IV (0) = N (w)llg
+ 5 (1ol + ollg) suptIA7 @ 2) = N (w ()]s

+ % Ilo = wlig supt (I (v (E)lea + IV (w (#)]lL)

o o 1 1
< Cllo - wlg (ol + i) (1+ 5 lolg + 5 lulg ). (53

Now (5.12) is a consequence of the second estimate of Lemma 5.8. Applying
Theorems 5.2 - 5.5 we get the result of Theorem 5.7 which is then proved.

Ezample 5.9. The case of odd solutions to the nonlinear heat equation

Now let us consider problem (5.26) with the initial data wug (x), which
are odd functions in R™ : wg (21,..., =25, ..., Zn) = —uo (z1, ..., T, ..., &y) , for
every j = 1,2, ...,n. In this case the solutions u (¢, z) also will be odd functions
with respect to x € R™.

Denote

9:/ uo(x)ijdx.
R" i}

Theorem 5.10. Let A < 0 and o < % such that p=1—no > 0 is sufficiently
small. Assume that the initial data ug are odd functions in R™, and uy €
Lbe (R")NLP (R"), witha € (n,n + 1], and p > 1. Also suppose that ug have
a sufficiently small norm ||ug||p1.« + ||uolly, » and the mean value 6 > Ce > 0
with some C > 0. Then the Cauchy problem (5.26) has a unique global solu-
tion u (t,x) € C ([0,00) ; L** (R™) NLP (R™)) N C ((0,00); L (R")) satisfy-
ing the asymptotics

u(ti) = ATV (\2) +0 (),
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for t — oo uniformly with respect to x € R™, where A € R and V (§) is the
solution of the integral equation

o po [t dz ~(§—yV/z
V(f)—Go(f)—E ; Z(lz);/n G(m>K(y)dy,

where =0 fR" V (y)|7V (y) dy,

— 1 =2 n ~ 1 T
Go(@) = g+ [[o Glo) =5
j=1

and

K@) =Vl'vy -V (y)/ (VA7 V(&) de.

n

Proof. To apply Theorems 5.2 - 5.5 we choose the space Z
Z={¢¢c LY (R")NL? (R"): ¢ is odd function in R"},
where now a € (n,n + 1], and p > 1 and the space

X ={¢ € C([0,00);Z) N C((0,00); L= (R")) :
¢ is odd function in R" and ||¢[|x < oo},

where the norm

6llx = sup ({877 16 ()l + ("5 6 (1)
t>0
+sup {1 ()" |16 (8) |« -
t>0
Also we define the norm to estimate the nonlinearity
l6lly = sup {357 ()™ ({677 16 (1) .
>0
O E NS (s + 10 (0" 16 @)l )

We also define the space
X = {¢ € C([0,00); LV (R™)) N C((0,00) ;L (R™)) :
¢ is odd function in R™ and |[|¢¢ < oo} ,

where the norm
[0l = sup (15 1" 6 (@)l + £ [0 ()l )

Also we consider the norm for the nonlinearity ||¢|; = [t27¢ (t)H;( .
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By a direct computation we see that

n

Re f (N (0G0 (t)))drzuwgﬂ/ Go (t,2)|° Go (t,2) [ [ #5de

j=1

= [\l6°+ (16m) 2("“)1%*@(”“)/ e 5O T a7+ da
n ‘7:1
:n90+1t—n0;

hence, condition (5.2) with

p= W m) e [ e [y e
Rn e

and p =1 — no is fulfilled.
By Lemma 1.28 with § = v = 2 we obtain for any odd function ¢

7@ @6 —vGo )|, < ct730=D= T 14" gl (5.35)

for all t > 0, where ¥ = [g,. ¢(x) H?:1 zide, 1 < r < g < oo, 3>
0 < b < a. Now we prove the following auxiliary result.

Lemma 5.11. Let the odd function ¢ (t,x) have a zero mean value

¢ (t,x) ﬁ dxr = 0.

R'IL

Then the following inequalities are valid

H<t>” /Ot%wmw ()" dr

<Cliolly
X

and .
Gt—T1)o(r)T Hdr

_<Cl¢lg
X
for allt > 0,0 <v < g, provided that the right-hand sides are finite.

Proof. By estimates (5.35) and (1.2) we get

(t=7) g (r) 7" (1) dr

t
e / 16 (D)l 7 (7)™ dr

/ {1} ()T T drsup (57 ()" 6 () e

t>0
= " lloly
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for all ¢ > 0, since ¥ = 0 and 2—7;0 +p=1—no (1 — i) < 1. Similarly by

2p
virtue of (5.35), we have (5.29) for all 0 < ¢ <1, and

* / (t— ) 20278 g (1)||paa 7 () dr

[ou-nomrrmarl < [ lo@l s
0 Lp %

t
< / T T S drsup {77 ()" |6 (8) |,
% t>0

a—n

%
+t—”+%—%/ {r}7#7 ()T T dr
0

x sup {t} 5 ()" |6 ()|l
t>0

SO glly

for all ¢ > 1. As above we find (5.30) for all 0 < ¢ <1, and

+ / (=) E R G (1) e (1) dr

0

/ Gt—r)d(r)rr(n)y " dr| < / 16 (P lgoe ()~ dr
0 Lo i

t
g/ T drsup {15 D (06 (8)]|
b

5 t>0

t
n a 2 oy a—_n__1_ n_ _a—n
+ 1 [ T s (057 ) o ()
0 >

<Cm " el

for all t > 1. B _
In the same manner we obtain estimates in the norms X and Y

Lln

H-r’/otg(tmb(m%

—n

S/ T T drsup ™ 1" ()| < O (I8l
0 t>0

for all £ > 0, since no + p — *5* =1 — %5 < 1. Also in view of estimates
(5.35) with r = co we find
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2 n a a _ t _
< / (=) 2 ()l 7 “dT+ﬁ 16 (7l 7 Flr

Lo

/ G{t—T)o(r)T Hdr
0

0

3 - L ¢
< O”(ZS”’\? (/O (t — 7')_5_5 T*nof,u‘l’ T dr _"_[ Tn(a+1)'u'd7'>

2

<Ct™|glly

for all ¢ > 0, since by changing the variable of integration 7 = tz we get

t 1
a

2 n_a a—n 2 _n_a a-n
/ (t—7) 2 277 My = t_n/ (1—2)72"2z72 ldz<Ct™.
0 0

Hence, the result of the lemma follows, and Lemma 5.11 is proved.

Now by interpolation inequality (1.4) we get (5.31); hence condition (5.4)

with @ = Zro < 1 is true. By estimates (1.24) as above we have (5.32).

Therefore by Lemma 5.8 we see that conditions (5.5), (5.14), (5.15) and (5.16)
are fulfilled. Consider now the rest condition (5.12). It is a consequence of the
second estimate of Lemma 5.8 and the estimates

IV (@ (7)) = N @ (Dl < Cllw ol (ol + o117
< Cr* 7 w - ollg (ol + ol
and
IV (@ (7)) = N (0 (D)l < C o = vl (0l + ole)?
< O w — g (el + o)) -
Thus we obtain (5.33); hence estimate (5.34) follows. Now (5.12) follows from

the second estimate of Lemma 5.8. Applying Theorems 5.2 - 5.5 we get the
result of Theorem 5.10 which is then proved.

Example 5.12. Burgers type equations with initial data having zero
mean value

Now we consider the Cauchy problem for the Burgers type equation with
initial data having zero mean value fRn uo (z) de = 0. By the rotation in the
x - plane we can always transform the Burgers type equation to the form,
where the vector A = (—1,0,...,0) . Therefore, we consider the problem

{ut — Au— 0, (|u|g+1> =0, z€R", t>0, (5.36)

u(0,2) =ug (z), z € R",

where o > 0.
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We choose the asymptotic kernel

T __l=l?
—€ 4(t+1)

Co () = (dm)F (t+1)FF

and the functional f (¢) = [g. ¢ (x) z1dz. Denote g (t) = 1+607'nlog (1 + 1),

n = || (4m) "0+ / e~ 0+9) |5 17 g > 0,

n

and

9:/ ug (x) z1dx.

Theorem 5.13. Let 0 < %ﬂ such that p =1— (n+1)o > 0 is sufficiently
small. Assume that the initial data ug € LP (R™)NLY® (R™) with a € (1,2] and
p > 1, have a small norm ||uo||1.. + ||uollL, < € and the moment § > Ce > 0
with some C' > 0. Also suppose that ug have zero mean value fR” ug (x)dx =0
and the moments [g,, xjuo (x)de =0, j # 1, [5, 21uo () dz > 0. Then the
Cauchy problem for the Burgers type equation (5.36) has a unique global so-
lution u (t,x) € C ([0,00) ; L** (R™) NLP (R™)) N C ((0,00); L>° (R")) satis-

fying the asymptotics

ulta) =ty (L) o (i),

for t — oo uniformly with respect to x € R™, where A € R and V (§) is the
solution of the integral equation
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= po [t dz ~(E—yVz
V(f)—Go(ﬁ)—B o z(l—z)g./n G<m>K(y)dy,

where f = JfRn \% (y)\a+1 dy,

Go (2) =

and

K@) =V -V /R V()7 de.

Proof. To apply Theorems 5.2 - 5.5 we choose the space
Z={¢cL"(R")NL (R")},
where now a € (1,2], and p > 1 and the space
X ={¢€C([0,00);Z) N C((0,00); Wi, (R")) : | ¢llx < o0},
where the norm
a1 ntl _ n
l6lx = sup (7% 116 Ollgra + (6F 5 6 (D)0 )
t>0
n nt1l n o 1 n
Fsup (05 0T o ()l + (FH I V6 (0 ).
Also we consider the norm

no 4 1 ("+1>”+l _a-1
61y =sup (£ (055 (7 o @)l

ntl

(O F 6 Ol + {05 (0T 16 (@)l )
We also define the space
X = {¢ € C([0,00); L1 (R™)) N C((0,00) ; L= (R™)) :
lollg < oo},

where the norm

a—

" Ollgs + EF 16 Ol ) -

z =sup (™
¢l = sup (

(nt+1)o

Also we consider the norm for the nonlinearity [|¢]; = Ht 7o tig (t)H

By a direct computation we see that

453

X
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Re f (N (G (1)) dr = |A| 67+ / G (t,2)[" " d
R?‘L

=\ o°H! (47T)—%(1+a) t_(1+ﬂ')(1+%)/ . =12 (5 41) lelgﬂdz

n4l

_ ,]700+1t————o"

hence condition (5.2) with

n 22
n = |\l (4r) 2D / e T D) [y |7 g

n

and p = l — ”THU is fulfilled.

By Lemma 1.28 with § = v = 2 for the functions having zero mean value

» ¢ (z)dr =0 and the moments [, ;¢ (z)dx =0, j # 1, we get
R R LJ

[P @ 1) 6 —vGo 1))|| < ot 20=D=5 1" gl

for all t > 0, WhereﬁsznqS(:r)xldx, 1<r<¢g<oo,0<b<a.

Now we prove the following auxiliary result.

(5.37)

Lemma 5.14. Let the function ¢ (t,x) have a zero mean value fR" o(t,x)dx =

0 and zero first moments

/’ z;j¢ (t,x)dz = 0.

Then the following inequalities are valid

H<t>”/0tg<t ~ne T | <cloly

and .
Gt—T)o(r)T Hdr

_<Cl¢ly
X

for allt> 0,0 < v < 3, provided that the right-hand sides are finite.

Proof. Since ¥ = 0, by estimates (5.37) and (1.2) we get

/ Gt—7)o(r)T *{(r)™" dT

71 (n+1)6+1 _y
/ {1} B ()3 dr

(n
2

x sup {1157 (1) T 1 (1)

t>0

<CHT 7 oly

t
< / 16 (P lgae 7" (7)™ dr
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for all £ > 0, since 2”—1)0 +p = 2%0 + % — "THU < 1. In the same manner by
virtue of (5.37) we have

R e TR

/ G(t—1)o(r)r () dr| < / 16 ()l ()7 dr
0 Lp 3

=75 6 (8)]|

t
1, ntl | n n (ntHo+l | ntl
§/ T e drsup {0 (1) 2

: >0

n+

t
i +";/ (ry H )T
0

(n+l)o+1  a—1

xsup {1} 37 (1) 2 7 e (T)llzre
t>0

_,_ntl | n
<CTTTE N gy

for all t > 1. As above we find

(ntD)ot1 | ntl

t
S/T’lf”*%dfsup{t}ﬁ("“)@) 6 (8) |
t t>0

/0 Gt—7) ()T ()" dr

Lo

2

(nt+Do+1 _a—1
2

7 e (7)llpra

t
n a 2 o a=1_1_ n
L A e e R )
0 t>0

g _ntl
<C(t) T lolly
for all t > 1.

Furthermore we obtain estimates in the norms X and Y

t
HI-I” G(t— 1) (r) rdr
0

Ll,n

a—1

t
— nt+1l)o (n+1)o —
S/ Ta4217< +1) +17”deupt tlotl a1 |||,|a¢(t)”L1 < Ctz ||¢||§
0 t>0

% — %‘1 +pu=1- “51 < 1. In addition by estimates

for all £ > 0, since
(5.37) with r = oo we find
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(t—7)o(r)T Hdr

Lo

s/ (=) F b () a7 “dr+/ 16 ()l 7" dr

0
t

B t
2 _n_a a—1_ (nt+lo (1) (e41)
SCH(ZS”? (/ (t—T) 2 27-71—%7;%&__‘_[ Mé“dT)
0

2
_ntl
<Ct7 7 ol

for all £ > 0. Hence, the result of the lemma follows, and Lemma 5.14 is
proved.

Now by interpolation inequality (1.4) we get (5.31); hence condition (5.4)

with a = %O’ < 1 is true. By estimates (1.24) in the same manner as above

we have (5.32). Therefore by Lemma 5.8 we see that conditions (5.5), (5.14),
(5.15) and (5.16) are fulfilled. The rest condition (5.12) is a consequence of

the second estimate of Lemma 5.14 and the estimates
IV (w (7)) =N (v (7)) |10
< Cr T o — ol (il + 0%
and
IV (w (7)) =N (v (7))L~
< Or R Ju - vz (el + 0l

Thus (5.33) is true; hence we get (5.34). Now (5.12) follows from the second
estimate of Lemma 5.14. Applying Theorems 5.2 - 5.5 we get the result of
Theorem 5.13 which is then proved.

5.2 Fractional heat equations

In this section we study the Cauchy problem for the nonlinear dissipative
equations with fractional power of the negative Laplacian and complex coef-
ficients

8tu+a(—A)§u+ﬁ|u|“u+7|u\'€u:0,xeR",t>O, (5.38)
u(ngj)ZUO(I)7x€an '

where «, 3,7 € C, Rea > 0, p > 0, kK > ¢ > 0. Furthermore we assume that
Re Bo(a, p,0) > 0, where

§(a, p,o) = / ) |G (2)]” G (z)dz, G (z) = Fep (e‘amp) .
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5.2.1 Small initial data

In this subsection we concentrate our attention on the subcritical case 0 <
o < £ and prove global in time existence of small solutions to the Cauchy
problem (5.38). Denote n = pRe 36 (a, p, o),

0° no
Yo (1) =1+ Mtl—T .
p—no

Theorem 5.15. Assume that Rea >0, 0< o0 <k < % and
up € L™ (R") N LY (R™), a € (0,min (1,p)).
Furthermore suppose that
Re 38(cv, p, o) > 0, |o(0)| =6 (27)" 2 > 0.

Then there exists a positive € such that if luoll Lo + w0l p1a <€, [Q0(0)] > Ce
and the value o is close to £, so that £ — o < Ce?, then the Cauchy problem
(5.38) has a unique global solution u (t z) € C([o, oo) L> (R")NL%* (R"))
satisfying the asymptotics

u(t,z) = A==V (t—% (.)) e 4o (t*%*7> 7

for t — oo uniformly with respect to x € R™, where A € R, v > 0. Here V (£)
is the solution of the integral equation
) K (y) dy,

TP S ch
V) =6 =75 | z(l—z)z/" ((12)

mw mH

where

s=oke [ V@IV

p=1-— %a, and
KW =VoIve-ve [ Verved
The function 1 (t) satisfies the estimate
b1 o
”(/J (t) — arg o (0) + |0]7 ﬁ/o Xo (1) (L 4+7)"°"dr
t ;
< C€1+20/ Xo 7 (1) (1+7)" *#"dr,
0

where 1 =Im 36 (e, p,0) .
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Remark 5.16. Our proof of Theorem 5.15 depends on the positivity of the
value Re 8d(«, p, o), which we need to derive better time decay properties of
solutions (see Lemma 5.17 below). If p = 2 then we can calculate explicitly
the value of 0 («, p, o) (see also Hayashi et al. [2003a], Hayashi et al. [2003D])

0(a,2,0) =

We do not need the positivity of the kernel G (z) = F¢_, (e @¢I") of the
Green operator which was essentially used in previously proving the blow-
up results. The condition that the value o should be close to £, so that
2 — ¢ < Ce7 is rather technical and is caused by the application of the
contraction mapping principle for proving global existence of solutions.

Proof of Theorem 5.15

Define the Green operator G (t) by
G(1)6=TFemse "5e) =175 [ G (67 w-w) o)y (539)

with a kernel G (z) = Fe_, (e72€I").

As in the proof of Theorem 5.2 we change the dependent variable u (¢, ) =
v (t,z) e ?M+T1) a5 above. Then for the new function v (t,z) we get the
following equation

o+« (fA)g v+ Be 7|7 v+ e |v]"v — (¢ — i )v = 0.
We assume that
/ (Be= 7% |v|7 v+ ye " |v|"v = (¢' —iY')v) dz =0,
then the mean value of new function v (¢, ) satisfies a conservation law:
p an(t,x)da: =0.

Hence v (¢,0) = vp (0) for all ¢ > 0. We can choose ¢(0) = 0 and 1 (0) such
that 99 (0) = |tip (0)] = 0 (2r)” 2 > 0. Thus we consider the Cauchy problem
for the new dependent variables (v (¢, z), ¢ (t))

O +a(—A)fv=—Be 0% (Jv]” = % Jgn V|7 vdz) v
_,ye—pr (|’U|H — %fR" |’U|N 'Ud.'L') v, (540)
O (t) = 3e77% (Re B [ [v]7 vdx + =9 Rey [g.. [v]" vdz)
v (O,JC) = o (JU) i QO(O) =0.
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We denote h (t) = %) and write (5.40) as

{ 8{04’0&(*A)§U = F(th)a ’U(O,iC) = o (it), (541)

Oth =% (Re B [gn [v]” vdz 4+ h'~% Rey [, [v|" vdz) , h(0) =1,
where

F(v,h)==Bh7 (|v|” = § [gn [v]” vdz) v
—yh=% (|v]" = § [gn [v|" vdz) v.

We note that the mean value of the nonlinearity F/(1-1,\h) (t,0) = 0 for all
t > 0. It is expected that the second summand vh~ 5 |v|" v of the nonlinearity
F (v, h) decays in time more rapidly than the first one Sh =1 |v|” v. Denote by

X = {(;5 € C([0,00),L*(R™) N Ll’“(R”))} ,
with norm

[9llx = sup (1457 16 Dl + 19 (@ls + (14077 16 (D))

where a € (0, min (1, p)). Also we define
Z={peL>*nL""},

with norm
oz = llo Ol + 1o Ol -

As in the proof of Lemma 5.8 we get the following result

Lemma 5.17. Let the function ¢ (t,x) have a zero mean value
¢ (t,x)dxr = 0.
R‘n.

Then the following inequalities are valid

<Cliolly
X

HW /Otg<t—7>¢<f>f—~ (1)~ dr

forallt >0,0<v < %7 provided that the right-hand sides are finite.

By virtue of Lemma 3.12 we get that G € X is the asymptotic kernel
for the Green operator G in spaces X, Z and the operator G is a self-similar
asymptotic operator in spaces X, Z with v = % and

(@)= [ ¢du.

RTL
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Denote ol
xo (t) = 1+ 20 115
p—no

By a direct calculation we have

I (v (£) s Xo (£)) = F'(w (£) ; Xo (1)) [|
<OxG' () o = wlg (o ®g + lw @)L)

" (1 @l + ||w(t)||L1>

0
<C(8—0) 1+ o —wllx (o ()% + v (0)]5)
(1 IOl bl (5.42)

1 (v () Xo (8)) = F (w (£)  Xo ()]s
<OxG' (@) o = wlgw (o @)l T + lw (©)L)

2 2
x@wmmlum@mu+”“ﬂnr?mu>p>
<O (2= o) ) o - wlg (v @) + o (%)

XOMM&+MMM&+”“W;;WMM&>

and

1 (v (#) s Xo (8)) = F(w (£) ; Xo (1)) |1,
<Oxg ' () v = wllgra (lv (B)lIg + lw (©)l )

y <1+ o (8)]|.x ; ||w(t)|L1)

(—70) (14t~ 1%
(

x Jlo = wllx (lv @llx + lw (®)%)

< lv (®)llx + [[w (¢ )le)

for all ¢ > 0. This yields the estimate

18) (F (v (8) , X0 (£)) = F (w (8) , o (1)) 1x (5.43)

< v —wlix (I ()% + llw (©)]%) (1 L e @l ; I (t>llx) .

Therefore via Lemma 5.17 we get
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/0 Gt —7) (F(0(7)  xo (7)) — F (w (7) , xo (7)) dr

Also by a direct calculation we find

IN(v) = N(w)||
__onta __no o (o
<c{ty o ) e o) —w®)lx (o Olx + lw®)llx)-
Hence if we suppose that p — no < Ce? as in the prove of Theorem 5.2 we
obtain a unique solution v (t,z) € X, h(t) = e’?® € C(0,00) satisfying
equations

{ v(t) =G ()vo + Jy G(t = T)F (v(r), h (7)) dr, (5.44)
h(t)=1+F [y dr (ReB [g. [v]” vdz +h'"% Ren [g. [v]" vdz),

X

< v —wlix (Il ()% + llw (©)]%) <1 L e @l ; Jw (t>llx) .

and estimates
v () = G () vollga < Cett

and
7 () = Xo (t)] < Ce¥7x0 (1) (5.45)

We also have by applying (5.42) to (5.44)
o () =G () vollye < CH7 (1 +1)77, (5.46)
and by the definition of 1) we see that

W (t) = argug (0)

1 t
- f/ e 7% (Imﬂ |7 vda 4 "¢ Im’y/ v|'{vd:c> .
9 0 Rn n

By the time decay property of the solution v we have

<Ce"t T,

— t . .
) - @+ 1077 [ W ()4 F

where 77 = Im 86 (o, p, o) . Hence by (5.45)

— t 1 .
]wt)—arguo ©) + 1017 / o () 47)

<Clor i [ X T @) - xe (D] 0+ 0)F

< c/o oF (P (L+7) Fdr (5.47)



462 5 Subcritical Nonconvective Equations
for large t > 0. Then via formulas

w(t,z) = e POTWOy (¢ 1) = hw (t) eV Dy (¢, x)
we find the estimates

Hu () — 075G (t—% (.)) e—w(t)ﬂw(t)H

< |t = G @Wwo) et :w
H (Q (tYvg — Ot » G (f% (.))) e—ga(t)+w(t)HLm
<Ot (1 41)77 (5.48)

where we have used the estimate
H (g (tYvg — 0t 7 G (t*% (.))) o= PO Fiw()

and (5.46). We also have by (5.45)

L SO [l

JoFG (07 () pF e —ata (5 () e (0O

LOC
_n —1-1
<Cet™rxo 7 ()M (1) = xo (D)
hence, via (5.48) it follows that
1
) =0t G (175 () xo 7 (t “W)H
lum =056 (170 () xa ™ 0|
_1
<CeMT (1477 . (5.49)

Also by applying Theorem 5.4 and Theorem 5.5, because of estimate (5.43)
and Lemma 5.17 we get the result of Theorem 5.15.

5.2.2 Large initial data

This subsection is devoted to the study of the Cauchy problem (5.38), when
the initial data are not small. For simplicity we take « =1, =1 and v = 0,
and therefore, we consider the following problem

ut+(—A)§u—|—|u\ou:O, zcR" t>0, (5.50)
U(O,-T/):’LLQ(I'),Z'GRH, .

where p € (0,2]. Let ug € L1 (R")NL>® (R™), ug (x) > 0 almost everywhere
in R”, then 0 =[5, uo (z) dz > 0. We are interested in the global in time
existence of solutions to the Cauchy problem (5.50) with subcritical powers

of the nonlinearity o € (O, %) We also suppose that o is sufficiently close to
P

e
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Theorem 5.18. We assume that the initial data ug € L (R™) N L>® (R"),
0 < a < min(1,p) are such that ug (x) > 0 almost everywhere. in R"™, 0 =
S wo (z) dz > 0. Suppose that £ —e < o < £, where e > 0 is sufficiently
small. Then there exists a unique global solution

u € C([0,00);L"* (R") NL>® (R"))
of the Cauchy problem (5.50), satisfying the following time decay estimates
lu (@)l <C ()7

for large t > 0. Furthermore there exist a number A and a function V €
LY N L such that the asymptotic formula is valid

u(t,z) = A5V (xt—%) +0 (t*%*7> (5.51)

for t — oo uniformly with respect to x € R™, where v = %min (a, 1- %) ,

and V (&) is the solution of the integral equation

veo=c©- [ o (et a-a ) kwa
(5.52)

with 3 = %= [ga V7 (y) dy and

K@) =V ) -V [ Vi©d
Proof of Theorem 5.18

Considering problems (3.31) and (3.32), we get via Lemma 3.14 and the result
of Section 5.2

hu (@)l < € )~0-3) (1 vee(Loa)” ti—ﬁ)l (5.53)
and
it (0 g0 < C (1) (1 voe(? —o)"l’ti—ﬁ) (5.54)

for all t > 0 and 1 < p < oco. As in Chapter 3, we consider the Cauchy
problem (3.35) for the new dependent variables (v (¢, z), ¢ (t)). We now prove
the estimate .

[o @)L <C{B)*

for all ¢ > 0. By estimate (5.53) we have
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no

lu (@)l < C0)~7F (1 poe (2 U)ltlp)_l’
then
¢ ()< - / uvdz < C{)y 7% ;
hence ¢ (t) < C (t)' 7" . Thus by virtue of (5.53) and (5.54) we get
v () |lg1.e < e?D Jlu(t)|gr.. <C(T) (t)?

and

lo @l < e u @, < € (T) ()~ 0H)

for all 0 < t < T. Now we consider ¢ > T. We use the integral equation (3.37).
By virtue of estimates (5.54) and Lemma 3.12 we get

‘/Ttg(tr) <u” (r)v(7) - ”(97) / u’ (T)U(T)dz> dr
gc/Tt uU(T)v(T)—U(GT)/nuU(T)U(T)dx
<o (2-0) [ 7 o lnadr

n

Ll.a

dr

Ll,n,

for all t > T. Therefore in view of (3.37) we obtain
P ! 1
I Ollge <16 ¢ = T)0 (D)l + €~ (£ = 0) /T ()" o () 1.0 dr

t
<em @ +e [ @7 ol dr
for all t > T. Here € > 0 is small enough, and T' > 0 is sufficiently large

(remember that o < £ is close to £). The application of the Gronwall’s
lemma yields the estimate

lo ()l < Ct)° (5.55)

for all ¢ > 0. In the same manner by virtue of estimates (5.53) and Lemma
3.12 we get
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o)y <G E=T) o (T

/ G(t—r) < (T );/nu"(T)v(T)dx)v(T)dT

x
2

<comw E0H o [T E0bE ey,

Lp

for all ¢ > T. The further application of the Gronwall’s lemma yields the
estimate

lo @)l < € (1)~ 5(%)

for all ¢ > 0. Therefore in the same way as in the proof of Theorems 5.4-5.5
we get the result of Theorem 5.18 .

5.3 Whitham type equations

This section is devoted to the investigation of large time asymptotics for
solutions to the Cauchy problem for nonconvective type nonlinear dissipative
equations in the subcritical case

frevmsooner oy,

u(0,2) =up (x), x € R.

The linear part of equation (5.56) is a pseudodifferential operator defined by
the Fourier transformation

Lu=Feo(L(§)U(E)),

and the nonlinearity A (u) is a quadratic pseudodifferential operator

N (@) =Feer [ alten) Tty i
defined by the symbol a (¢, ¢, y) . Nonconvective type nonlinearity means that

a(t,0,y) #0.

We consider here the real valued solutions w (¢, z) .
Suppose that the linear operator £ satisfies the dissipation condition which
in terms of the symbol L (§) has the form

ReL (&) > pf{e}’ (&) (5.57)
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for all £ € R, where u > 0, v > 0, § > 0. Also we suppose that the symbol is
smooth L (£) € C! (R") and has the estimate

L (©)] < C{ey" ' ()" (5.58)

forall ¢ € R\ {0},1=0,1.
To find the asymptotic formulas for solutions we assume that the symbol
L (£) has the following asymptotic representation in the origin

L(§) = Lo(&) +0 (") (5.59)

for all [¢] <1, where Lo (€) = [¢]° +ip2 €&, . p2 € R, v € (0,1).
We suppose that the symbol of the nonlinear operator A is continuous
with respect to time ¢ > 0 and

|Oka (t,6,y)| < CLe -y} T ({E—y}* (€ =) + {¥}* (v)7) (5.60)

forall {,y e R,t>0,1=0,1, where « > 0,0 =0if v =0 and o € [0,v] if
v>0.

The subcritical case with respect to the large time asymptotic behavior of
solutions means that

0>0.=1+c.
We assume that the symbols of the nonlinearity have the asymptotics
a(t,0,9) = a0 () + O ({y}**" ()") (5.61)

for all y,z € R, t > 0, where v € (0,1), ag (y) is homogeneous of order .
Also we suppose the total mass of the initial data is not zero

aO(O)—\/lz?/r{uo(x)dx#O.

K= 02/ ag (y) e Loy =LoW) gy,
R

Denote

Define

ol ao.ce = H@(')”L?(mgl) and [[¢[lgos = ||¢(')HL§(\£\21)

and
[ellpoo = 10| POl -

where v € (0,min (1, )) is such that v < « if @ # 0. Denote as well

Go (z) = Fep (e_LO(g)) ,

No (¢) = Feoa /R a0 (4) B (€ — ¥) @ (y) dy.

In this section we prove the following result.
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Theorem 5.19. Assume that ug € A>°NB»'ND®Y with a sufficiently small
norm

[[woll oo, +[[wollgo.s + [[wollpoo =&

Suppose that k > 0 and
6 =15 (0) > 0.

We assume that 1 — &3 < w < 1, where w = %. Then there erists a unique
solution u € L= ((0,00) x R) N C ([0, 00); A%>*NB»" N D®?) to the Cauchy
problem (5.56) satisfying the following time decay estimate

lu (D)o < 57

for allt > 0. Furthermore there exist a number A and a function V € LML
such that the asymptotic formula is valid

u(t,) = AV (at8) + 0 (#87177)

for t — oo uniformly with respect to x € R™, where 7 = %min(l —w,7).
Here the function V (€) is the solution of the integral equation

vo=ao-1 [ (1d_)/RG° ((e-vt) -2 F) Fay,

where
F(y)=No(V)(y) =V (y) No (V) (0)
and
n= i/\/’o (V) (0).

Remark 5.20. The conditions of the theorem on the initial data ug can also
be expressed in terms of the standard weighted Sobolev spaces as follows

1wollgge.0 + llwollgo.. <€,

where o > % However, the conditions on the initial data ug are described
more precisely in the norm A%>*NB%! 0 D0,

Remark 5.21. We give an example of the application of Theorem 5.19. For the
potential Whitham equation

wp + (ug)? 4 111 102]° u+ po [0, up =0, z € R, t >0, (5.62)

we have a (t.€.y) = — (€ =)y, L&) = m ]’ — iptlel’ ", ao(y) =

Lo (&) = 1 \f|6 i,u2§\§|671, u1 > 0, uo € R. The conditions (56 ) nd
(5.61) are fulfilled with 0 = a =2, v =46, 0 > 4. —3sothatw—§<lls
sufficiently close to 1. Then for small initial data ug such that 8 > 0 and the
norm
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l|luo |l gge.0 + ol ggo.e < €

with o > %, the asymptotics
u(t,x) =t~V (xt*%) +0 (ﬁ*lﬂ)

is valid for ¢ — oo uniformly with respect to x € R.

5.3.1 Preliminary Lemmas

The Green operator G is given by

G ()6 =Fea (e7HO5(5)).

From Lemmas 1.38 we obtain some preliminary estimates for the Green op-
erator G (t) in the norms

le Dllars =170 ez i<y »
e Ollgew = II-I° @ (2, ')HLg(\g\ZU,
lo ®llpoe = 10l {37 ()7 @t )l

where p,s € R, v € (0,1).

Lemma 5.22. Let the linear operator L satisfy dissipation conditions (5.57)
and (5.58). Suppose that & (0) = 0. Then the estimates are valid for allt > 0

1G (&) @llare < C &) 373 o] o,

where p >0 if p=gq andp—i—%—%>0if1§p<q§oo7

1 1
19 ellans < € 0735 gl o,
where p+~v >0 if p =00 andp+’y+%>0ifl§p<oo,

IG (8) @llges < Ce™ 2 {1} 7% @llgos

where 1 <p<o0,s>0,ifv>0and s=0ifv=0 and

16 (1) @llpe. < C ()5 {t} ™ (lellpoo + @l 0 + @llpo.)
L _s 1 1
+ OB (07 (Il o + Iollon) o100

where 1 < p < qg<o0, p>0,82>0,ifv>0ands =0ifv =0,
0<~y<min(1,9) if p=0 and 0 <~ <min (1,4, p) if p > 0.
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Define Gy (t) by
Go (1) 6 = Fema (7015 (0)).

where the symbol Lo (§) = 1 |§|(S +ipo \f|671 £ is homogeneous of order § > 0,
p1, 2 € R and

Go (z) = Fe (e_LO(g)) .
Using the method of Lemma 1.39 we estimate a difference G (t) — G (t) .

Lemma 5.23. Let the linear operator L satisfy conditions (5.57) and (5.59),
then the estimates

1/(1 1

(G () = Go (£)) Bl s < C )T 3G=3) 16| yo.a

Jor1<p<q<oo, and
[0 y6~ 17350 Go (173 ()]

are valid for all t > 0, where 1 < p < oo, p+v > 0.

<o T
P
<o [6llpes

In the next lemma we estimate the Green operator G (t) in our basic norms
ptl £
Iollx=sup  sup{t) > ([ () apn + sup sup(t)* ¢ (1)]| ar.o
pE[—,a+7] t>0 pE[0,at~] t>0

2 24 L
+ sup - sup sup (£} (6) T o (1)
s€[0,0] 1<p<oo t>0

s P—
+ sup sup sup{t}* (t) 7 [|¢(t)llps.
p=0,a s€[0,0] >0

Bsp

and

L o
[0y = sup_sup (95 {21 6 (1) e
SpS

Jo 1 o
+ sup sup (DT {7 |16 (1)l
1<p<oo t>0

+sup ()75 {17 116 ()]l oo ;
t>0

here v € (0,min (1,d)) is such that v < a if @« > 0, w € (0,1). We take
w= %C < 1 below. Define the function g (t) = (£)' 7.

Lemma 5.24. Let the function f (t,x) have a zero mean value f(t,O) = 0.
Then the following inequality

/0 g ()Gt —7)f (r)dr

<Clflly
X

is valid, provided that the right-hand side is finite.
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Proof. By virtue of the first two estimates of Lemma 5.22 we obtain for p €
[—y,a+7]ifp=1and for p € [0,a+~] if p=00

3 ety 1 J_ .
< C/ {t—7) & " (r)? 1d78u13 (T f (M)llpo.o
0 T>

/O g ()Gt —7)f (r)dr

Ar:p

<T>7$71 {r}" ¥ drsup <T>w+i {7} 1 (D)l aos
>0

<CW % | flly-

Similarly, by the third estimate of Lemma 5.22 we get for s € [0,0],1 <p <
oo, t >0

/0 g ()Gt —7)f (r)dr

Bs:p
t I ol 1 s fed

< c/ e 2T TRt} T {7} dr
0

xcsup (1) 345 {1 || £ (P)lgow < C(OT 37 {8175 | £y -

7>0

Finally by the fourth estimate of Lemma 5.22 we find for p = 0, a, s € [0, 0],
t>0

De:s

/0 g ()Gt~ 7)f (r) dr

SC’/ d7'<t—7'>_§ {t—T}_%g*1 (1)
X (ILf (Mlipoo + I1f (D)l avee + 1S (T)lIgo.)

oy

+c/ dr(t—7) 5% (=) g1 ()
(1f ()l a0 + I1F (D) lgo.e)® ||f(T)H1%30,o-

Using the norm Y we have

+OWy [ G- E mE T -y ) R ar
<Clflly {377 7.

/0 gL ()Gt —)f (r)dr

Des

<Clfly [ A i o R
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Hence, the results of the lemma follow, and Lemma 5.24 is proved.
Now we estimate the nonlinearity A (u) in the norms A%?, B%? and D%°.

Lemma 5.25. Let the nonlinear operator N satisfy condition (5.60). Then
the inequalities

IV (@)l a0r < C (I D) gar + [l (B)llgor)
< (lle @l ao.r + lle (D)l go.)

IV (@)lgor < C (Il (D)l actrr + o (B)llgen)
X (lle B ao.r + llp )l o.)
+C (e Ollacs + e Ollger) Ul Ol avr + 1@ ()llgo.r)

and

IV ()llpoo < Clle (Ollpes (e (Ol a0 + [l () 50.1)

T Clle®lpoo (e Ollaas + lle (D)lgen)
+Clle @l ga-vr + [l Dllgos) (e (Bl ao.ce + [l ()]l go.o0 )
+ Ol Olla-+a +lle @llgor) (1@ (Dl aaie + [l (B)lgox)

are valid for 1 < p < oo, provided that the right-hand sides are bounded.

Proof. By virtue of condition (5.60)

IV (@)l aor < H [ lattalie: - n el

L2 (j¢|<1)

i

=C H/ =" { ="+ W )P —y) @ty dy
R

Ly (lgl<1)
hence, by the Young inequality we obtain
IV (@)l a0e < CICT {3 2L (II@(t)IILguagl)

+18 Ollzgersn) )
< C (e ()l g + 19 B llgea) (19 @) o + Il Dllgoe)

In the same manner

IV (@)llgo.r <

/ la (6.6 ) 13t — y) B (L)l dy
ly|<%

L(g[>1)

_|_

[ lattnlp s -0 g tnldy
lvl=z LY (¢|>1)
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Thus

IV (@)lgor < C

/ <1 =" (=7 =y} +{y}")
x @t —y)p(ty) dy||Lg(|g|21)

+c‘

[ T e )
x |@(t,-—y)@(ty)l dy||L§(|g|21) )
and therefore,

IV @)llger < €373 50|

+CIH{ SOl 167 {1 2 )L
< C(lle Dl aatr + lle Ollger) Qe Ol aos + e (B)llpor)
+C(le Ollaaa +lle Ollge) Qe Ol avo + o @)llgo) -

|2 (®)lLr

The first two estimates of the lemma then follow. Denote

atEy) =alt,&y) ({E—yr* E— v + )" W),
?(t,6y)={E—y" - +{y " W)PtE—y) D (ty).

‘We have

IV (@)oo = HW [t o

Leoe

ch/Rab(t,-,y) 0@ (¢, y) dy

Loe

+0H/Ruagw,@<t,-,y>1a’<t,-,y>dy

)

Loe

where the commutator
0], @ (¢, & y)]a(t, & y)
= [ 106 = n) = (@ EDNT0E )l

By virtue of condition (5.60) we estimate the commutator
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R

Lee

SCH//¢(t,-—n,y)—¢(t,-,y)||77l17dndy
R/JR

Loo

=¢ H/ (10" {- =9} ¢ =w)7 @t —y) 2 (ty) dy
R

Loe

+cH/R<|ag|%a< D) k" )7 B (L) dy

Via (5.60) we have

and

LOO
S OO {37 ()7 @ )l pos 12 (0)I1
+ C 10" @ ()0 -3 ()7 @ ()l
< Clle )llpas (e @)l a0 + lle ()llgo.1)
+C e (D)llpoo (e )l gar + e ()llgor) -
~ dn
te—m, t
/M{Ey}m( €= ny) ~E 6V i
dn
<C <C v
= s ey T T v
- dn
hE—m, ¢
Jupicn F6E 0 TV
E—y—n d
<C “Lgel 41
= i<t n / ey [l
<y Moy
ml<i{e—yy Nl

Thus we have the estimate

|ag|"a<t,f,y>=A|a<t,s—n,y>—a<t,s,y>||n|—1—”dn

<C{E—y}

for all £,y € R. Therefore,

473

(5.63)



474 5 Subcritical Nonconvective Equations

H/ tew) |0 @ (1, 9) dy

Loo

/{ T )T Bt — ) Bty dy

Loe

+cH/R{~—y}V¢<t D) {0} )7 8 (1) dy
<ot 078w 18-
+C e O], I8 (07 @Ol

< Clle @l ga—a + e @llger) Ul Bl aoee + [l¢ (D)lgo.oc)
+Clle Ol o + e Ollgoa) (e Bl v+l (Dllgoc) . (5.64)

In view of (5.63) - (5.64) we get

IV (@)llpoo < Clie (Olpas (I ()l aoa + 1@ (E)llgo.r)

+ Clle oo (e (Ol e + I D)lgon)

+C(lle Ol ga-v + lle (Ollgon) (e (@)l ao.ee + Il ()llgo.o0 )
FC e Olla—s + e @llgos) Ul Ol ance + e B)llgeoe) -

Loo

Thus the third estimate of the lemma is true and Lemma 5.25 is proved.

5.3.2 Proof of Theorem 5.19

For the local existence of classical solutions for the Cauchy problem (5.56) we
refer to Chapter 2, Section 2.5. for all £ > 0. We define

Z={¢pec A nB"' nD"}

with norm
9llz = ¢l ao.e + 19llgor + |9l po.0 = €.

Denote
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kO O\ 8.
g(t)_(1+1—w) ,w—g<1.

Applying Lemmas 5.22-5.23 we understand that Gy is a self-similar asymptotic
operator in spaces X, Z with functional

Also the function

Go(z,t) =t F . (e—Lo(E))

E—at 3
is the asymptotic kernel. By a direct calculation we have
g Q op—14w
7 Re [ (N (6Go (1)) = 20771+,
so N is a subcritical nonconvective type. By Lemma 5.25

IV (0)lly < Cllvllx

and
PONGE O <l
Y
Hence
1Klly = HN(“ o) - "N ) <0>H <Ol (5:65)

Applying Lemma 5.24 we get

t

/ gL ()G (t— ) K (1) dr
0

<C|Klly <Cllvl%-

X

Via Lemma 5.25 we obtain

|6 (N @) )| < C ol
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In the same manner we can estimate the differences K(v) — K(w) and
N(v) — N(w) to see that all conditions of Theorem 5.2 are fulfilled, and
therefore, there exists a unique solution u € X.

By analogy we easily get

H/ G0 (¢ = 1) (C(v(7) = K (w (7)) 7 dr

X

H(W /Ot G (t— 1) (K (v (7)) — K (w (7)))| r—<dr

X
<Ol ) - w el (14 e
HW [g¢-nxwmirsar| <clli
0 X
and
HW/ G(t—7)— Golt — 1)K (v (m)) 7 Hdr|| < Ol
0 X

Therefore via Theorem 5.4 and Theorem 5.5 we have the result of Theorem
5.19 which is then proved.

5.4 Damped wave equation

5.4.1 Small initial data

First we study the one dimensional nonlinear damped wave equation

_ 140 —
{ Ve + Vg Vgpy + U O7 X € R, t> O7 (566)

v(0,z) =evg (x), v, (0,2) =ev1 (x), z€R

in the subcritical case o € (0,2), with small € > 0. For simplicity we consider
the one dimensional case. The higher dimensional damped wave equation can
also be considered by our method.

Taking v = u; and (14 8,) ' vy = uy we rewrite equation (5.66) in the
form of a system of nonlinear evolutionary equations

u + N (u)+Lu=0 (5.67)

for the vector u (t,z) = (u1 (,2) )7 with the initial data

ug (t, )
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w00 =70 = (1,50 )

where the linear part of system (5.67) is a pseudodifferential operator defined
by the Fourier transformation as follows

0 — (1414
k=127 | & 1
+1i§

and the nonlinearity is defined by

with a matrix - symbol

L&) = {L;x (&)}

N =a+a) ().

1

with

x

(140,) " =Fe s (14i6)"" Fose :e_x/ da'e” .

— 00

Denote by

/\1(€)=%+%@,)\2(§):%_}m

2
the eigenvalues of the matrix L (§). Note that the matrix

Q11 (&) Q12 (&) (144§ 1+4€
@)= <Q21 (€) Qs (6) ) = (—M () —s <£>>

and

N | (6 — (Lt ie)
@ (5)<1+ie><xl<e>—Az<£>><Mf) 1+z’£)

diagonalize the matrix L (§), that is

GHCEICR G}

Consider the system of ordinary differential equations with constant coeffi-
cients depending on the parameter £ € R

d . ~
au(t,fH—L({)u(t,g) =0. (5.68)

Multiplying system (5.68) by Q! (£) from the left and changing  (¢,£) =
Q (&) w(t, &) we diagonalize system (5.68)
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d (w1 (t7§)> _ <)\1 € 0 ) <w1 (@5)) )
dt \ w2 (t? 5) 0 )‘2 (5) w2 (t’ g) ’
hence by integrating with respect to time ¢ > 0 we find
wy (€)Y _ (7™ 0 w1 (0,€)
wy (£,€) ) 0 et wsy (0,€) )
Returning to the solution @ (¢, &) we get
~ _ (@) _ wy (,€)
i = (mi) —e@ (i)
—tA1(€) 0 B 7
—e@ (7 )@ ()
— o—tL(©) (170 (f))
uy (§) )

where the fundamental Cauchy matrix has the form

—tA1(§)
e O =Q () <e 0 et92(5)> Q71 (9)

1 _/\22(5) - (1 + Zg) e,t)\l(g)
Ji—4e2\ = M©

L (N 1) e
- 1—4¢£2 <_1§_15 —/\2(f)>6 .

We rewrite the Cauchy problem (5.67) in the form of the integral equation

u(t) =G (t)u— /Ot Gt —1)N (u)(1)dr, (5.69)
where the Green operator
G () v =Feo (705 (9)) -
In this section we prove the following result.

Theorem 5.26. Assume that the initial data u € (L>° (R) N LY (R))2 , G €
(0,1), are such that the mean value

oze/R(al (@) +7ia (2)) dz > 0.

Then there exists a positive € such that the Cauchy problem for equation (5.67)
has a unique mild solution u (t,z) € (C ([0,00);L> (R) N L (R)))2 satis-
fying the following time decay estimate
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_1
lu (B)llpee < Celt) 7

for large t > 0 and any o € (2 — &3, 2). Furthermore the asymptotic formula

is valid w(t.2) = e ((tn)i v (\2) +0 (t_§—7)> ,

for t — oo uniformly with respect to x € R, where v = %min (a, 1- %),

e1 = ((1)) . Here V € LY (R)NL*> (R) is the solution of the integral equation

4 .
V(§):\/%Te_€42—n\/lﬂ 0 z(ld—zz)é/RE(i(ly\/j)) Fy)dy, (5.70)
where
n—log/RV”"(y)dy
and

F%y)::v“+”<y>—»V<y>/;vﬂ*ﬂ<s>da

Remark 5.27. As a consequence of Theorem 5.26 we have the following as-
ymptotics for the damped wave equation (5.66)

1 xT 1
v(t,z)=(tn) -V |— +O(t7?77),
() = (o) * v ()
for t — oo uniformly with respect to x € R if the initial data
(vo, (1+8,)" vl) € (L® (R) N LY (R))”

with a € (0,1) are such that the mean value

/ (vo (x) + vy (z)) dx > 0.
R

Before proving Theorem 5.26 we obtain in Subsection 5.4.1 some prelim-
inary estimates of the Green operator solving the linearized Cauchy problem
corresponding to (5.67).

Preliminary Lemmas

First we collect some preliminary estimates for the Green operator

G ()1 =Fes (72O (6))
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in the weighted Lebesgue norms |||y, and ||¢[/p1.. , where a € (0,1), 1 <

p < 00. Also we show that G (t) asymptotically behaves as the Green function
Go (t) for the heat equation

60 ()0 = Feor (7C0(0) = [ Goltia—u)v )y

with a kernel

2

) = 7o () =
11
Ao = (0 o)

19:/R¢(x)dx.

From Lemma 1.33 we have the following result.

Denote a matrix

and a vector

Lemma 5.28. Suppose that the vector-function ¢ € (L (R)NLY® (R))Z,
where a € (0,1). Then the estimates

1G @) ¢llLy < ClIdllLs

and

a—

<t 0737 ||g|| e
P

|11 (9 () 6 = (am)~2 =5 agw) |

are valid for allt > 0,1 <p<oo0,0<w<a.

The following lemma will be used for estimates of the nonlinearity in The-
orems 5.2 - 5.5

Lemma 5.29. Let the vector-function 1) (t,x) be such that Ay [g ¥ (t,x) dz =
0 and the norm

v+ 1 v—ga
sup ()77 [[¢ (£)l| +5up ()72 19 ()l gae = [19]g
>0 >0
be finite, where a € (0,1), v € (0,1). Also suppose that the function g (t) is

such that g (t) > ()" for all t > 0, where pn > 0 is such that p+v — % < 1.
Then the following inequalities are valid

\/Otng)g(t—T)wr)dT

for allt > 0.

<O Y)g

Leoe

/0 gL G (t— ) (r)dr

and

<CWTETT Ylg

Ll,a
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Proof. Since Ag [ ¢ (t,x) dx = 0, we have by the estimates of Lemma 5.28

1G @& =7)Y (T)llpee < C Y (T)lpoe (5.71)
1G (t =) ¢ (Dl < CE=7) 5 ||t ()| (5.72)

and
G =T)Y (T)llpre SCIY(T)Ipre (5.73)

for all 0 < 7 < t. Therefore, by virtue of (5.71) and (5.72) we get

t

; g ()Gt =)y (r)dr

Lo

<c / T ) ()l (1) dr - C / 19 () lgoe )" dr

S C Hw”}}‘ </02 (t — T)_%_% <T>%—V—H dT+L <T>—IJ—H—% dT)
<O Y)g

for all ¢ > 0. In the same manner via (5.73) we find

t

9*1( )G (t=7)¢(1)dr

Ll,a
t
< c/ 18 (D)l (7)™ dr < cnqu/O o
< CHTE
for all £ > 0. Lemma 5.29 is proved.

Denote
91+U

C@mP(1-3)(1+0)
Since 2 — % < 0 < 2 and § > Ce, we may suppose that ¢ > 1.

Lemma 5.30. Assume that w € (L (R) N L*> (R))2 with a € (0,1) and

955<A0/ {E(x)dm) > Ce > 0.
R 1

Let the function (w (t,z)); = w1 (t,x) satisfy the estimates
lws (t)grse < Ce (1) 2050

and
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lwn () = (G (£) @), llgasr < O (1) 72059

for allt > 0. Then there exists € > 0 such that the following inequality is valid

t
1 _
1+/ dT/ Wit (r,2) de > 5 (1)
0 R 2

wlq

(5.74)

for allt > 0.

Proof. Via Lemma 5.28 we get
1(G (1) em), = 0G0 (t,2)llg140 < Ce (1) 70772,
and via the assumption
lwy (£) = (G () eB)y || g1sn < CEMHO ()00

we have applying the Holder inequality

Hw%-‘rn - 91+0G(1J+0HL1 < Hw%+¢7 (t) o (g (t) 5{5)1+0

L1

+|[@®emitT - oGyt )|

< C (lwillfase + (G () ew)y lIgps) lwr (8) = (G (8) )y [l

+C (H(g (t)ew), lIf40 + 607 HGOHEHU) 1(G () ew), — 0Go (t,2)[I,140

< e (H)TE et ()T E R
for all ¢ > 0. By a direct computation we obtain for the heat kernel Gy (t,z) =
(47Tt)_% e~

[ (Got.a))*7 da = (14 o) (amt) %
R

Therefore, we get

grtog—3
/ wﬁ" (t,z)de - ————
R (4m)% (14 0)

[N

= ‘/ w7 (t,2) do — 91'“’/ (Go (t,2))" da
R

R

<C ||w%+o . 91+0G(1)+o||L1 < Ot <t>—% + Celte <t>—g—g

for all ¢ > 0; hence
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91+Ut1—%

(47)2 (1-%)(1+o0):

dT H'U (t,x)dx —

(NI

dT v (1,2) dx — (1%

t t
§052+‘7/ <T>7§dT+C<€1+a/ (r)"272dr
0 0

1
2

m\’-\

< Ce(t'™% + Celtopl=5-5 < ¢l

for all ¢ > 0. Thus we get

/ dT/ o (tx)de > ¢t F. (5.75)

Estimate (5.75) implies (5.74), since ¢ > 1 and Lemma 5.30 is proved.

Proof of Theorem 5.26

We use the method of Theorems 5.2 - 5.5. We change the dependent variable
u(t,r) = e=*Mw (t,x), then we get from (5.67)

wy + Lw+ e 7PN (w) — pw=0 (5.76)

or in the integral form

w(t) =G () — /0 G(t—7) (7N (w) — gw)dr.  (5.77)

According to the large time asymptotic behavior described by Lemma 5.28
we need to demand that the real-valued function ¢ () satisfies the zero total
mass condition

AO/ (e™7PN (w) — ¢'w) dz = 0,
R

which is reduced to one equation
efww/ (140,) " wite (t,z)dz — ¢’ (t)/ (Aow (t,r)), dv
R R
e / W (b 7y do — & (1) / (Aow (£, 7)), da = 0.
R R

We also can assume that ¢ (0) = 0. Since, AgL (0) = 0 via equation (5.76) we
get
d

— A =0:



484 5 Subcritical Nonconvective Equations

/R(Aow (t,z)), dv :e/ (Aoii (), dz

R

e[ (w@+ (20" 0 @) ds
:5/ (vo (z) + vy (x))de =6
R

for all t > 0. Therefore we obtain the equation

1
o' (t) = e_"“’(t)é / w1 (t,z) de. (5.78)
R

Multiplying equation (5.78) by the factor e then integrating with respect
to time ¢ > 0 and changing the dependent variable e??(*) = ¢ (t), we get

t
g(t) =1+ 9/ / wit? (7, z) dedr. (5.79)
0 Jo Jr
Thus we need to solve the following integral equation
w=M(w), (5.80)

where the operator

and

P =N (@) ~w) 5 /R Wi (t,2) de.

We define w(® = G (t)u and successive approximations w*+1) = M (w(k))
for k =0,1,2,... We prove that M is a contraction mapping in the set

X = {w e C([0,00); L"*(R) NL>(R)) :

sup (0% 1o (Ol + (072 16070 (@l ) < 26

t>0

We also prove both that the mapping M transforms the set X into itself, and
that the estimates are valid

w® e X; [lw® () ~g@ei]| | <ottt (581
(k) 113
o (1) = 2yt (5.52)
Aof® (t,x)dx =0, / (Aow(k) (t, x)) de =10 (5.83)
R R 1
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for all t > 0 and k > 0, where

F8) t) =N (w(k) (t)) —w® (t) % /R (wgk) (t, x)>1+" dx

t 140
g® () =1+ z / / (wgk) (r, :v)) dxdr.
0 Jo Jr

For k = 0 the estimates (5.81) follow from Lemma 5.28. Then applying Lemma
5.30 we get the estimate (5.82) with k& = 0. Equalities (5.83) are true due to
the definition of w(®). Then by induction we suppose that (5.81) to (5.83) are
valid for some k > 0. Applying the identity

and

x

(1+8,) " (x) = e / e () dy;

we see that
|a+on™ | < clvl~,

la+on v . <Cl¥l..

Therefore, as a consequence of (5.81) via interpolation inequality (1.4), we get
the estimates for the function f®*) (t)

s, <clu® o] (1+5 ]« o],
< Celte (1)~
and
o, <clo® ol o o, (1+5 ]« o],,)

a—o

<Ce'tot) 2

which imply

140
sup ({t)T
>0

O L +m

Loee

7o )

) < Celte. (5.84)
Ll.a
By (5.82) - (5.84) we can apply Lemma 5.29 with 4 = 1—§, v = , to obtain

| 1) g weu]| < c‘ /0 ﬁmg (t—7) f® (r)dr

RIO) U FRlO]

Lo

< aup (0 ) < et

t>0

Ll.a
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and
o0 -sal,,. <o [ Freee-nsomn

<ot (07 ||fP |+ o= 1o o)

t>0

Ll.a

) < Cetto ()8

Ll,a

for all ¢ > 0. In particular, we see that the estimates

< Ce (t)~ 20
L1+0‘

o

and .
o009, < ceve -

are true. Then the application of Lemma 5.30 yields

t l+o 1 -
G (1) =14 7 / / (w0 () dwdr > 5 ()%

for all ¢ > 0. Therefore (5.81) and (5.82) are valid with k replaced by k + 1.
Integrating

wt(k+1) 1 Lt §emoeps (w(k)) —pw® =0

with respect to z € R we get

%/Rw(kﬂ)dx i /R (efrw'/\/ (w(k)) _ ga’w(k)) de = 0.

In view of (5.83)

Ao/ w* Y (¢, 2) do = AO/ U (z) dx = Oey, (5.85)
R R

where e; = (1

0) . Therefore by (5.85)

AO/ FEY (¢ 1) da
R

1 1+o0
=4 /R (N (w(kﬂ) (t,x)) —w*H (1) 7 /R (wgkﬂ) (t,o:)) dz) dz
= Ao/ N (w(kﬂ) (t7x)) dr — / (wgkﬂ) (tx))l“ dr = 0.
R R

By induction we see that properties (5.81) - (5.83) are true for all ¥ > 0. Thus
the mapping M transforms the set X into itself. In the same manner we can
estimate the differences M (w®))— M (w*~1) to see that M is the contraction
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mapping in X. Therefore, there exists a unique solution w of integral equation
(5.80) in the set X.

Now let us compute the asymptotics of the solution. From the proof of
Theorem 5.7 we see that there exists a unique solution to the integral equation

1 e 1 1 d _(emuvE)?
V(€)= (dm) e - — 1 / G- / TS F () dy, (5.86)
n(m: Jo 21— 2 Jn
where
g
=1 [ Vi
=y
and

Fly) =V (5) ~ V() /R VI (¢) d.

Next by using the method of the proof of Theorem 5.5 we get the estimate

Jro-etor ()

for all ¢ > 0. That is we have the asymptotics

< Cet2(1=5)= (5.87)

Lp

w(t) =t %e0V (ﬁ) +o (f%ﬂ) (5.88)

and

gt)=0"nt'" 5 (1+0(t7)) (5.89)

for t — oo uniformly with respect to z € R. Therefore via the formula
u(t,r) = e ¥Ww(t,z), (5.88) and (5.89) we obtain the asymptotics of the
solution. Theorem 5.26 is proved.

5.4.2 Large data

Consider the one dimensional nonlinear damped wave equation of the form

{ Ut + Up — Uge = A |u|"u, 2 €R, t>0, (5.90)

u((),ac):uo(x), ut(oax):ul (.’ﬂ), z €R,

where o > 0, A < 0. Our aim is to prove the large time asymptotic formulas

for the solutions of the Cauchy problem (5.90) without any restriction on the

size of the initial data ug (z) and u; (z). We study the one dimensional case for

simplicity, the higher dimensional cases also can be considered by our method.
We will prove the following result.

Theorem 5.31. Let A < 0. Assume that the initial data vy € W2 NH? N
LbenC? uy € WINH! NLYNC? a€(0,1), are such that 0 > 0. Also
suppose that the value o < 2 is close to 2. Then the Cauchy problem (5.90)
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has a unique global solution u € C([0,00); W2 NH2NLY* N C3), satisfying
the following time decay estimates

()| < C (1) 7

for large t > 0. Furthermore there exist a constant b and a function V €
L N LY such that the asymptotic formula is valid

u(t,z) =bt =V (a:t*%) +0 (t*%ﬂ) ,
for t — oo uniformly with respect to x € R, where v = %min (a, 1-— %) , and
V € LY N L™ is a solution of the integral equation (5.70).

Remark 5.32. The restriction for the value ¢ < 2 to be close to 2 is rather
technical. It comes from the application of the contraction mapping principle
in the proof of Theorem 5.31 below. We believe that the asymptotic behavior
of solutions obtained in Theorem 5.31 is general whenever o € (0,2) with
some decay restrictions on the initial data, as it happens for the nonlinear
heat equation (see Escobedo et al. [1995]).

Proof of Theorem 5.31

By Lemma 2.40, Lemma 2.41, Lemma 3.42 we get the time decay estimate

3 _a
sup ({07 e Ol + 07 s O0) < €.

where v > 0. Denote f (¢, ) = uy and consider two auxiliary Cauchy problems

U —Uge + MUY =e2|f|, z€R, t >0, (5.91)
U(O,I):€|UO(I)|,SEER, '
and
Vi — Vi + 27 (N Vo = |f], 2 € R, t >0, (5.92)
V(0,2) = L |uo(z)|, z € R. '

with sufficiently small £ > 0. Thus we can apply the results of Section 5.2 to
calculate the large time asymptotic behavior of solutions U (¢,x) and V (¢, x)
to the problems (5.91) and (5.92) respectively. By Lemma 3.45 |u (¢, z)] <
Ce=2|U (t,x)| and we get an optimal time decay estimate for the solution

1

1 11 -1
o (8) | < Ce™ ()2 (1 Y Ce(2-0) 7 t?‘5> (5.93)

for all £ > 0. Now we prove the asymptotics of solutions. As above we make
a change of the dependent variable u (t,2) = e=¥"w (t,x), then we get the
integral equation (5.77).

Let us prove the estimate
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[w ()|l <C ()2 (5.94)

for all ¢ > 0. By estimate (5.93) we have
o -1
lu®lfe <C @72 (14 Cem@=0) " t1787)

We use the integral equation (5.77). By virtue of estimate (5.93), Lemma
3.42 and Lemma 5.28 we get

’ /Otdrj(t —) ((?) (14 8,) " u(r,2)|” wy (7, 2)
o)y [l w ) dr ) ar

Ll.a

<0 (2—0) / ()" lw (7) | .o dr

for all ¢ > 0. Therefore in view of equation (5.77) we obtain

t

[w (®)llpre <CE)* +Ce™7 (2 0)/0 (1) w (7)llgs.a dr

for all ¢ > 0. Application of the Gronwall lemma yields the estimate
lw ()[pra < C ()2 (5.95)

for all ¢ > 0. In the same manner by virtue of (5.93), Lemma 3.42 and Lemma
5.28 we find

lw @y < 1T (&) @]l

/Ot drJ (t —7) ((?) (1+0,) " |u(r,2)|” w (7,2)
o)y [ )l (o) de) de

"

Lr

<o) 203) +C/E (t—7)275)-8 (51 g,
0

+Ce (2 0) / () e () g dr

2

t
<D we [ 07 ol dr
é
for all ¢ > 0, since o < 2 is close to 2. Application of the Gronwall lemma,
yields the estimate
_1(1_1
o (®)l < € (07203
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for all ¢ > 0. The above estimates now imply that
[w (8) = (T () W)y, < C(2—0) () T

for all ¢ > 0.
As in derivation of (5.79) making a change of the dependent variable
e??t) = g (t), we get

g()—l—i—&/ / lwy (1, 2)|” wy (1, 2) dzdT. (5.96)

91+U

Denote ¢ =
enote ¢ am % (1-3)(110)?

that ¢ > 1.

. Since 0 < 0 < 2 is close to 2, we may suppose

Lemma 5.33. We assume that w € (LL‘IOLC’O)2 with a € (0,1) and
0 = (Ao [gw dx)l > 0. Let the function (w(t,x));, = w1 (t,x) satisfy
the estimates .

lwr ()llgse < C () 205

and .
[wy () = (T () W)y llg14e < C(2—0) (1) 205
for allt > 0. Then the following inequality is valid

t
dr

lwy (t, )" wy (t,z)de — (2| <Ot~ % (5.97)
R

for allt > 0.
Proof. We have

1- 11 a p(lta
Il < C gl 110 BlIFTT i (5.98)
for all 1 < p < co. Then via Lemma 5.28 we get

I (8)D), = 0Go (t,2) e, < C (1) 7FF
and via the assumption
lws () = (T (#) @)yllp1e0 < C(2=0) ()20
we have applying the Holder inequality
[l 01 wi (8) = 07 GE |, < [ln (O wn () = (7 () @)
+ H (T OB -0 G (2|

(Ilwllle (T () @) ITa+a) wr (8) = (T (@) @)y [l
C (T (@) ), |Igss0 + 067 ||G0||L1+G) (T () w), = 0Go (8, 2) |14
C2- )<t> FromETe

Ll
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for all t > 0. By a direct computation we obtain for the heat kernel Gq (¢,z) =

M)

x

(4rt) "% e %
/ (Go (t,2))" 7 de = (1+0) % (4nt) % .
R

Therefore we get

Pitot—%

wy (t,2)|” wy (b, 2) de — ————
|/R| () wn ) = ey

= ‘/R|w1 (t, )" wy (t,x)dm—&”"/ (Go (t,2))' 7 da

R
< C[Jwr (4)|7 ws (£) — 077G L,

<C@2-0)t) F4+C{) T

vl

for all t > 0. Hence

01+Utl—%

/OdT/R|w1 (t, )| wy (¢, z) dx — (471-)% (1_%) (1+U)%

¢
/ dT/ lwy (t,2)|” wy (t,x)dx — ('~ %
0 R

t t
SC(Q—U)/ <T>*%dT+c/ (r) 2 % dr < Ct'"%
0 0

for all ¢ > 0. Lemma 5.33 is proved.
In view of estimates (5.95), using Lemma 5.33 we see that
lgt)—1-¢t' 2| <Ct'~%

for all ¢ > 0, where
91+o’

(4m)% (1-5) (1+0)*

is sufficiently large. Now the asymptotic formulas are proved in the same
manner as in the proof of Theorem 5.26. Theorem 5.31 is proved.

5.5 Sobolev type equations

This section is devoted to the study of the Cauchy problem (3.172) in the
subcritical case

{8t(u—Au)—ozAu:/\|u|Uu, zeR™ t>0,

u(0,2) = up (z), x € R™, (5.99)
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where a > 0, 0 < 0 < %, < 0. By using the Duhamel principle we can

0.
rewrite the Cauchy problem (5.99) in the form

t
u(t) = g(t)uo+/\/ Gt — ) Blul” u(r)dr,
0
where the Green operator G (t) is given by

G(t) = e MFe_eT P (€)
and

B = Bz —y)é(y)dy
Rn

with the Bessel-Macdonald kernel
" . —1 .
B)=(m [ e (1) dg = [ol E Ky (o).

Here N )
K, (|o]) = K, (jaf) =27 W/ 1= 5 ge
0

is the Macdonald function (or modified Bessel function) of order v € R.

5.5.1 Small data

We prove global in time existence of small solutions to the Cauchy problem
m\2

(5.99) in the subcritical case 0 < o < 2. Denote G(z) = (4ma) 2 e~ i

Theorem 5.34. Let 0 < o < 2. Assume that the initial data uo € L=(R) N
LY*(R), a € (0,1) are sufficiently small |Juo||p + ||uolp1. < &, and A <
—Ce < 0, where 8 = fRn uo(x)dz. Also suppose that the value o is close to
% so that % — o0 < Ce’. Then the Cauchy problem (5.99) has a unique global
solution u (t,z) € C ([0, 00); L>(R) NLY*(R)), satisfying the following time
decay estimates )

lu@lg < C () (5.100)

for large t > 0. Furthermore there exist a number A and a function V €
LY N L™ such that the asymptotic formula is valid

u(t,z) = A5V (mt*%> +0 (t’§*7> (5.101)
for t — oo uniformly with respect to x € R™, where v = %min (a, 1-— %) ,
and V (&) is the solution of the integral equation
~ 1 [t dz
VE) =G —= —_—
©=GO-5 [ =
></ é((g—yz%)(l—z)‘%)F(y)dy, (5.102)
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with

_ g 140 d
5 1_gafnv (y) dy

and

Flo) =V )=V [ Ve
Proof of Theorem 5.34. The Green operator G (t) is given by

G(t)d = e Fe eI 3(6).

Denote
Z={pcL*R)NL"*(R),ac (0,1)},
with norm
18llz = (¢ Ol + ¢ (E)llpie)
and

X ={¢eC([0,00),L*NL"*),a€ (0,1},

where the norm ||| is defined as above by
61 = sup (0 16 @l + (07 16 (o)

Applying Lemma 3.49 we get that G is a self-similar asymptotic operator in
spaces X, Z with functional

Also the function

is the asymptotic kernel. Denote

2|9|U77 1-g
ty=1+ ——¢ 2"
gt)=1+5—+ :

and

n

n=oA(dra) 27 (1+0) 2.
By a direct calculation we have

ZRe f (N (0G (1) = J07t 7 p =12
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so N is subcritical nonconvective type nonlinearity. We have
1
_ - 1+
7K g = CoH 1ol (14 5 o O )

<oO I (14 g 1o @l ). (5.103)
and
o7 g0 < Co™ O T O o Ol (14 75 0Ol )
<o R (14 o0l )
for all ¢ > 0. This yields the estimate

140 1
It 7K @)l < C ol (1 bl <t>||x) |

Therefore,

In the same way we can prove

/0 Gt — T)gfllC (v)dr

X

HW / Gt~ g (K () — K () dr

X
lv @)llx + l[w (t)llx>
16 '

< C(vllx + l[wlX) lv —wlix (1 +
Also we have

[ o) =l w () ds

< (Pl + lul o — wl (1+ 120 Je W),

Thus all conditions of Theorems 5.2 to 5.5 are fulfilled, and this completes
the proof of Theorem 5.34.

5.5.2 Large data

In this section we remove the smallness condition of the initial data and prove
global in time existence of solutions to the Cauchy problem (5.99) with sub-
critical o € (O, %) powers of the nonlinearity. We suppose that o € (O7 %) is

sufficiently close to %
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Theorem 5.35. Let 0 > 1 forn =1 and o > % for n = 2. Suppose that
the initial data ug € W2, (R") N Wi (R") NLY(R"), 0 < a < 1, are
such that A0 < 0, where 0 = fRn ug (x) dz. Suppose that % —e< o< %,
where € > 0 is sufficiently small. Then there exists a unique global solu-

tion u (t,x) € C ([0,00) ; L** (R™) NL> (R™)) of the Cauchy problem (5.99),
satisfying time decay estimate (5.100) and asymptotic formulas (5.101) and
(5.102).

Proof of Theorem 5.35. As in the proof of Theorem 3.51 by Lemma 3.53
we have

lu (#)llpe < C (1)1 75775

for all ¢ > 0. In the same manner by Lemma 3.49

t
1Au (#)llp. < C (1) 2 +/0 1AG (t = 7) Blu|” ()| d7

<c@ 2+0/2<m> 3w ()|ZHL dr

+c/ t—7)" u ()5 dr

for all t > 0. Denote f (t,z) = Au,. Then by estimates of Lemma 3.53 and
Lemma 3.49 we have

1F Dl < 140G () uollee + |AB [l u (t)] e

+c/ (t =) AB | (7). dr

+C/ (t =72 (llul” w (1)l + 1Bul” w(7)l|p~) dr

t
< C(t) (1-%o- %)(20+1)+0[ <t—7’>_1 <7->(1_%‘7 %)(20+1)d

+ c/E (t—r) E R g <o
0

for allt > 0, since (1 — 20 — 2) (20 + 1) <-1-land-2-1-2o<-1-1

when o € (0, %) is suﬁimently close to 2 =

In the same manner we estimate the L* norm of f. By Lemma 3.49 we
find
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1f Dllgre < 1A0G (8) uollpra + 1ABul” w (t)]g1.0

t

+c / (=77 (Il w (Dl + =7 Il w (D)l ) dr

[ = (1ABI u(T)lgun + (¢ = 7)E [ ABJul” w (D)l ) dr
g-1-L142 H g —2 - 2-1 g 2-2 - -1 -
<c w0 [ (t-nT I -0t )

t

+C | (-1

1

“lotE +(t— T>%71 <T>717;+%) dr

wle

¥

<C <t>%_l_%+%

)

since o € (0, 2) is sufficiently close to 2.

We now consider two auxiliary Cauchy problems (5.91) and (5.92) with
sufficiently small ¢ > 0. Applying the results of Section 5.2 to calculate the
large time asymptotic behavior of solutions U (¢, x) and V (¢,z) to the prob-
lems (5.91) and (5.92), by Lemma 3.45 we find |u(t,2)| < Ce=2|U (¢,2)|.
Thus we get an optimal time decay estimate for the solution

1 -1
 (8)|| oo < C(8) 2 (1 +Ce <2 — 0) ’ ti’é') (5.104)

for all t > 0. As in the proof of Theorem 5.2, we consider the Cauchy problem
for the new dependent variables (v (¢, z), ¢ (t))

vy —adv = (Aul" v+ fe? — § [a. (Mul” v+ fe?)dz)v
¢ (t) = =% Jgn A|u” v+ fe?)dz, (5.105)
v (0,2) = ug (), (0) = 0.

We now prove the estimate
[o(@®)llpr. <C (6>

for all ¢ > 0. By estimate (5.104) we have

-1

n 2 -1 "
lu @)t~ < C &) <1 +Ce” ( - g) t1—20> ,

n

then
1

FO< g [ Ot peyan <o

N3

hence ¢ (t) < C (t)' "2 . Thus by virtue of (5.104) we get

lo ()l < ?O flu(B)llge. < C(T) (1)
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and

n

lo (Ol < e#@ Jlu(@®)lg~ < C(T) ()2
for all 0 < ¢ <T. Now we consider ¢t > T. By virtue of estimates (5.104) and
Lemma 3.49 we get

/; Golt —7) (M (DI v (r) + £ () e
,m/ (A‘ (n)l” ()Jrf()@“’(T)dx)dr

(1) + f(7)e?

Ll.a

—#/n(mw v(r)+ (7)) da

<o (2-0) [0 o @lunnar

for all ¢ > T. Therefore we obtain
[v)llpre < Go (¢ =T) v (T)]p1a

+Cee (i - 0) ) () g dr

T

Lla

<CT) (1) +e /T () o () e dr

for all t > T. Here € > 0 is small enough, and 7" > 0 is sufficiently large (note
that o < % is close to %) The application of the Gronwall’s lemma yields the
estimate

o (Ollga <C ()2 (5.106)

for all ¢ > 0. Likewise by virtue of estimates (5.104) and Lemma 3. 3.49 we
get

[o (Dl <110 (8 =T) v (Tl
+c’ L Go(t =) (Au (7" v (7) + f (7) 2"

_y/n ()\|u(7')\”v(7') + f(7) e¢(7)> dsc) dr

<o %+c/ (t—r) FF 814,

v (220) [0 ol

2

Loe
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for all ¢ > T. The application of the Gronwall’s lemma yields the estimate
[0 ()]l <C{) >

for all ¢ > 0. Now the asymptotic formulas are proved in the same manner as
at the end of the proof of Theorem 5.34, and Theorem 5.35 is proved.

5.6 Oscillating solutions to nonlinear heat equation

This section is devoted to the study of global existence and large time asymp-
totic behavior of small solutions to the Cauchy problem for the nonlinear heat
equation

Up — Uge + |u|u=0, z €R, t >0,
(5.107)

u(0,2) =wup(x), x € R

in the subcritical case o € (0,2).
In the present section we are interested in the asymptotic behavior of
nonpositive solutions. First we prove the existence of a unique self-similar

solution for equation (5.107) of the form (1 + t)_% Spw (ﬁ) such that

—

Spw (§) = Xpuw (§) + O (£19)

for all £ € R, where x,., (§) = (p + wsignf) |§|2>‘ e\ = 11l ande=
|o|+|w| > 0is sufficiently small. Note that these solutions change a sign, since
the main part fgijp,w (€) is nonpositive.

Then in the next theorem we prove asymptotic stability of these self-similar

solutions.

Theorem 5.36. Let 5 < 0 < 2. Assume that the initial data ug € H' (R)
have the mean value [guo(x)dr = [ Spw(x)dz and are close to the self-
similar solution S, ., in the sense

HUO - Sp,w”Hl,l < C€1+07
where € = |p|+ |w| > 0 is sufficiently small. Then the Cauchy problem (5.107)

has a unique global solution u (t,z) € C ([0,00); H! (R)), satisfying the fol-
lowing time decay estimates

City =

wt)— (14877 Spu (%)

Lo

for allt > 0, where v > 0.
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5.6.1 Lemmas

First we give the estimates of the norm ||¢|| yo = H|§|7a 5(6)‘

L2

Lemma 5.37. Let the moments [g a7¢ (x)dx = 0 for 0 < j < n. Then the
inequality is true

o
1.1
n+2+p

1
2" ¢
LP

1——5
L
[llae < Clillgz * 7

1 1,1
forg<a<n+g+4+5,1<p<2.
Proof. Choosing v such that max (a, n+ %) <v<n+ % + %7 and applying
L2

.
the Cauchy inequality with § = ||¢ ‘|x|”Jrl d)HL "33 we find
¥y

19l = €3],

b (x —2a eifm_ - (fo)k
= </Rd o )/11dy¢(y) /|e|§6d£|§| ( K )

ety _ - ﬂ : —2e
» ( i )) +</|§|>5'5'

k=0

~ 2 %
6] dg) ;

hence by choosing p = %, we get

2

|8l 40 < C |¢<x>||xl”§d$</ d5|«s|2”2a1>
|z|<p le|<s

n dz v—2a— ? —a
+C/ ¢ ()| ]| HT,,JF; (/ de | 1) + 06 9l
|2|>p |z| 2 \Jlgl<e

< 08 (1 olge + 1" H 3 |flal™ 9| ) + €O gl

R - S
1,1
ntzty .

<Cllolg. """ B

1
|z[" "

Thus the estimate of the lemma is true, and Lemma 5.37 is proved.

Next we prove the existence of self-similar solutions for equation (5.107)
of the form w (¢t,z) = (1 + t)_% S( L ) . By equation (5.107) we get the

Vitt
following ordinary differential equation for the function S (z)
14 g s o As IS S =0 (5.108)
2dz " - '

where A = L — 2. Denote x,.., () = (p + wsign) \§|2’\ =<,
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Lemma 5.38. There exists a unique solution of equation (5.108) such that

Spo (€) = Xpuw (€) = O (£119) (5.109)
for all € € R, where € = |p| + |w| > 0 is sufficiently small.

Proof. Applying the Fourier transformation to (5.108) we obtain for
Spw (§) = FoeeSp . the equation (p and w we will omit below)

qQr A_2 I o
S+%S_EQS—EHAW|$) (5.110)

Note that the linear part of equation (5.110) has a general solution of the

form (Cy + Cysigné) [€]** e=€ with arbitrary constants ) and Cy. We look
for the solutions in the form

~

S=x+0é+uw, (5.111)

where .
6(6) = a;gle ",
=0

here integer n is such that n > 2. In the case when 2\ = [ is integer, we take
a modified representation

6= Y afe +a'e loglel.

§=0,j#1

The constants a; we will define later by the condition

w(§) = o (&) (5.112)

for £ — 0. Substituting representation (5.111) into (5.110) we find
1 o
w' 4 26w = E(Q)xw—?}',;Hg (IS1°78) + v (€)), (5.113)

where
¥ (€) =20 — 26%¢ — €4
That is, we have .
VO = a;2r-j)ge
j=0
and in the case of 2\ = [ we obtain

vE =Y @r-j)afes —agle

J=0,j#1
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Now the integration of (5.113) with respect to £ yields

§ 2 d
w(g):/ e @0 = 2,y (SI78) + 1 () T (5.114)
0
We write the Taylor expansion
28 Fome (II79) = 3~ 4,6 +0 (),
j=0
where
L i (96
A= 0 (26 Fooe (ISI° 5))\&0
J
1—j
2; (4 —l 1! ( ) (3 Faoe (ISI7 S)>’5:0
: d 2 j—2k
=(2m)" 2 7/ iz)? S (2)]7 S (z) dw
@)F S Gz Jy S @I 5@
Therefore the condition (5.112) implies that
Aj
%= 3 (5.115)

for 0 < j < n, and in the case of 2\ = [ we have relations (5.115) for 0 < j < n,
j # 1, whereas a; = —A;.

We now solve equation (5.114) by the successive approximations. Let
wo (§) = 0, ¢—1 (&) = 0 and w41 (§) for m > 0 is defined by the recur-
rent relations

3 772*52 o dn
i1 (€)= [ €€ @Nwngs (1) = 2oy (1Sl Su) + i () T
(5.116)
where R
Sm = X"‘qufl + W,
n . R
Om-1(€) =Y al" Vele¢
and "
Ui (6) =Y al™ 21— j)€le¢
j=0
Here integer n > 2\,
A
GO J

TN
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and

[

S

] 2

N=

Agm) _ (27_(_) —
k=0

for 0 < j < n. Whereas in the case when 2\ = [ is integer, we have

n

m— P g2 m— g2
bmr (O = > al" Ve ol Vel log lg],

§=0,j#1

,(/}m (f) _ Z (2/\ _ ]) ag_m)gje—fz _ al(m)gle—éz

§=0,j#1
and relations

Al
Qm —

I 2 —

for0<j<mn,j#l and al(m) = —Al(m), I =2\
Let us prove the estimates

[l wen @], < e,

1(€) wrn (&)l < Cae™e,
H<§> 8£me”L2 < C’251—H7

and

n
>l s cucte
J=0

with n > max (2/\ + %, %) .

. j—2k 2 ) di
(2lc)l(j—2k)!/R(“”) (S (@)]7 Sy () d

(5.117)

(5.118)

(5.119)

(5.120)

For m = 0 estimates (5.117) - (5.120) are true. Then by induction we

suppose that these estimates are valid for some m > 0.

Consider the first estimate (5.117). Note that changing the order of inte-

gration we get
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‘%ﬁ[@@ﬁ?z
:/Rdmfrz"/ C/ ()
=/O°Odf¢<<>/£ delel” 2”/ (n)d;"
o[ e [Cae [TEA0
+/Omdf¢<<>/4 d§|s|*2"/ (n)%ﬁ
o e [ d§|£\‘2"/

then by applying the Cauchy inequality we obtain

¢ 2
l%|ﬁ£¢mf?

L2

52712_1/Rd<@ el 2”/
I [ow

—'(l

hence the inequality follows

[t d
’%|L4¢m>:

i 2]

L2

~2n—1
L2

The application of estimate (5.121) to equation (5.116) yields

H\ﬁl_n wm+1’ L2
—-n € 7]2_52 d?]
<l [ e Cunn )
L2
—n € ’72—52 o dT]
2|[¢] A € (-7:1%77 (1Sml” Sm) — Ym (77))?
L2
A .
= o1 H'f‘ wm“‘ L2
2 —n g
+ 5 |16 Fame (15l Sm) =),

503

(5.121)
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. 1 . p+2 .
We can choose 1 < p < 2 and n > 2)\ + 5 such that 2 < 0 hence we

have H|x|% SmHL < C|[(z)" Sm|ly.2 - Therefore by the condition 2n—1 > 4\
and by Lemma 5.37, we obtain

1617wt |, < € [l (Fam (1Sl Sim) = )|

< c Hxn-&-l ‘Sm|0 SmHLp + c |||Sm|g Sm||L2

L2

ntl o ntl "
= C|[1s1¥7 S 121557 S|, + ClSimlza 1Sl
< O )™ Sllge 12)" Sl < CreMe.

Thus estimate (5.117) is fulfilled with m replaced by m + 1.
Now we prove estimate (5.118). In view of inequality ¢ ¢ < e~ (€=’
for 0 < g < 1 we have by the Holder inequality

6 2 2
H<s>/ o€ ab(m%

0

<c|ige|_, +c ol
L2

<cea| + o e oo

Then from equation (5.116) we find

g 2 2 d
(© / e e () 2

) wma L2 < 2X 7

1.2

£ 2 42 o d
(&) /0 e (2F e (ISm|” Sm) — ¥, (77));77

+

L2

< 5 18 wmsllga + C |l wansa |, + Cll@)" Sille 1Sl

1
2
1 g
< 5 KO vl + 01
Thus we have estimate (5.118) with m replaced by m + 1.
Now we consider estimate (5.119). We differentiate n times equation
(5.116) to find

n n—1

d
dginwmﬁi»l (5) + 2@ (é-wm+1 (5))

=t 1 ! (1 o
= 2)\W <€U}m+1> - W <§ (2-7:90H§ (|Sm‘ Sm) - ¢m)> .

Multiplying the last equation by %wmﬂ (&) and integrating the result over
& € R we get
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-
m C Tem—_o Ym
Hdsn“’ " de““’ s
an— 1 1
2 — W,
+ ‘ den— Ten—1 <§w +1) Lo

s (5 @eme (50l 50 - o))

By interpolation we have

H dn72
e o Wm+1
dé‘an

L2

=3 Hd&n“’m“

dn— 1 1w da
dé‘n Jen—1 m+1 L2 — 3 dé‘n m—+1

+C e meHLQ +C lwmile

+C ”wm-l-ln]_,2

L2
and

L2

hence, we obtain

ar 1+
w 1 S Cg&'
‘ds" "l
As above we get estimate

d’n
‘ Sdgﬁwmﬂ

S Cg€1+
L2

Thus estimate (5.119) with m replaced by m + 1 is valid. The rest estimate
(5.120) follows from the previous estimates via formulas

i “‘g‘mﬂ)‘ < C/ (@)" S ()7 da
3=0 R

(z)" Smsallp 1) Sl
n 1+o
1(€) 0e)™ (X + bm + wimg1)[[a” < Cae*
Therefore estimate (5.120) follows with m replaced by m + 1. Thus by induc-
tion, estimates (5.117) - (5.120) are true for all m.

In the same manner we prove the estimate

1
[wms1 = wmlx <

9 (Wi —
where [l = ||ig/™"

Wpm—1 ||X )

Lo +{[(€) ¥l 2 +H (&) ogy e Therefore there exists
a unique solution of equation (5.108) having the form (5.109). Lemma 5.38 is
proved.

505
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5.6.2 Proof of Theorem 5.36

The local existence of solutions for the Cauchy problem (5.107) can be ob-
tained by the standard contraction mapping principle. In order to get a
priori estimates of local solutions as in the papers Hayashi et al. [2000]
and Hayashi et al. [2003b], we make a change of the dependent variable
u(t,z) = e ?My(t,z), then we get

Vg — Vg + € 7% 0|7 v — vy’ = 0. (5.122)

We choose ¢ (t) by the condition

/ (e=%v|”v— ¢ (t)v) dz =0,
R

where the initial value ¢ (0) = 0. Then the mean value of v satisfies the
conservation law d

— [ v(t,x)dz =0,

dt Jr

SO

/ v(t,x)dx:/ v(O,x)dx:G:/ up (z) dx.
R R R
Thus we obtain from (5.122)

{vt — Voo = €77 (3 Jg v vdw — [v|7 v), (5.123)
G .

¢ (t) = 5779 [ [v|” vda.
Now we substitute v = (1 + t)>‘ f+w, where f is a self-similar solution of equa-
tion (5.107) such that f = (1+¢)"7 S (\/%) and A = 1 — 1. By equation
(5.107) we see that (1 + ) f satisfies
(a+0*r) = (a+*y)

a+0r s @+ s,

z+A(1+t)A_1f

— (14t~

then we get for w

Wi = Wy + €77 (Z/ [v|” vdz — |v|” v)
R

T S S e [ L B L

Note that the mean value is conserved

/Rv(t,m)dm:/R 11+t5(\/%>dx+/Rw(t,x)da::9.
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If we choose the mean value 6, such that [ S (z) dx = 6, we obtain

/Rw(t,x)dx:O.

Denote h (t) = e??(). We prove the existence of the solution (w (t,z),h (t))
by the successive approximations. Let wy = 0, hg = (1 + t)1_5 . We define
the functions (wy, (¢, ), by, (t)) for m = 1,2, ... by the following equations

— Um, o o
3twm — aiwm = hml_l (t) <9/ |Um_1| Um_ldili — |’Um_1| ’Um_l)
R

A+ ](1 w0 a0ty (5.124)

and
’ g o
h,, (t)=— |[vm|” v de. (5.125)
0 Jr
Applying the Fourier transformation to (5.124) and changing the variables

W, (8, &) = zm (t,m) , n = EVE+ 1, we get

2

atzm + anzm + Zm = 1pm—lzwz — 9m—1, (5126)

_n U/
2(t+1) t+1

where we denote
1
m—1(t) = 77— m— 7 m— ta d )
et () = g [ ool v () do

Im—1 (t,n) = (‘”mflrvmfl)

hm_il(t)}—zﬂn(lﬂ)’%
— (1487 Faey (157 5)
+ (wmfl (t) —A(1+ t)*l) S.
Let us prove the estimates
Hn_lzmHL2 + lzm g < Cetto (1 +4)77 (5.127)
and

(hm,l ) — 1+t F| <o (1457, (5.128)

where v > 0 is sufficiently small, and % >A+e, A= % — % By induction we
suppose that (5.127) - (5.128) are fulfilled for some m.
Then we have the estimate
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o
W () = 5/ [oml” vmda
R

- %/RV””V”W\U ((1—|—t)>‘f+wm> dz

:5(1+t)‘%/ |S\"Sd:c+0(5”(1+t)_%_7)
4 R

= (1+1) %40 (5" (1 +t)_%_7)

since fR |S|” Sdx = A\0. Integrating this estimate with respect to time we get
estimate (5.128) with m — 1 replaced by m. In the same manner we have

UYm (t) = ﬁ(t)/R\vmr’ U dx
=A140)"" (1 +0 (e"(l +t)_"’)) ;

in particular
A€’
t) < .
Ym (6) < L+t

We multiply equation (5.126) by Z,71n~ 2 and integrate the result over
n € R to find

d o _ 2 1 - 2 2 2
dat HW 1Zm+1||L2 + m /Rn 187] |Zmy1|” dn + —— ||Zm+1||L2

t+1
< 2\ + 27

= 1+t Hn_lzm+1’|iz - 2Re/Rgmfl ‘77|72 Zm+1d77- (5.129)

Integrating by parts we get

- 2 _ 2
JR R T
R
Using Lemma 5.37 and taking into account estimates (5.127)-(5.128) we obtain
- o —1-
7 gl < Ce"o (148777

hence (5.129) yields

EU
t+1

d e
I zmaalpe < 7 2|l + CeF7 (L +6)717 (5.130)

since 2A+2e? — 1 < —? which follows from o > 4. The integration of (5.130)
with respect to time yields estimate

<CeMT (1) (5.131)

-1
H|77| Zm+1‘ L2
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Now let us prove the estimate ||(n) zy11]/p: < Ce'™ (1+1¢)77 . We multiply
(5.126) by (n)° Zm71 and integrate over 1) € R to find

d 2 1 2 2

— m —_— Oy |2m d

A e Ll
2 2

+ g 1)z llee

= % (1) 21|22 — 2Re /R () gmZreidn.

Integration by parts yields

- /R 0 (02 0y 2 2y < 311(0) Zm |2 -

Therefore by using the estimate

2 2 _ 2
1) zmr1lltz < 10 (0) zmeallfe +C |0~ zmen || e
< In(m) zmiallps + Ce*P27 (1447272
we find

2
t+1

2 o —2-2
1(n) 2m1llpe + Ce*F27 (1+4)7"7

d 2 2
2 1m zmelle < 17 (n) zm 1l

c
i1

e? 9
< — g ) [z + C2 (L) 7277 (5.132)

+

The integration of (5.132) with respect to time yields the estimate
1) zm41 e < CF7 (1 +6)777
In the same way we obtain the estimate
1) Ozl < CeF7(1+4)71 7.

Thus estimates (5.127) to (5.128) are true with m is replaced by m + 1.
Therefore by induction estimates (5.127) to (5.128) are fulfilled for all m.
In the same manner we prove the estimates

1
| Zm+1 — Zme < 9 ll2m — Zm—lHX,

617" |
solution of equations (5.124) to (5.126) which obeys the estimates (5.127) to
(5.128).

where ||[9]|x = ‘ Lo + [[(€) ¥|| g1 - Therefore, there exists a unique
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Returning to the function w we find that
fie @], < et arnio,
1
@l + VE+T]E]@]Le < Ce™*7 (1487777

The last estimate gives us

_1_
[wlige + VE+ 1 wsllge < Ce™ (1417177,

hence, by the Sobolev imbedding inequality we get
1 1 _1_
Wl < Cllwllfs wallg. < Ce*7 (1 +8)7277.

This implies the estimate of the theorem, and Theorem 5.36 is thus proved.

5.7 Comments

Section 5.1.
The large time asymptotic behavior of positive solutions to the nonlinear heat
equation
u — Au+u’t =0, (5.133)
in the subcritical case of o € (0, %) was studied in Escobedo and Kavian [1988],
Escobedo et al. [1995], Gmira and Véron [1984], Kavian [1987]. In paper Gmira
and Véron [1984] it was proved that if the initial data are nonnegative ug > 0,
up € L' (R™) and decay slowly at infinity as lim;— +eo |x\% up (x) = 400, then
the solution of (5.133) has the asymptotic representation

u(t,x) = t7vo 7 to (t_%>

as t — oo uniformly in domains {J: eR™; Jz| < C\/f} with any C' > 0. In the

paper Escobedo and Kavian [1988], the authors considered the nonnegative initial
data decaying sufficiently rapidly at infinity, that is 0 < wuo (z) < Cete” for
all z € R", with some b,C > 0. Then it was shown that the main term of the
asymptotic behavior of the solution has a self-similar character

u(t,z) = t_%wo (\%) +o0 (t_%>

as t — oo uniformly with respect to z € R™, where wo (§) is a unique positive
solution of the elliptic equation

—Aw — %wa + w7 = éw (5.134)

which decays rapidly at infinity: lim¢|_ o €] 2 wo (§) = 0. This result was improved
in paper Escobedo et al. [1995], where the intermediate case was considered: if the
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2
initial data are such that uo € L', uo # 0 and lim|;|— |#|7 uo (z) = £ > 0, then
the solutions of the nonlinear heat equation have the asymptotic representation

wttr) =t b (55 ) o (2

as t — oo uniformly with respect to z € R"™, where w, (§) is a positive solution

of equation (5.134) such that lim¢|_. |§|% wy (§) = k. We emphasize that in these
papers there was no restriction on the size of initial data, except the positivity.

Section 5.2.

Equation (5.38) with p = 2 and ¢ = 2 is known as the complex Landau-
Ginzburg equation. Local in time existence of solutions to the Cauchy problem
(5.38) with p =2 was studied by many authors (see, e.g. Ginibre and Velo [1996],
Ginibre and Velo [1997] and references cited therein). Nonlinear dissipative equa-
tions with a fractional power of the negative Laplacian in the principal part were
studied extensively (see, e.g., Bardos et al. [1979], Biler et al. [1998], Komatsu [1984],
Shlesinger et al. [1995], Taylor [1992], Zhang [2001] and references cited therein).
Blow-up in finite time of positive solutions to the Cauchy problem

Ou+ (—A) 2 u—utT =0, u(0,2) =uo (z) >0 (5.135)

was proved in papers Fujita [1966], Weissler [1981] for the case of 0 < 0 < 2, p =2,

in papers Hayakawa [1973], Kobayashi et al. [1977] for the case of 0 = 2, p =2, and

in paper Sugitani [1975] for the case of 0 < p <2 and 0 < o < £ . Their proofs of

blow-up results are based on the positivity of linear evolution operator ?5_@67‘5“),
associated with equation (5.135) for 0 < p < 2 (see book Yosida [1995]), and
do not work for the case of p > 2, since fgaze_‘glp is not necessarily positive.
Large time behavior of positive solutions was studied extensively for a particular
case of (5.38) with p = 2 with any 0 > 0 (see paper Kamin and Peletier [1985]
for the supercritical case of o > 2 | Galaktionov et al. [1985] for the critical case of
o =2 and papers Escobedo and Kavian [1988], Escobedo et al. [1995], Gmira and
Véron [1984], Kavian [1987] for the subcritical case o € (0, %) ). The global in time
existence of small solutions to (5.135) in the supercritical case o > %, p =2 was
shown in Fujita [1966]. The results stated in this section for the Cauchy problem

(5.38) with p # 2 is applicable, in particular, to the problem
Oru + (—A)g u+ Mt = g w(0,2) = uo (x) > 0, (5.136)

with 0 < 0 < x < 2 A\, > 0. The solutions of (5.136) blow up in finite time,
when A=0, © >0 and 0 < p <2 and exist globally in time, when A >0, p=0
and 0 < p < oo . The result of Theorem 5.15 shows that the dissipation term u**°
in equation (5.136) is stronger than the blow-up term u***. Note that the problem
of asymptotic behavior of solutions to (5.136) is still open for the subcritical case
of 0 <k <o < £ evenif p=2. Theorem 5.15 was proved in paper Hayashi et al.
[2004a]. The case of large initial data was studied in Hayashi et al. [2006b].

Section 5.3.

Model equation (5.56) combines many well-known equations of modern math-
ematical physics which describe various wave processes in different media. For
example, the potential Whitham equation (5.62) follows from (5.56) if we take
N (w) = (u,)?, thatis a(t,€,y) = — (€ — )y and Lu = i |0l u+ pz [0~ s,
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where 11 > 0, p2 € R. Here the value § = 3 is critical from the point of view of the
large time behavior and global existence. Equation (5.62) comes from the Whitham
Whitham [1999] equation

v+ vy + Lv=0, € R, t >0, (5.137)

if we introduce a potential u = ffoo u (t,z) dz , which vanishes as * — oo if we

consider initial data v (0,z) with zero total mass va(O,x) dz = 0 ; therefore,
va (t,z)dz = 0 for all ¢t > 0 in view of equation (5.137). The material of this
section was taken from paper Hayashi et al. [2005b].

Section 5.4.

Recently much attention has been drawn to nonlinear wave equations with dis-
sipative terms. The blow-up results were proved in Todorova and Yordanov [2001]
for the case of nonlinearity — |v|1+” , with ¢ < 2, when the initial data are such
that fR vo (x) dz > 0, fR v1 (z) dx > 0 . Blow-up results for the critical and sub-
critical cases of o < 2 were obtained in Li and Zhou [1995]. Paper Todorova and
Yordanov [2001] proved the global existence and large time decay estimates of so-
lutions to the Cauchy problem for the damped wave equation (5.66) with nonlin-
earities & |v|'T? or £ |v|” v, for the supercritical case of o > 2, if the initial data
are sufficiently small and have a compact support. Problem (5.66) was considered in
Nishihara [2003] and Ono [2003], when the initial data are in the usual Sobolev space
up € WP (R NWL (R"), ui € L' (R")N L™ (R") . Via the energy type esti-
mates obtained in papers Matsumura [1976/77] and Kawashima et al. [1995] it was
proved in Karch [2000b] that solutions of the nonlinear damped wave equation (5.66)
in the supercritical cases of 0 > 3 with arbitrary initial data uo € H* (R)NL* (R),
ur € L2(R)NL'(R) (that is without smallness assumption on the initial data)
have the same large time asymptotics as that for the linear heat equation 8; — 2 :

l[u (£) — 0Go ()|, = 0 (ﬁ(lé))

_1 _l=?
as t — oo, where 2 < p < oo . Here Gy (¢,z) = (4=t) 3 e~ i is the heat kernel,

and 6 is a constant. The material of this section concerning the case of small initial
data was taken from paper Hayashi et al. [2004e].

Section 5.5.

The results of this section were published in paper Kaikina et al. [2005].

Section 5.6.

The blow-up phenomena for positive solutions to the semilinear parabolic equa-
tion u; — uzz = u't"  were obtained in paper Fujita [1966] for o € (0,2) , in
Hayakawa [1973] for ¢ = 2, and in paper Kobayashi et al. [1977] for 0 = 2 in
the case of higher space dimensions. In the subcritical case of o € (0,2) large time
behavior of positive solutions was studied extensively (see Escobedo and Kavian
[1988], Escobedo et al. [1995], Gmira and Véron [1984]). The material of this section
was taken from paper Hayashi and Naumkin [2006a].
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Subcritical Convective Equations

In this chapter we study the large time asymptotic behavior of solutions to
dissipative equations with subcritical convective type nonlinearities, taking as
a typical example the famous Burgers type equation u; + uuy; — Ugy = 0,
when o € (0,1). The large time behavior of solutions for convective equations
we represent as the product of a rarefaction and shock waves.

6.1 Burgers type equations

We study the large time asymptotic behavior of positive solutions u (¢, z) to
the Cauchy problem for the following Burgers type parabolic equations

{ut+u Uy —Uzge =0, T ER, >0, 6.1)

u(0,z) =ug (), € R

in the subcritical case of o € (0, 1) . Equation (6.1) is a simple model describing
diffusive-convective phenomena in different physical applications (see Bear
[1996], Whitham [1999]). Note that the subcritical case of o € (0, 1) naturally
appears in some models of fluid mechanics (see Lister [1992], Philip [1969],
Rosenau and Kamin [1983]).

In this section we are interested in the subcritical case of o € (0,1), when
the initial data ug (z) have a nonzero mean value

/uo(x)dx:9>0.
R

In the case of zero mean value § = [ uo (x) dz = 0, the nonlinearity u”u, is
supercritical for the range o > %, and the large time asymptotics of solutions
can be obtained by methods of Chapter 2. Then the critical o = % and
subcritical o € (0 1) cases can be treated by the methods of Chapter 3 and
Chapter 5, respectively.

i)
Note that the mean value of the solution
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/Ru(t,x)da:=0

is a conservation law according to equation (6.1) with zero boundary condi-
tions at x = +o0.

In this section we construct an asymptotic approximation which is close
in the uniform norm to the solution. We represent the solution in the form
u(t,z) = p(t,z)r(t,z), where ¢ (t,z) is a rarefaction wave and r (¢, ) is
a shock wave. In other words near the front of the wave z (¢) the solution
u (t, z) resembles the shock wave r (¢, z) and in the far region |z — x ¢ ()| >> 1
the solution behaves as the rarefaction wave ¢ (t, ).

We organize this section as follows. In Subsection 6.1.1 we consider so-
lutions of the rarefaction wave form when the initial data are such that
uo (z) — 0 as * — —oo, and ug (z) — 1 as * — +oo. In Subsection 6.1.2
we construct the shock wave solutions such that u(t,z) — 1 as ¢ — —o0
and u(t,z) — 0 as © — +oo. We will show that solutions u (t,z) tend as
t — oo to the self-similar solution (1 + e”‘”)_%, v = 7. The most difficult
and intriguing case of the zero boundary conditions u (¢,2) — 0 as © — +o00
is treated in Subsection 6.1.3, where we prove that solutions of the Cauchy
problem (6.1) can be represented as the product of a rarefaction and a shock
wave.

6.1.1 Rarefaction wave

First we investigate the case of the rarefaction wave. Consider the initial value
problem for the Hopf equation

{@t‘i‘@ @w:07-r€R7t>07 (62)

0 (0,z) =po(x), v €R,

where the initial data ¢ (r) € C?(R) are monotonically increasing 0 <
o () < Cforallz € R, po(z) > 0asz — —o0, po(z) = 1 as ¢ — +o0.
The solution to problem (6.2) is given by ¢ (¢, x (¢,€)) = ¢o (§), where the
characteristics x (¢,€) = € + t¢§ (€) for £ € R, ¢ > 0. Note that

©o (§)
GG

>0

ou (0X (0:6) = T
0

and
©o (§)
(1+towg 1 (€) @b (6)°
e () to (957 (©) v (9)
(1+togg ™1 (€) ¢ (6))°

for all £ € R, t > 0. We assume also that ¢ () is such that

Pra (t7 X (tv 5)) =
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lpea (D)2 < CE177, / [Paz (7)o dT — O (6.3)
t

as t — oo, where v > 0. For example, condition (6.3) are fulfilled if we take
the initial data ¢g (¢) € C% (R) which have the asymptotics

20 (©) =06 +0 (&™), j;% ©=0(1s""), k=12

as & — oo, where 8> 0 and ¥ (§) =1 for £ > 0 and ¥ (§) =0 for £ < 0.

First we give a sufficiently general result about convergence as ¢ — oo
of solutions u (¢,x) of problem (6.1) to the rarefaction wave ¢ (¢,x). Some
other related works can be found in papers Liu et al. [1998], Matsumura and
Nishihara [1986], Matsumura and Nishihara [1994a].

Theorem 6.1. Let ug — o € L? (R) and ug > 0. We assume that ¢ (z) €
C2Z(R) is such that condition (6.3) is true. Then

u(t,z) = (t,x)+o(l)
as t — oo uniformly with respect to x € R.

Proof. First we note that by the maximum principle the solution w (¢, ) of
the problem (6.1) is positive for all x € R, ¢t > 0. For the difference w = u—¢
we get the Cauchy problem

wy + (w + (p)U (w + (p)z - 90050:13 — Wz — Pra = Oa (6 4)
w (2,0) = wo (z), '

where wq (z) = ug (z) — o (r) € L?(R). By the method of Naumkin and
Shishmarev [1994b] we can easily prove the existence of a unique solution

w (t,z) € C([0,00);L* (R)) N C ((0,00); H* (R))
NC' ((0,00);L> (R)NL*(R)) .

Multiplying equation (6.4) by w and integrating with respect to 2 over R we
get energy type a priori estimate

1d

33 0l + [ (o) e p), —wgtp)da
R

= — |lwslz +/ WPeda.
R
Note that (see Matsumura and Nishihara [1986])
(w(w+¢)” (w+¢), —we’e) da

R

Caert [ (o)

1
= 0/ dmwzg%/ (@ +Aw)” " (1= A)dx > 0.
R 0
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Whence by the Cauchy inequality and estimate ||¢, (t)||2 < C ®7 we
have

d 2 2 -
7 0llee + 2 Jwellge < €4 lwllg -
Integration with respect to time ¢ > 0 yields
lw (B[l < C

and

[ st <c. (65)

Hence via inequalities
4 2 2 2
[wl[pee < 2[wllgs [[wellg> < Cllwally

and (6.5) we obtain

| w@lia<c.
0

We see that there exists a sequence t;, — oo such that ||w (t)||,. — 0. In or-
der to prove that ||w (f)||p~ — 0 ast — oo, let us estimate sup,cg w (¢, z) and
inf,er w(t,z) . Since w € C ((0,00) ; H' (R)) we see that lim,| oo w (t,2) =
0, hence we have sup, g w (t,z) > 0 and infcr w (t,2) < 0forall t € (0,00).
By the method of paper Constantin and Escher [1998] we have the following
result.

Lemma 6.2. Let w € C' ((T1,T2);L> (R)) and w (t) = sup,cg w (t,2) > 0
for all t € (T1,T,). Then there exists a point ¢ (t) € R such that w (t) =
w (t,¢ (t)), moreover w' (t) = wy (t,( (t)) almost everywhere on (T, T5) .

We now prove that w (t) — 0 as t — oo. Since ||w (t)|| . — 0 for some
sequence tr — oo we consider the time interval To > T} > tj such that
w (t) > 0 for all t € (T, Ts). By virtue of Lemma 6.2 we get from equation
(6.4)

o'+ ((p+ {5)0 = ¢7) Pr — Waz (£, ¢ (1)) = Paa (£, (£)) =0

almost for all ¢ € (T3, T%), where we have used the fact that wy (¢,{(¢)) = 0.
Whence integrating with respect to ¢t € (11, T3) via

Wz (8,¢ (1)) < 0 and ((p + )7 = ¢7) pz 20

we have .

ﬁ@éﬁﬂn+/wmh<mﬂr

T

Since w (T1) = 0 or w(Th) = w(tg) and w(tx) — 0 as ty — oo, we have
w (Ty) — 0 as T} — oo. Also by our assumption



6.1 Burgers type equations 517

/ e (7. (7)) dr

T

< /T e (Ol dt = (1)

as Ty — oo. Therefore w(t) — 0 as t — oo. Similarly we prove that
inf,er w (t,2) — 0 as t — oo. Hence [|w ()|« — 0 as t — oco. Theorem
6.1 is proved.

We now suppose some more conditions to be fulfilled for the initial data
ug () and compute more precisely the large time asymptotic behavior of solu-
tion w (¢, z) to the problem (6.1). We assume that initial data ug (x) monoton-
ically increase and are slowly varying, so that the higher order derivatives are
less comparing with the first one. More precisely we suppose that the initial
data ug () € C? (R) have the following estimates

g (@) < e (ug (2) T

L) << (5 @) - L) << (2 <z>)2ﬂ (6.6)

for all z € R, where v € (0, %) , € > 0 is sufficiently small. For example, we
can take the initial data of the form

uo (z) = C (/GC e2 (1442 dg) ’ ,

— 00
where C' > 0 is such that ug (+00) = 1. Note that this initial data decay like
2y—1
uo (z) =0 (\:z:|77) as r — —oo.

By Theorem 6.1 we know that solutions of (6.1) are similar to those of
the Hopf equation (6.2). Therefore the nonlinearity in equation (6.1) grows
with time more rapidly than the term with the second derivative, hence the
large time behavior of solutions should be determined by the first two terms
in equation (6.1). That is why we try to solve equation (6.1) by the method of
characteristics. We define characteristics x (t, £) as the solutions to the Cauchy
problem

{Xt :Uo(taX) - %7 t> 0756 Ra
X
x(0,§) =¢ £€R.
Then from equation (6.1) we get a simple equation
o Uxx
wy (t,€) = up + Uy Xt = Ug + Uy (U - u>
X
= U — Uyy +uU, =0

for the new dependent variable w (¢,&) = u (¢, x (¢,€)). Hence w (¢, &) = ug (&)
for all t > 0, £ € R. By a straightforward calculation we have

up (&) o, o (§)  up () xee (,€)

TN YT T T e
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whence

VN up (€)
W= g (g

We now change the independent variable n = uJ (£), then the real axis £ € R
1s transformed biuniquelly to a segment (0,1) (in view of our assumption
up (€) > 0). Denote m (1) = G = ouf ™" (€) ufy (€) and Z (1,7) = uy (t,x) =

X?((gg). Then we have

—~

whence for Z (t,n) we get

nZ = 7> ()atxg(tf)——ZQ(l—A),

where 70t
Alton) = 222 (o) + w0y (242)

and £ = =2, Thus for Z (t,n) we get the following initial-boundary value

problem
Zy=-7°(1—-A), t>0,n€(0,1),

Z(0,m) =m(n), ne€(0,1), (6.7)
Z’“_%@?Z‘ =0,t>0, k=1,2,

n=0,1
since by virtue of (6.6) we suppose that ug (§) is such that 87’7“m (n) = o (n*7F)
asn— 0, for k=1,2.

From the existence of a unique solution « (¢, z) to problem (6.1) it follows
that there exists a unique global solution Z (7,n) € C([0,00),C?(0,1)) N
C!((0,00),C(0,1)) to the initial-boundary value problem (6.7). Integrating
equation (6.7) with respect to time ¢ > 0 we get the following representation

Z (t,n) =m(n) (1+m(77) <t+/0tA(T7’I’])dT>>1. (6.8)

We prove the following result.

Theorem 6.3. Let conditions (6.6) for the initial data ug () be fulfilled with
sufficiently small € > 0. Then the estimate

/tA(T,T])dT

is true for all t > 0, where v € (0, %) is taken from conditions (6.6).

sup
n€(0,1)

<Ce(14t)'7
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Remark 6.4. By virtue of representation (6.8) and estimate of Theorem 6.3
we get the asymptotics

_ m (1) ‘
2 (tm) = T+m(n)t+ 0O {#1~) as t — oo,
whence
uy (1 (1,€)) = % (§) (6.9)
XS T u (€t + O (1) '
where .
N (6) = €+ tug (€) — ﬁag / uy (€ ¢ (1.6))dE'. (6.10)

Thus we see that the solution u (¢, z) to problem (6.1) asymptotically behaves
as a solution of the Hopf equation (6.2). Note that via formulas (6.9) and (6.10)
we can obtain a higher-order asymptotic expansion of the solution u (¢, ).

Proof of Theorem 6.3 : As in the proof of Theorem 6.1 we apply the
maximum principle to equation (6.7)

Zy= -2~ 734 72, + 2 7°7,.
n n
By virtue of Lemma 6.2 we get for Z (t) = max,e(o,1) Z (t,7)

Az 72 Bpo 7
dt 72

whence integrating with respect to time ¢ > 0 we get the estimate

m (1)
0< Z(tn) < Tt (6.11)

for all n € (0,1), t > 0.
Denote Y = 7%, p=1—r, where v € (0, %) is taken from the condition
(6.6), then from (6.7) we obtain

4

2
Y, =-Lyitt - Elyit i Bydy, o+ ( - 1) Vi 4 Y,
n P

whence taking derivative with respect to n we have

2 6
0,Y, = —7; Py iy, — K(27;; 'O)Y%Y,7 n Z—’;Y%“
4
2k 2 4
+ YRR ( - 1) ( - 1) Yim2y?
7 p p

4 a4 K 4 4
+ 2 ; — ]. Yf’ YWYWW -+ EY"me —+ YPY"T'T'T (612)
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We apply the maximum principle to equation (6.12) by virtue of Lemma 6.2
we get for Y, (1) = max,c,1) Yy (t,7)

d _ 2+4p .
Ay < 250gy 500 0) gy | 05 g2
dt 2n?2 3
Ak s (2 4 =3
oz () (G 1) 7w
o p p

whence via (6.11) we find

d—~ e o
Yy <Cn” SmtE (1 +mt) > 2,

hence integration with respect to time yields

(M)

—~ t I3
Y, (t) < Ce+ Cn~3m?ts / (1+mt) > 2 dt < Ce+Cn~3m!*% < Ce
0

for all ¢ > 0, since m” () < Cen?, hence m'*% () < Cen® and |Y;, (0)] =
gmi_l |m’| < Ce by virtue of conditions (6.6). In the same way we estimate
min,eo,1) ¥y (t,7) . Therefore we have

Yy (8.m)| < Ce
for all n € (0,1), t > 0. Note that Y, = £Z%71Z, hence

2
12, (t.)] < ;Zl-% Y, (t,)| < CeZ'~%. (6.13)
Now we define X = Z?, p € (0,1) . We have

X, (t.n)| = p2° 7" |Z,| < Cez%.

We now take (6.12) with £ replaced by p and Y replaced by X, then differ-
entiating twice with respect to n we get

O Xy = —(p+1) X5 X, — T%X%Xnn _ 677’4“)(%“ - HTPX%—lxg
i 2K (53+2'0)X%X7, 2k (4;FP)X%—1X$
7 p1
- (52; p)X%ng +2p73 (1= p)? (2 p) X7 70X}
(3n+ p) 2 ix, 4+ %X;_lX X

_ 2_ 2 2_
p 2(7—5p)(2—p)Xﬂ QX?,XnnJr;(?—p)Xﬂ X

+ X X"7"7n + - (3 p)X%_anXnnn +X%X7]777777. (614)
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We apply the maximum principle to equation (6.14) by virtue of Lemma 6.2
we get for X, (t) = max,c(o,1) Xy (t,1)

d —
X < CZ 7 ez ),

whence via (6.11) we find

X X,y < Cp~tm®tP (14 mt) "> 4+ Cem®* (1 + mt) >,

hence integration with respect to time yields

. ¢
Xy (t) < Ce + C’n_4m2+”/ (1+mt) > dt
0

t
+ C’m%p/ (14 mt) > dt
0

< Ce+On*m**? +Om'~F < Ce
for all ¢t > 0, since m'*™* (n) < en? and
| X ()] < pm?~Hm"| + p(p — 1) mP?m'? < Ce

by virtue of conditions (6.6). In the same manner we estimate the function
min,eo,1)y Xyy (£,7) . Thus we see that

|Xn77 (t,m)] < Ce

for all ) € (0,1), t > 0. Note that X, = pZ°~ ' Z,,+p(p—1) Z°~2Z2, hence
1_._ _ _
| Zny (E,0)] < ;Zl O Xy (| + (p = 1) 2712, () < CeZ' ™. (6.15)

Now by estimates (6.11), (6.13) and (6.15) we get

/ATndT

t
+C sup 1~ / |Zy (T,m)|dT + C sup 77_2/ Z (1,n)dr
ne(0,1) n€(0,1) 0

sup

t
< C sup /|Zm7(7,17)|d7'
n€(0,1)

ne(0,1) Jo

t
< Ce sup / Z'Pdr < Ce (t+ 1)
n€(0,1) JO

for all ¢ > 0. Theorem 6.3 is proved.
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6.1.2 Shock wave

Here we consider another type of the boundary conditions, corresponding to
the shock wave solutions. We study the Cauchy problem

[l Blan " e 2D aSRIZ0 (g

w(0,2) =up (x), ¢ € R,

with initial data satisfying shock-wave type boundary conditions ug (z) — 1
for # — —o0 and ug (z) — 0 for  — +o0, here v € [0,3), o € (0,1), B > 0.
Changing

t

u(t,x) =w(ty), x:y(1+t)y—|—/0 a(r)(1+71)""dr,

the function a (t) will be defined later, we get

{wt — Tywy + (1 + )~ (Bwwy —a(t) wy —wyy) =0, y € R, t >0,
w (0,y) =uo (y), y € R.
(6.17)
We introduce the approximate solution (better approximation it is for bigger

t)

W(ty) = (1+6)"" & (y),
o
alt) =S 1+t % a,
k=0

where n > 1, « = 1 — 2v > 0, the functions @y (y) and coefficients ay, for
0 < k < n we define recurrently below. We substitute W and «a into (6.17) to
get

n+1

ST+ (o (k= 1) By + vyP_y)
k=1

o+1
o B d - —ak
- (et

n+l n n

SN e, -3 (1) e (6.18)

=0 m=0 k=0

We now collect the terms with the same power of 14¢. Then for @y we obtain
B®§D) — agdy — Py =0

with boundary conditions &g (y) — 1 as y — —oo, P¢ (y) — 0 as y — +oo.
This boundary conditions imply that ag = [%1. Therefore integration yields
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B(9§ —1)®g = (0 + 1) Py,
hence L
Do (y) = (L+e) 7,

where h = gag = H—U Define by = 0 and let bp_q for & > 2 be the coeffi-

cient of the Taylor expansion with respect to 7 = (1+¢)~“ of the function

a0 (T3 e 0™ 0y ()

b1 140
_ Qo dk _ j
bk_]_ = g W ZT éj
7=0
7=0
Note that bx_1 depends only on @q, ... , Pr_1. Thus we have the following
expansion
o+1
Z 1+1)"% ; (y)
Z (1+6)""" (bp—y + BBDy) 41 (1 +1) 2",
=1
where

140
dn—i—l n

= D,
'n = nu drntl ZT

Then for the functions @, (y), 1 < k <n we get from (6.18)
1/ / d g
P + aoPy, — d (P5P)
- d
=—a(k—1) Py — vy — > aPh_;+ b1 (6.19)

=1 dy

with boundary conditions @ (y) — 0 for y — oo, k > 1. Integrating (6.19)
with respect to y over (y,00) we obtain a linear differential equation for @

k

B}, = Oy, (BOG — ag) + bp—1 — Y _ Py
=1

+V/ n®;._ (n) dn+a(k*1)/ Di—1 (n) dn.
Yy Yy

1
Multiplying both sides of the above equation by e~V (1 + ehy) " and then
integrating with respect to y we have
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)= [ M(a(kl)/fask_l(n)dn

—c0 ehy (1+ehz)%
JFV/ 1Py (1) dn + b1 ( Zali’k ! >

We define a;, for all 1 < k < n + 1 by the conditions

=

o=v [ o mdn+at-1 [ Saman (620

R

which guarantee that @, (y) decay exponentially. Indeed, we have

s [ i
R
therefore

v / 0l (n) diy — ar o (2)

B (Vz—|—a1)d50 —Vf Py ( )dnforz>0
Tl ar (1= (2)) —v [°_ 0P} (n)dn for z < 0.

Then using estimates
Do (y) < e, |Dg (y)] < Che™ ™Y

for y > 0 and
1= (y) < e "W 1@ (y)| < Che™"¥!

for y < 0; |a1| < £, we obtain
|21 (y)]

=e M (1 + ehy)E

1 Y _1 o0
/ " (1+e) 7 (V/ n%o (1) dn — a19o (Z)) dz

y
< Ce M (1—|—ehy)%/ eh* (1—&—6’”)_% e (14 |z2]) dz

— 00

Q

< T+l e,

where L (z) = %ao|z| for = > 0, and L(2) = 1h|z| for = < 0. Then by
induction we can see that the estimates are true

Ry, (y)] + 9 (y)] < OB (1 + [y|) "] (6.21)

for all y € R, 1 < k < n. Thus in view of (6.18) and (6.19) we see that the
approximate solution W satisfy the following equation
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v —2u -
T+ 1+ 1) (BWIW, —a(t)W, — W,,) = R(t,y), (6.22)

W, —
where the remainder term

R(t,y)

k
= -1+t ! <an¢n —vy®,, — Oyry, + Z@ Z (1+1) —o an+1+lk> )
1=0

By virtue of estimates (6.21) we get
helrn (69)] +18y7a (8,9)] < CRYT™ (L4 [y]) e~

and
IR(t,y)| < Ch'™ (1 +4)" %" (14 y?) el (6.23)

Moreover since we defined an41 via (6.20), then the integrated remainder
R (t,y) f v R (t,z) dz also decay at infinity and we have the estimate

IRy (t,y)] < Ch™" (L+1)" "1 (14 y?) e vl (6.24)
Note that the remainder terms R (¢,y) and Ry (¢,y) are small uniformly with
respect to t > 0 and y € R, if the value h = H—"U is sufficiently large.

We now suppose that the initial data wug (z) for the problem (6.16) are
close to the approximate shock wave W (0, ), so that

) [ " (o (6) — W (0,6)) de € L,

where

1
_ | 5a0]z|, for z >0,
L(m)—{ shlz|, for z <0,

where h = ocag, ag = IJ%. We prove the asymptotic stability of the ap-
proximate solution W (¢,y). Some other results on the asymptotic stability

of shock waves can be found in Il'in and Oleinik [1960], Liu [1985], Matano
[1982], Matsumura and Nishihara [1994b].

Theorem 6.5. Let the initial data ug (z) be close to the shock wave W (0, ),
that is

) [ o e) - (0.6)) de

— 00

e (o (2) - W 0,00 <

Loo

Loo

where € > 0 is sufficiently small. Suppose that the coefficient B is sufficiently
large B > % Then there exists a unique solution w(t,y) to the initial-
boundary value problem (6.17) such that the estimate

lw (@) =W ()l < C 1+

is true for all t > 0, where a =1 — 2v.
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Remark 6.6. Thus the solution wu (¢, ) of the initial-boundary value problem
(6.16) tends to the shock wave W (t,y) as ¢ — oo. We choose the large pa-
rameter B to be able to estimate uniformly the remainder term R for the
approximate shock wave solution W (¢,y). The smallness assumption for the
initial data in fact follows from the method of the proof via the contraction
mapping principle.

Proof. By virtue of (6.17) and (6.22) we find for the difference v (¢,y) =

Ut

_ v —2v 140 _ 1+o
71+tyvy+(l+t) ag0y ((W—H}) w )

R

2

a()vy— 1+t " v,y +R=0, (6.25)

Integration of equation (6.25) with respect to y yields the Cauchy problem

‘/t _ %ﬂy‘/’y + lL—HV_F (1 +t)—2u ao ((W+Vy)1+0' _ W1+O'>

— (A4 at)V,—(1+t)*V,y,+ R =0, yeR, t >0, (6:26)
V(0,y) =Vo(y), y €R,

where ” ”
Vi = [ v R = [ Rz
and "
Vo) = [ (0(©) W 0.6

—o0

Note that Vj () — 0 as @ — +o0.
We change the dependent variable g (t,4) = V (t,y) e’®), where 6 (y) we

define such that

0 () = 5 (a0~ BE (1)),

that is
0(y) = %/ (ao -B(1 +ehy)71) dy = —%hy+ %ln (14€")

=L(y) + B In (1 + e*h|y|) ,

2h
where
1
_ [ 390 ly|, for y >0,
L(y) { %h|y|, for y <0,
ag = 14%’ h = oag. By virtue of equation (6.26), changing

Vye! =g, —0g

and
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Vyyee — gyy _ 29/gy _ (9// _ 0/2) g

we have

g+ (146 age? (W + (g, — 0'g) e*) 7 — w7

— (1 4t)"* gyy — bgy + g+ Rie’ =0, (6.27)
where the coefficients
_ —2v _ / vy
¢ty) =1+ (a®) =20"(W) + 7
U (ty) = (L) (a ()0 (0) = 0” () +0” () + 1 (00 () +1).

As above we apply the maximum principle. We prove that

sup B g (t,y)| + sup |gy (t,y)] < Ce (1+1)~*"
yeR yeER

for all ¢ > 0. By the contradiction we can find a maximal time interval 7' > 0
such that

sup B g (t,y)| + sup |gy (t,y)] < Ce (14+1)~"" (6.28)
yeR yeER

for all ¢ € [0,T]. Denote g (t) = sup,cgr g (t,y), then via Lemma 6.2 we get
from (6.27)

d

%5 <—-(1+ t)_QV ape? ((W — 9/@3—9)1-4-0

- W1+") — 0§ — Ry’
Since 1 — (1 —2)"77 < (1+0) z for all z < 1, we have

— (14" ape? ((W —0'ge?) e W1+”>

~ 140

=Wl (14" ap (1 - (1 —e/vgve-9> ) < (14t BOWj.

By the definition of the approximate solution and estimates (6.21)
W (ty) = @5 () + O (A1 (1+0)7°7),

with &F (y) = (1 + ehy)71 , and we defined @ such that

0 () = 5 (a0 — BE (),

we write
Y- 1+t BOW > (1+1t)"* ((ag — BSZ) ' — 0 +0")

e (0 1)+ O (B4 )

(1+1)
> (148" (0%+0") ~CB1+t) " >CB*(1+1)">

_|_
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for all y € R, since
O (1)) +0" (y) > CB* > 0.

Thus we find in view of (6.24)

dN —2U ~ _ —an—
agg—CBQ(l—f—t) G+CB T (14 (6.29)

whence integrating with respect to time we get
Bg(t) < Ce(1+t)" " (6.30)
for all ¢ > 0. In the same way we obtain estimate for E(t) =infyer g (t,y)
Bg(t) > —Ce(1+1)~" (6.31)

Now we estimate the derivative g,. Applying the maximum principle via
Lemma 6.2 we get for g, (t) = sup,cgr gy (t,¥)

140

d _
— Gy < — (1417 age’d’ ((W +(gy —0'g)e ) " —wite

dt
—(L+0)W7 (g, —0'g)e”?)
(7 B (W (G = 09) ™) =W = oW (G, — 0g) ™)
(A7 B((W+ (G~ 0g)e™) = W) (205, — (02~ 0") g)
— (¥ =y — L+ BWO + (1407 cBW W, ) g,
_ (wy (1t BWOO? — (14+1) aBW“—lwye') g— (Rie”),.
Since

1-1-2)"""—(1+0)z=0 (|z|1+")

for all |z| < 1, we have by virtue of (6.28)

140

— (0 a0 (W + (G — 0g) ™) 77— Wt

_ (1 + 0.) Wwe (g‘;’/ _ 9/9) 6—9) =0 (B (1 + t)721/7an(1+0)) 7

— (1412 BW,ef ((W + gy —0g)e ) =W — oW (g, — 0'g) 6—9)
=0 (B (1+ t)‘Q”‘a”“*"))
and

L+ 07 B (W (g~ 0g)e™)" = W?) (20, — (92~ ") g)

—0 ((1 n t)_Q”_"‘”(lJ“’)) .
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Note that
cBWIYW, = 20" + O (32 1+ t)‘“) ,

therefore

Y=y — 1+ BWoO + (1+t)" > cBWI W,

= (1+1)"* ((ap — BE) 0" — 0" +0") + %Hye’ +0 ((1 + t)’”’”‘)

+2(140)7 0"+ (1+)" > oBW W, > CB? (1 +1)"%
for all y € R. Also we have the estimates
Yy — L+ BWO? — (14+t) > c BW W, 0
—o(B+07),
(Rae?), =0 (B (107" ).

Y
Thus we find

d oy Loy [~ =
-0y < —CB*(1+1) g+ OB (1+1)7? (g—gy)

+CBY ™ (1+t)" ",
Combining this estimate with (6.29) we get
d

= <~y+B§—B§)

< —CB*(141t)"% (g;, + Bg — BE) +CB (1447
whence integrating with respect to time ¢ > 0 we obtain
Gy (t) + B3 (t) — Bg(t) < Ce (1 +1)"™"
for all ¢ > 0. Via (6.30) and (6.31) we get
gy (t) <Ce(14t)~*"

for all ¢ > 0. The value inf,cr gy (t,y) is estimated in the same way. Whence
the result of the theorem follows. Theorem 6.5 is proved.

6.1.3 Zero boundary conditions

In this subsection we study the most difficult and intriguing case when the
initial data decay at infinity. So we consider the Cauchy problem

{ut—Fu Uy —Ugpe =0, x € R, t >0, (6.32)

w(0,z) =ugp(x), € R
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with the initial data ug (z) — 0 as x — +oo. We assume that the initial data
ug () have a non zero mean value

/ ug (x)dx =M > 0.
R
Note that the mean value of the solution
/ w(t,z)de = M (6.33)
R

is a conservation law according to equation (6.32).

The results of Escobedo et al. [1993a] say that the solution w (¢,2) ap-
proaches the viscosity solution of the Hopf equation u; + u”u, = 0. However
the viscosity solution is too rough for the uniform norm L* (R) since the so-
lution of the Cauchy problem (6.32) is smooth, but the viscosity solution has a
discontinuity. In this section we construct another asymptotic approximation
of the solution which is close in the uniform norm L*> (R).

Define ¢ (t,x) as a rarefaction wave constructed in Section 6.1.1

{¢t+</)"s@m<pm(), z€R, t>0,
¢ (0,z) = o (v), v €R,

where the initial data ¢g () are monotonically increasing ¢f () > 0 for all
x € R, such that ¢g (x) — 0 as ¢ — —oo and g (z) — 1 as © — +o0.

Now we define the shock wave solution r (¢, ) as the solution of the prob-
lem

Te+ @7r%re + % Lo, (r7 — 1) 7 — 2257, — 1y =0, 2 €R, t >0,
{ r(0,z) =719 (x), z € R,
(6.34)
where the initial data rq () = Z‘;—g; satisfy boundary conditions ro (—oc0) = 1,
ro (+00) = 0, i.e. ¢o () ~ ug(x) as * — —oo. Then the function u = ¢r
satisfies the Cauchy problem (6.32).
We suppose that the initial data ¢g (§) monotonically increase ¢ (§) > 0,
0 < ¢ (€) < 1forall§ € Rand gq (§) satisfies the conditions (6.6) of Theorem
6.3. Using the method of characteristics from Section 6.1.1 (see formulas (6.8)
and (6.10)) we derive asymptotic expansions for the solution ¢ (x,t). We have

@ (tx (1,€) = 9o (€) oy (X (1,€)) = 0} (€) (xe (£, €)™
and

1 ¢ ! / /
x(t,a:gwg(w—mag/o ox (' X (£,€)) .

In the first approximation we can take

X(6) =€+ 5 (Ot +0 (157) (6.35)
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for large time ¢ — oo, where v > 0 is small.
As in Section 6.1.2 we make changes

¢
rta) = w(ty), o=y (0" + [ aln)aen)
0
(a (t) will be defined later) to get

wy — g ywy, + (1 + )~ (Bw"wy - (a (t) +22= (1 + t)”) wy — wyy)

+(e7 (140" = B) (146 ww,
+p7 o, (W —1Nw=0, yeR, t >0,
W(O,y) =To (y)a Yy e R.
(6.36)
We construct the first approximation W (¢,y) in the form

W(t,y) =Po(y) +(L+)" "1 (t,y),
a(t)=ao+a (1+t) " “+az(t) 1+,

where &« = 1 — 2v > 0. As in Section 6.1.2, the function @ (y) is defined via
equation

B#{P) — ag®)y — B =
with boundary conditions &g (y) — 1 as y — —oo, P¢ (y) — 0 as y — +oo.

Hence we get ag = ;77 and

1
éo (y) = (1 +ehy) 7 )
with h = 1}3_—‘;. For @4 (y) we get

!+ aydy — 0, (5P) = —vyd) — a, P (6.37)

with boundary conditions @4 (y) — 0 for y — +oo. Integrating (6.37) with
respect to y over (y,o0) we obtain a linear differential equation for ¢4

P = &y (B — ag) — a1 Py + V/ n®q (n) dn.
Yy

=

Multiplying both sides of the above equation by e~ (1 + ehy)
integrating with respect to y, we have

, and then

=

Y ehz ehy
O e

—c0 ehy (]_ + ehz)%

<V/ 1%, (n) dn — a1%o (Z)) dz.
We define a; by the condition

ap = V/ n®; (n) dn,
R
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which guarantees that @4 (y) decay exponentially

c B
(@1 () < - (1 [y]) ™"

for all y € R.
The curve y = 0, i.e. 2y (t) = [

o @ (1) (1+7)7"dr, we call the front of the
wave. We have

o) = -2 (14" +0 ((1 + t)lf”*‘”‘) (6.38)

1—v

as t — oo. Define & (¢) such that x (¢,& (t)) = = (¢), then

@t s (1) = o (o (t))
and for &y () we have by (6.35) and (6.38)

ag

50 + 908- (50) t+ O (t%_’y) = tl_V + O (tl—l/—oz)

1—v
for t — o0, so

ao

g7 (g (1) = 7 = 0 (7)) + 0 (#7477) +0 ()

1-v
for ¢ — oo. By the condition ¢ (¢, (t)) = Bt~"4o0 (t~¥) we get the following
equation

B=_%

)

1—v

whence we obtain v = 7.
4o

If we choose the asymptotics of
#0 (&) =gl +0(Ie ™)
as £ — —oo, where 3 € (0, %) , then we have
&0 =0(1+87).
Hence the asymptotics follows
S0 (1)) = B~ 705 (14 )70 40 (144705 ),

() =G+ 1+ 0|6l = BU+ )™ +0 ((1+4™);

and then

()00 (ta X (t,f)) = ng (5) =B (1 =+ t)iu +0 ((1 + t)*ufa) .
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Here v = 17 € (0, %) . Now by using the estimates of Theorem 6.3 we obtain

in the first approximation

X(t,€) =& (1+¢)

for £ — —oo. Therefore the asymptotic expansion

ot (0) =0 (e 7 ©) =0 (407 77),

(141t °
is valid for ¢ — oco. Then by virtue of the Taylor formula
p(t,x) =@t zp(t)+ (x—zf (b)) pu (t,7)

and 7 (t,z) = B(1+t)" + 0 (|x —ar ()] (1 + t)—Q”—Qa) , we get

o (1L+1)" =B =0 Iyl 1+ ),
eo(ta) =0 ((1+0)777)

and

% —o(+n™™) (6.39)

for ¢t — oo, where y = (z —zy (¢)) (L +1) 7.

We now prove that solutions w (¢, y) of (6.36) converge to the approximate
solution W (t,y) for large time t — co. By virtue of (6.36) and (6.37) we find
for the difference v (t,y) = w (¢t,y) — W (¢, y)

v — Ty + (14 )~ (1%,8,/ ((U + W)Ha — W“”’) —a(t)vy — vyy)
—2v
+(e7 (L+1)" = B) H g, (W +0)'*7

140
7 Nea (W 40)7 = D) (W 0) = 22 (140) "y + R =0,
(6.40)
where
v _o -
R(t,y) =W — myWy+(1+t) 2 (BWWy —a(t) W, — Wy,)
204 —v
2 ()W,

1
=N "1+t (—ak®y — vy, —a(t) (1 +1)* B,)

k=0
1 1
_ (1 + t)—(){k-‘y—a—l g+ Z (1 + t)—ak+a—1 ay (@g@k)
k=0 k=0
2¢a —v
+ Byrl — (1 + t) Wy
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since
1 140
o (141)* (Z (14t)~F k)
k=0
1
BZ 1+t —ak+a— 1¢U¢k+7°17
k=0
where

hlry (6y)l + 10yr1 ()| < C (L4677 (L [y e ",

By virtue of equation (6.37) we get

2
(148! (—0@1 — vyd| — Zal¢§l>

=0

R (8, y)| =

2
()Y a9y 21417 %V[/y
=0

<CA4+6)""* 1+ Jy|) e,

Moreover, since

a2 (t)=v [ i dnsa [ nan-20+07 [ Fwa
R R R ¥

for

Rl(t,y):/y R(t,z)dz_/yooR(t,z)dz,

— 00

we also have the estimate
IRy (t,y)] S CR7Y (1 +) 7" 7% (1 4+ y?) eI,

The integration of equation (6.40) with respect to y yields the Cauchy problem

™ aq (W + V)7 —wite

1+
1+)2Vyy+F_0 yeR,t>0, (6:41)
=V (z), z €R,

Vi— 5yVy + 75V + (
(

where

Y 1 2 ey
F:/ R(t,z)dz—i—%/ (07 (14+t)" = B)d, (W +v)""7dy
—0c0 g —0c0

y Yy
+/ ¢ o (W +v)7 —1) (W+v)dy*2(1+t)_y/ %vyd@/v

— 00 —0o0
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y y
V(ty) = / v(ty)dy', Ri(ty) = / R(t z)dz
—0o0 —0o0
and Vg (z) = [* (wo (z) — W (1,2)) dz — 0 as 2 — £o0.
We now suppose that the initial data wg (x) for the problem (6.36) are
close to the approximate shock wave W (0, z) so that

el @) [ " (wo () - W (0,6)) de € L,

where
Lag|z|, for z >0,

—J2
L(x) { 1h|z|, for z <0,
_B_
140"
Denotev = {7, a =1-2v = }_T_—g, o € (0,1). We now prove the following
result.

and h = oag, ag =

Theorem 6.7. Let the function @o (x) be such that oj (x) > 0 for all z € R,
and satisfy estimates (6.6) and po () = ug (x) + 0 (1) as x — —oo. Let the
initial data ug (x) be close to the shock wave W (0,z), so that the norm

‘eL(z) /; (UO (€) W(O,g)) de

®o (§) Lo
+ ‘ L@ (Zz E"g - W(O,x)) . <e,

where € > 0 is sufficiently small. Suppose that B is sufficiently large B > g
Then a unique solution u (t,z) to the Cauchy problem (6.1) has asymptotic
representation

u(t) = () B (1) + 0 (1 +H7) (6.42)

for t — oo uniformly with respect to x € R.

Remark 6.8. Thus we see that the solution w (¢,z) of the Cauchy problem
(6.1) tends to the product of the rarefaction wave ¢ (¢,z) and the shock wave
W (t,y) as t — oo. We assume that the value B is large to guarantee that
the function @ (y) gives us a good uniform approximation of the shock wave
solution W (¢,y). The smallness assumption for the initial data comes from
the method of the proof via the contraction mapping principle, and probably
it is not necessary.

Remark 6.9. Note that the rate of decay a = }jr—g for the remainder term in
asymptotic representation (6.42) vanishes in the limiting case o = 1 and v
tends to 1. This means that the representation (6.42) does not work in the
case 0 — 1. When o = 1, equation (6.1) is the classical Burgers equation for
which an explicit formula for the solution is known (see Hopf [1950]). The large
time asymptotics (6.45) has a self-similar structure and cannot be considered

as the product of the rarefaction wave and shock wave solutions.
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Proof. We follow the method of the proof of Theorem 6.5. We change the
dependent variable g (t,y) = V (t,y) e?®). The function 6 (y) we define such
that

1
0" (y) = 5 (a0 = BEG (),
then
1 B
9<y):§/(a0—3(1+6hy) )dy_—*hy-i-ﬁln(l—i—ehy)
= _ hly|
—L()+2hln(1+e )
where ol &
_ J za0lyl, fory >0,
L= {4 oy 2o
ap = 1f , h = oag. By virtue of equation (6.41) we have
g+ (L 072 Py (W + (g~ 0g) ) 7 w1+
— (146" gy — bgy + g+ F =0,
where
- _ t,x)
L) = (148 (a(t) =20 (1) + —2—y+2(1 4 Pelb)
¢(ty) =1+t (a(t) () a0’ (1+1) o (.2
Y (ty) =1+ (af (y) = 67 (y) +6" ()
v V@I(ta‘f)/
+ ' (y +2(1+t 0
g 08 W)+ ) 420 2R )
and
(14172 , (Y o
F: o e“’/ T(1+1)" = B)dy (W+ (g, —0'g)e?) " dy

+2(1+1) Vee/ —9(9( )dy
5 ¢
+e/ Yoo (W4 (9~ 0'g) ") = 1)
X (W—:O(gy —0'g)e”?) dy + Re’.
Let us prove that

—Q

Bsup |g (t,y)| + sup |gy (t,y)| < C(1+1)
yER yER

for all ¢ > 0. By the contradiction we can find a maximal time interval 7" > 0
such that
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Bsup |g(t,y)| +sup gy (t,y)| < C(1+)~° (6.43)
yeER yeR

for all t € [0,77].
Denote g (t) = sup,cr g (t,y), then by Lemma 6.2 and by applying the
maximum principle we get

d~ —_2y ~ _p\140 o ~
Zi< -1+ e"ao((W—e’ge HTr—wt )—w9+sup [F (t,y)|.
yER

As in the proof of Theorem 6.5 we use estimates
—2v ¢ 1~ —g\1t+o 140
—(1+41) eao((W—ng ) -w )

=(1+t)" " BOWIG+0 (5(1 + t)‘2”“m> :

W (ty) =05 (v) + O ((1+6)")
and
Yv—(1+t)">0¢BW°>CB*(1+t)"%
for all y € R, since
&5 (y) = (1 + ehy)71

and 6 (y) is chosen such that

0" (y) = % (a0 — Be§ () -

We have by virtue of (6.39) and (6.43)

sup |[F (t,y)| < C(1+6)7"7".
yeR

Thus we find

d oy~ e
%53432(1%:) Pi+Co@a+n) (6.44)

hence, integration with respect to time yields
Bg(t)<Ce(1+1t)“

for all £ > 0. For the value E(t) =inf,cr g (t,y) similarly we obtain
Bg(t)> —Ce(141)"

for allt > 0.
Now we estimate the derivative g, (¢,y)
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Gyt + Oy ((1 + )% e%aq ((W +(gy —0'g)e?) R W1+"))
TUyg+ (¥ = dy) gy — Ggyy — (1 + £ Gyyy + Oy F = 0.

Applying the maximum principle via Lemma 6.2 we get for the function

gy (t) = supycr gy (£, y)

Gy < —(1+1)7% e ag ((W + (g, — 0'9) 676)“—0 —Wite

(1+0) W7 (g, —0'g)e™)

1+~ W, B ((W + (G, —0g)e )’

~W7 — oWt (g, —0'g)e?)

) B((W+ (G~ 0g)e™) = W) (205, — (02~ 0") g)

dt

— (v =y = L+ BW7O + (1407 cBW W, ) g,
- @y —(1+t) "2 BWO? — (1+1) % UBWU_1Wy9’> g—0,F (t,y).

As in the proof of Theorem 6.5 we have

140

— (107 g (W + (G~ 0g) ) T i+

—(1+0)W (g, —0'g)e’) =0 (B (1+ t)*”*“*“") ,

— ()W B (W (g~ 0'g) e ") = W7 —a W1 (g, —0'g) ™)

_o(B sy,

(07 B (WG - 09 ") = W) (205, — (6~ 0") g)
-0 ((1 n t)—Ql/—a—ocU) .
and
Y—¢y— 1+ BWoY +(1+t)" > cBWI W, > CB>(1+1t)" %
for all y € R. Also we have the estimates
by — (1+1) 2 BWoO2 - (1+1) ¥ eBW W0 = O (33 (1+ t)””)

and

Y

(Pe’), =0 ((1+7"7").
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Thus we find
d . —2v 2 ~ 3 —2v [~ = —a—1
S <= () OB+ CB (140 (5-3) +C 1+

Combining this estimate with (6.29) we get

%(;Ha'ngE) <—CB*(1+ )™ (§,+ Bg - Bj) +C(1L+ 0"

hence by integrating with respect to time ¢ > 0 we obtain
Gy () + BG(t) — Bg(t) < Ce(14t)"

for all ¢ > 0. The value infycr gy (t,y) is estimated in the same way. The
result of the theorem follows now from (6.39)

lu(t, ) — ¢ (t,x) o (y)|

Slu(t,z) =t z) Wt y)| + et 2) (W (ty) — o (y))]
<l o)V (tyl+C A+~

< ¢ ’(gy —0'g) e_9| +C(1+t) "< C+t) "7,

Theorem 6.7 is proved.

6.2 Comments

Section 6.1.

The asymptotic behavior of solutions to the Cauchy problem (6.1) for the super-
critical case of 0 > 1 was studied (see, e.g., Escobedo and Kavian [1988], Escobedo
and Zuazua [1991], Escobedo and Zuazua [1997]). In this case the large time asymp-
totics of the solution has the same form as that of the linear heat equation

I2
u(t,x) = 0 e % +0 (f%”’) ,

where v > 0, 0 = fR uo () dz is a total mass of the initial data. Thus the effect
of the convection term u’u, completely disappears from the main term of the
asymptotics in the supercritical case of 0 > 1.

In the critical case of o = 1 equation (6.1) is known as the Burgers equation
Burgers [1948] and can be solved via the Hopf-Cole transformation Hopf [1950]
u = —20;log (¢) , where

1 _=—y)? 1 (Y
¢ (t,x) = i e T exp —3 uo (2)dz | dy
R —o0

solves the heat equation ¢ = ¢. Thus the large time asymptotics can be com-
puted explicitly (see , for example, Amick et al. [1989], Karch [1999b], Naumkin and
Shishmarev [1989])




540 6 Subcritical Convective Equations

u(t,z) = %w <\2> 4o (t*%ﬂ) : (6.45)

where v > 0,

0 . 6 x
¥ (z) = —20; log (cosh - sinh (1) Erf (5))

and Erf(x) = % fox eV’ dy 1is the error function.

In the subcritical case of 0 < ¢ < 1 it was proved in paper Escobedo et al.
[1993a] that any solution u (¢,x) of the Cauchy problem (6.1) with integrable initial
data uo € L* (R) approaches for large time ¢ — oo the viscosity solution

1
_J(z5)rif0<a <zs (1),
Ut e) = { (t()) otherwise

with

_ 1 o
ty=v Y0"tTHo, 9 = d 0 =
zr(t)=v , /Ruo(m) x>0, v e

which satisfies (see Ladyzhenskaya [1963], Lax [1957]) the Hopf equation
us +u’uy, = 0.

More precisely it was proved in Escobedo et al. [1993a] that

lu(t,z) = U x| =0 (tliw(l,l,))

ast — oo, where 1 < p < co. Note that the convergence u (t,z) — U (t,x) cannot
be uniform with respect to z € R since the entropy solution U (¢, z) is discontinuous
in the front =5 (t) of the shock wave, but the solutions w (t,z) of (6.1) are smooth
for all ¢ > 0. Hence the viscosity solution gives us a rough approximation when
working in the uniform norm L* . In this section we construct another asymptotic
approximation which is close to the solution in the uniform norm. We follow the
idea of paper Hayashi and Naumkin [2003] and represent the solution as a product
of a rarefaction wave and a shock wave. Thus, near the front of the wave z (¢),
the solution resembles a shock wave and in the far region the solution behaves as
a rarefaction wave. In this section we considered the case of the flux function %
for simplicity. The same technique could be applied for a general C? flux function;
however, it seems that the convexity of the flux function plays a fundamental role.





